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Conditions for anomalous acousto-optical diffraction by backward propagating acoustic waves

A. Alippi, A. Bettucci, and M. Germano
Department of Energetics, Rome University ‘‘La Sapienza’’ and Istituto Nazionale di Fisica della Materia, Sezione di Roma

00161 Rome, Italy
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Experimental evidence is given of acoustic plate waves, whose group velocity is contradirected with respect
to the phase velocity, through a determination of the acoustic wavelength dependence on frequency, in a
limited range of frequencies. The dependencedL/dV.0 between wavelength and frequency is experimen-
tally verified, as the required condition for acousto-optical diffraction, where higher frequency components
would scatter light into smaller diffraction angles.

DOI: 10.1103/PhysRevE.63.026604 PACS number~s!: 43.35.1d
di
d

ed
a
lim
E

st
le

ve
pa

th
u
gt
th
c
ac
n
ti

ca

d
ur
n
a

ua

in
in

tric

ear
how

ter-
ite
ve,

ion,
the

the

phe-

ous

nt

e

r
rier
Few cases of acoustic wave propagation exist where
persion relations cause the Poynting vector to reverse its
rection with respect to the wave vector direction: guid
acoustic waves in plates is one among a few examples,
backward propagating modes can be produced in a very
ited number of cases, materials, and frequency ranges.
perimental evidence of backward propagating acou
modes was given by few authors in the past, first by Meitz
@1# in thin wires and strips, then by Negishi@2# and Wolf
et al. @3#, who used a Schlieren technique to visualize wa
propagating in a direction opposite to that of normal pro
gation.

In the present paper, the dispersion curve of theS1 Lamb
mode is experimentally tracked in an aluminum plate in
frequency range where backward propagation exists, thro
an acousto-optical determination of the acoustic wavelen
As properly described, this is experimental evidence of
condition of an anomalous acousto-optical diffraction effe
where high frequency acoustic components would diffr
light into smaller angles than the lower components a
spectral degeneracy would be produced, because op
beams with different frequency components would be s
tered in the same directions.

Elastic energy propagates in thin plates as guided mo
which expand freely into directions parallel to the plate s
faces, while satisfying transverse resonance boundary co
tions. Polarization of the displacement vector may occur p
allel to the surfaces~shear or Love modes! or on the sagittal
plane normal to the surfaces~Lamb modes!: in the first case,
dispersion curves in isotropic materials do follow an eq
tion, deduced by geometrical considerations,

K25~V/vs!
22~np/2b!2, ~1!

whereK52p/L is the propagation wave vector, withL the
acoustic wavelength,V is the angular frequency,vs is the
shear velocity in the medium of the plate, 2b is the plate
thickness, andn is an integer (n51,2, . . . ). In thecase of
Lamb modes, the coupling between shear and longitud
components on the surface boundaries leads to the follow
dispersion relations, that can be solved numerically@4#:

tanKts b

tanKtl b
52F 4K2Kts Ktl

~Kts
2 2K2!2G61

, ~2!
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with plus and minus signs for symmetric and antisymme
modes, respectively, and whereKts

2 5(V/vs)
22K2 and Ktl

2

5(V/v l)
22K2 are the transverse wave numbers for sh

and longitudinal waves, respectively. Some modes may s
an anomalous behavior ofL(V), within a specific range of
frequencies, such that

dL/dV.0, ~3!

which causes a group of adjacent frequency waves to in
fere constructively while progressing into directions oppos
to the propagation direction of each single component wa
thus giving rise to the phenomenon of backward propagat
where the energy flow is contradirected with respect to
wave vector. This is the case for theS1 symmetrical Lamb
mode in aluminum plates in a frequency range below
V05pv l /2b frequency that corresponds toK50, as first
shown by Tolstoy and Usdin@5#. Little experimental evi-
dence was successively produced, and few uses of such
nomenon were proposed and exploited in the past@6,7#. It is
shown here that this effect is a prerequisite for anomal
acousto-optical diffraction.

We suppose, indeed, that a plane light wave fro
E(z,t)5E0 expı(kz1vt) of amplitudeE0, angular frequency
v, and wave numberk impinges normally on the surfac
where an acoustic wave pulsea(x,t)5*a(V)cos@K(V)x
2Vt#dV is propagating along a directionx; then it is re-
flected back with a spatial phase modulation as

E~x,z,t !5E0eı(kz2vt)e2ıa(x,t)k

5E0eı(kz2vt)F112ıkE a@V~K !#

3cos@K~V!x2Vt#dV1••• G . ~4!

In the usual case wherel!L, terms higher than first orde
can be dropped in the above expression and the Fou
transform of the optical field with respect tox becomes
©2001 The American Physical Society04-1
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E~j,z,t !.E0eı(kz2vt)Fd~j!12ık

3E a@V~K !#$d@K~V!2j#e2ıVt

1d@K~V!1j#e1ıVt%G . ~5!

This is the undiffracted zeroth order, that corresponds to
d(j) term, plus the first, right, and left diffracted orders, th
correspond to the other terms, in directions

u615tan21S 6
K

k D , ~6!

each bearing a Doppler frequency shift with respect to
optical angular frequency of the undiffracted beam equa
Dv6156V. The frequency spectrum of the acoustic wa
is then reproduced in the spatial spectrum of the diffrac
light, according to the one to one correspondence betw
angle and wave number given by

u615tan21S 6
K~V!

k D.6
K~V!

k
. ~7!

Within the angular spreadDu corresponding to the fre
quency spreadDV of the acoustic pulse, the distribution o
the optical frequency shift follows the law

]u

]V
5

1

k

]K~V!

]V
56S 22p

kL2

]L

]V D . ~8!

If ]L/]V.0, anomalous acusto-optical diffraction wou
occur, where higher acoustic frequency waves would diffr
light into smaller angles than lower components. This is
case for backward propagating modes, which are possib
Lamb acoustic waves.

Figure 1 reports a slightly modified version of the we
known branch of theS1 mode dispersion curve in aluminum
plates: the normalized propagation vector amplitude 2bK is

FIG. 1. Dispersion curve~a! of theS1 mode in aluminum plates
and asymptotic lines~b! K56V/vs , around the region of back
ward propagation, in adimensional units.
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plotted vs the normalized angular frequency 2bV/pvs in the
symmetrical space of positive and negative values ofK. The
curve asymptotically follows theK56V/vs axes at high
values ofV, and is not defined in real space forV values
below Vmin,V0. In the rangeVmin,V,V0, the group
velocity vg5dV/dK is contradirected with respect to th
phase velocityvp5V/K.

As previously stated, the representation would be stric
followed by the acousto-optical diffraction spectrum of t
wave where a one to one correspondence is present bet
the acoustic wave numberK and the positionx of the dif-
fracted light spot. From the undiffracted light positionx
50, that corresponds to a frequencyV0, up to one corre-
sponding to the valueVmin , anomalous diffraction exists
consisting of a decrease of the scattered light frequenc
larger diffraction angles, or light spot positions. Maximu
diffraction resolution occurs atV5V0 andV5Vmin , where
dK/dV→`, while minimum diffraction corresponds to
minimum group velocity or maximum negative valu
(dV/dK)max.

The experiments follow the dispersion law of theS1
mode, as given in Fig. 1, through theL(V) curve determi-
nation, obtained by means of the phase lag evaluation of
acoustic wave at a given point and frequency with respec
a reference signal. Experiments~see Fig. 2! were performed
on a 2b52 mm thick, carefully polished aluminum plate
where a wedge~variable angle! transducer generates sinu
soidal Lamb waves by mode conversion, through a pro
choice of both wedge angle and backward-wave region.
acoustic field is then probed by a laser beam impinging

FIG. 3. Phase gain of an acoustic plate wave along the pro
gation distance.

FIG. 2. Sketch of the experimental setup: the phase of acou
plate waves~Lamb waves!, generated by a mode conversion of th
bulk wave, is optically measured.
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thogonally on the plate surface, that allows one, through
interferometric technique, to measure the surface vibra
down to subnanometer amplitude values. It is then poss
to detect the phase of the plate oscillation, by using la
light heterodyne detection with a Bragg frequency shif
reference beam. The resolution is noise limited and depe
upon the surface optical quality; it typically lies betwe
0.25 and 2 nm.

Short pulses of acoustics waves 50ms long were sent
along the plate, and the central part of the pulse was m
tored on an oscilloscope screen, as detected at any g
point, thus allowing the phase relation to be measured w
respect to the reference signal. Figure 3 shows the ph
changeF vs the laser beam position at increasing distan
from the transducer along the acoustic beam path, at a
quencyf 151.48 MHz: the wavelength~phase change equa
to 2p) is 16 mm, corresponding toK5392.7 m21 and vp
523680 m/s. The negative slope indicates that the ph
advances, as the probe is moved away from the transdu
as expected for backward wave propagation, since the en
is flowing away from the transducer, while the phase wa
moves toward it. Figure 4 also reports results obtained

FIG. 4. Differential phase gain of acoustic plate waves at diff
ent frequencies: higher frequencies do propagate with larger w
lengths, thus causing a reversal of the energy propagation direc
t.
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different frequenciesf 251.45 MHz and f 351.51 MHz,
which are 30 kHz below and above the reference freque
f 1. It can be seen that by increasing the frequency, the s
of the lines, and then the wave numberK, decreases, and th
wavelength increases, which is the condition for a backw
wave to propagate.

Figure 5 shows experimental data for the phase velo
carried out at different frequencies in a range from 1.45
1.51 MHz at steps of 10 kHz, together with the theoreti
dispersion curve of the Lamb modeS1. There is a good
agreement between experimental and theoretical data in m
of the backward-wave region, down toV5Vmin , where the
group velocity reverses its sign, and the signal goes rap
down to very low amplitudes, as already reported by W
et al. @3#.

In conclusion, the determination of the acoustic wav
length of theS1 mode in an isotropic plate of aluminum i
done through optically probing the propagation surface,
the frequency range where backward propagation condi
of the group velocity holds. ConditiondL/dV.0 is experi-
mentally verified, which gives rise to anomalous diffractio
where larger diffraction angles correspond to lower acou
frequencies.
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FIG. 5. Theoretical~line! and experimental data~dots! of theS1

dispersion curve.
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