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Photorefractive light scattering families in „111…-cut Bi12TiO20 crystals
with an external electric ac field
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We investigate here both theoretically and experimentally light-induced scattering in~111!-cut Bi12TiO20

crystals with an external ac field. Our simple analytic solution, which is nearly as precise as the numeric one,
allows us to recognize the following otherwise hidden general features. Without the elasto-optic contribution,
the scattering patterns are identical for the same value ofj5z01(2/3)wp , wherewp is the initial polarization
angle andz0 is the angle of the external field. With the elasto-optic contribution, the scattering patterns for the
samej are still very similar. ForjÞ0, the scattering patterns depend differently on the elasto-optic coefficients
p12 and p13 so that in principlep12 and p13 can be measured by purely holographic experiments. On the
experimental side, we present scattering patterns forj50 and630°, showing thereby the similarity of the
scattering patterns for equal values ofj. In all cases, we obtain good qualitative agreement of our analytic and
numeric calculations with the experimental findings.@S1063-651X~00!09212-6#

DOI: 10.1103/PhysRevE.63.016607 PACS number~s!: 42.70.Nq, 42.65.Hw, 42.70.Ln, 42.40.Pa
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I. INTRODUCTION

Light-induced scattering of holographic type in photor
fractive crystals is due to formation of secondary noise g
ings between light noise, originating from various inhom
geneities, and the pump waves@1#. The scattering may be
phase-matched or non-phase-matched. In the first case
those components of the light noise are amplified that
parametrically coupled to the pump waves. In the prese
of one pump wave, phase-matched scattering can be rea
in crystals with anisotropy@1#. It results in ringlike scattering
patterns. The induced birefringence in sillenites is weak e
for high applied voltages; therefore non-phase-matched s
tering is usually observed@2–4#. That is, many different
components of the light noise may be amplified by inter
tion with the pump wave if the photorefractive response is
nonlocal character. This interaction may be considered
two-wave mixing~TWM! between the pump wave and th
individual scattered plane waves if the amplification is we
In this case the intensity distribution of the scattered lig
follows the angular dependence of the TWM amplificati
@5,6#, whereby the elasto-optic effect can significantly infl
ence the distribution of the scattered light@2–4,7#.

There are a number of publications investigating lig
scattering in (110)-cut sillenite crystals@2–4,8–10#. But an-
other crystal cut, namely, (111), is attracting more and m
interest because it shows the highest possible symmetry@11–
15#. The diffusion recording for the (111) cut is studied a
optimized in Refs.@13–15#. It is shown there that the thick
ness dependence of the maximum diffraction efficiency
well as the TWM gain are only on account of the elasto-op
effect. The most interesting cases are when the grating ve
is parallel to@11̄0# or @112̄# axis @14#. From the symmetry
properties, these cases are separated from each other b
rotations around the@111# axis. A disadvantage of the (111
cut is its smaller photorefractive response for diffusion
cording compared with the (110) cut, but this can be co
1063-651X/2000/63~1!/016607~6!/$15.00 63 0166
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pensated by applying an external electric ac field@16#.
In this paper, we investigate photorefractive light scatt

ing governed by TWM processes in (111)-cut Bi12TiO20
~BTO! crystals with an external electric ac field, allowing fo
an arbitrary orientation of the applied electric field. We d
rive a simple approximate analytical solution that allows
to elucidate general features that are otherwise hidden
many details: There are whole families of related scatter
patterns the members of which belong to different directio
of the external field and the initial polarization. On the e
perimental side, we provide scattering patterns for typi
representatives of some of those families, showing the s
larities within the families. In all cases, we obtain goo
qualitative agreement of our analytical and numerical cal
lations with the experimental findings.

II. THEORY

Let a (111)-cut BTO crystal be illuminated by a sing
linearly polarized pump wave, propagating along the@111#
axis. Within the paraxial approximation, the propagation
rection of the noise waves is supposed to be close to
@111# axis. An external ac field is applied within the (111
plane. Its temporal profile has a square-wave form with
period much smaller than the grating formation time a
much larger than the mobile-electron lifetime. These con
tions lead to enhancement of the photorefractive respo
with an effective energy exchange between the interac
waves@16#.

Each weak noise wave can interact with the pump wa
and may be amplified by photorefractive TWM. The wea
ness of the noise waves allows one to use the undepl
pump approximation and guarantees at the same time tha
noise waves do not compete with each other. Furtherm
the strong external field makes optical activity ineffecti
with the exception of those moments when the external fi
goes through zero so that the optical eigenmodes are pr
cally linearly polarized@3,17#. The following expression for
©2000 The American Physical Society07-1
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the amplitudeAs of the weak wave is derived in Ref.@3#:
As(d)•ep5As(0)•ep exp(gd), where ep is the polarization
vector of the pump wave andd is the crystal thickness. Th
incrementg characterizes the energy exchange and depe
on the particular experimental conditions~crystal cut, thick-
ness, and initial light polarization! as well as on the propa
gation direction of the weak wave. The intensity of the no
wave will grow exponentially with the thickness ifg.0.
Therefore the structure of the scattering pattern on the
side of the crystal follows the spatial distribution of the e
ponential incrementg.0. Following Ref.@3#, we arrive at

g5G1C1

sin 2kd

d
~1!

with k5suE0uA6/3. HereE0 is the amplitude of the externa
electric field and the coefficients52pn0

3r 41
S /l depends on

the refractive indexn0 , the clamped electro-optic coefficien
r 41

S , and the wavelengthl. For the (111) cut we obtain

G5suE0 coscuQ@h11~h2 sin 3b1h3 cos 3b!sin 3j#,
~2!

C152~A6/4!Qucoscu~h2 cos 3b2h3 sin 3b!cos 3j,
~3!

whereb5z02(2/3)c and j5z01(2/3)wp . The anglesz0
and c define the orientation of the external field and t
grating vector~see Fig. 1!; wp is the polarization angle of the
pump wave. The coefficientsh15Hxx1Hyy , h25Hxx
2Hyy , andh352Hxy depend on the dimensionless comp
nents of the coupling tensorHi j , which are proportional to
the induced change of the inverse dielectric permittivity te
sor @15#. The quality factorQ depends onc and is given by

Q5S uE0 coscu
Eq

1
ED1EM

uE0 coscu D
21

, ~4!

whereED , Eq , andEM are the characteristic fields@3#.
In the coordinate system withx axis parallel to the grating

vector the componentsHi j can be presented in a simple for
with an accuracy of 4%@15#:

Hxx5axx sin 3z, Hyy5ayy sin 3z, Hxy5axy cos 3z,
~5!

FIG. 1. Optical configuration of (111)-cut crystals.
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wherez5z02c is the angle between the@11̄0# axis and the
grating vector~see Fig. 1!. If only the electro-optic effect is
taken into account, we haveaxx5axy52ayy5A6/3. With
the elasto-optic contribution, the result isaxx.1.16, axy
.0.83, andayy.20.76. The values ofai j are calculated
using the material constants from Table I.

The coefficientG from Eq. ~1! is responsible for a mono
tone amplification of the weak wave while the term propo
tional to C1 leads to intensity oscillations with the cryst
thicknessd. The thickness dependence of the incrementg is
due to the change of light polarization within the crystal.
our case, this change is mainly caused by the induced b
fringence. The variation of the light polarization results in
variation of the effective coupling between the interacti
waves. Therefore, the total energy exchange becomes th
ness dependent. This is analogous to the case of diffu
recording where the thickness dependence of the gain is
to the rotation of the light polarization owing to optical a
tivity @3,18#. Note, however, that in the ac case with lar
amplitude of the applied field, the optical eigenmodes
essentially linearly polarized. Thus by choosing a proper
put linear polarization, we can excite only one eigenmode
that the light polarization remains constant within the crys
In this special case, we haveC150, i.e., the incrementg is
thickness independent.

Being proportional toE0 , G can lead to a very strong
amplification if the amplitude of the applied electric field
large. C1 does not depend onE0 at all and cannot lead to
strong noise amplification. Since both coefficients arez0 and
wp dependent, there are optical configurations withG much
larger thanC1 and others withG negligible compared with
C1 even for largeE0 .

Equations~5! further simplify to

G5suE0 coscuQ~b1 sin 3z1b2 cosc sin 3j!, ~6!

C15~A6/4!Qucoscub2 sinc cos 3j, ~7!

whereb15axx1ayy.0.4 andb25axy1(axx2ayy)/2.1.8.
It can be proved directly that the symmetriesG(z0

6120°)5G(z0) and C1(z06120°)5C1(z0) hold true be-
cause of the threefold symmetry, typical for (111)-cut cry
tals of the sillenite family. It is important to note that there
no such symmetry with respect toc since this angle is no
measured from any crystallographic axis. For this reason
azimuthal distribution of the incrementg ~or of the scattering
pattern! will generally not have a threefold symmetry.

TABLE I. Optical and material parameters of BTO forl
5632.8 nm@18#. n0 is the refractive index;« is the dielectric per-
mittivity; pi j

E , ci j
E , e14, andr 41

S are the nonzero components of th
elasto-optic, elastic, piezoelectric, and electro-optic tensors, res
tively.

n0 «
r 41

S

~pm/V!
c11,c12,c44

E

(1010N/m2) p11,p121p13,p44
E

e14

~C/m2)

2.58 47 4.75 12.5, 2.75, 2.42 -0.055, 0.295, 0.0035 1.
7-2
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FIG. 2. Contour plots of the incrementg(u,c).0. The left column corresponds to the case without elasto-optic effect, the centra

the right toE0i@112̄# andE0i@11̄0#, respectively. On the left-hand side of each row is indicated the value of the corresponding anglej. The
contours are calculated from Eqs.~2!,~3! with material parameters from Table I and a crystal thicknessd55.1 mm.
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Formulas~6! and ~7! give results only slightly different
from the numerical solution; their great advantage is t
they allow recognition of important general features that
otherwise hidden in a jungle of formalism. In what follow
we consider first conventional TWM with the grating vect
parallel to the external field, then we analyze the scatte
properties neglecting the elasto-optic contribution, a
finally, we take the elasto-optic contribution into account

With the help of Eq.~6!, we can find the optimum orien
tation for the conventional TWM experiment where the gr
ing vector is parallel to the applied electric field. For th
purpose we setc50 and see from Eq.~7! thatC150. After
optimization with respect to the polarization angle of t
pump wavewp , we obtain

Guwp

max5suE0uQ~b1 sin 3z01b2!. ~8!

The corresponding optimum initial light polarizationwp
max

depends linearly on the orientationz0 of the external field,
wp

max545°2(3/2)z0 . The absolute maximum Gmax

5suE0uQ(b11b2) is achieved forz0
max590° andwp

max50,
i.e., the external field and the electric field of the pump wa
are along the@112̄# axis.

Depending on the direction of the external field and on
initial light polarization, the main lobe of the scattered lig
will be, in general, not parallel to the applied electric field.
turns out, however, that the conditions for the strongest s
tering coincide with those for the strongest energy excha
for the conventional TWM:z0

max590° andwp
max50.
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For the convenience of the reader we refer in advanc
Fig. 2 which summarizes the scattering patterns discus
below. Each of Figs. 2~a!–2~l! shows the angular distribution
of the incrementg(u,c).0, with the angleu measured be-
tween the propagation directions of the pump wave and
signal wave.

Without the elasto-optic effect, Eqs.~2! and ~3! take the
form

G052~A6/3!suE0 coscuQ cosc sin 3j, ~9!

C1
05~A6/4!Qucoscusinc cos 3j. ~10!

From Eqs.~9! and~10! it follows that without the elasto-
optic contribution the scattering patterns are identical for
same value ofj5z01(2/3)wp . Thus any givenj deter-
mines a family of identical scattering patterns, the memb
of which belong to different directions of the external fie
and of the initial polarization. Of special interest are the f
lowing two types of families.

~1! The G families with j5730° @see Figs. 2~a! and
2~b!#, corresponding toE0i@112̄# with wp50° and 90°, re-
spectively, and toE0i@11̄0# with wp5745°. These families
are characterized byC150. They provide the most intensiv
scattering~‘‘one lobe’’ pattern!. The figures are related b
reflection with respect to the horizontal axis sinceG0(j
530°)52G0(j5230°) andG0(c1180°)52G0(c).

~2! TheC1 families withj50 and 60°@see Figs. 2~c! and
2~d!#, corresponding toE0i@112̄# with wp5645° and to
E0i@11̄0# with wp50° and 90°, respectively. For thes
7-3
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FIG. 3. Experimental observa
tion of light-induced scattering for

the casesE0i@112̄# ~first column!

and E0i@11̄0# ~second column!.

In the caseE0i@112̄#, the scatter-
ing pattern forwp5245° is es-
sentially the same as the patte
for wp545° @the latter is shown in

~c!#. In the caseE0i@11̄0#, the
scattering pattern forwp590° is
practically the same as the patte
for wp50 @the latter is shown in
~f!#.
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families,G50, and the scattering pattern is extremely we
~‘‘tiny butterfly’’ pattern!. The figures are related by reflec
tion with respect to the vertical axis sinceC1

0(j50)5
2C1

0(j560°) andC1
0(c1180°)52C1

0(c).
We emphasize that the scattering patterns are determ

by the parameterj and can therefore be observed for a
crystal orientation.

The elasto-optic contribution does not change this gen
picture of the scattering families. The elasto-optic contrib
tion, however, modifies each figure of one and the same f
ily in a different way, so that the scattering patterns with
one family are not identical but similar.

It turns out that, unlikeG, C1 is not strongly affected by
the elasto-optic contributions. In particular, for theC1 fami-
lies,G exceedsC1 so that mostlyG determines the scatterin
although C1 is not negligibly small. A direct calculation
shows that for these familiesG depends essentially only o
the sump111p121p131p44

E of elasto-optic coefficients. On
the other hand, for theG families,C150. For these families
G depends not only on the sump121p13 but also onp12
2p13. This offers the possibility of determiningp12 andp13
by purely holographic measurements. This would be imp
sible with the (110) cut for which only the sum ofp12 and
p13 appears.

Let us now consider light scattering for the two prac
cally important cases with the field applied either along

@112̄# axis (z0590°) or along the@11̄0# axis (z050°). The
coefficient C1 is zero for theG families @see both upper
figures of the central and right columns in Fig. 2~‘‘one
lobe’’ pattern!#. C1 is not negligible for theC1 families @see
both lower figures of the central and right columns in Fig
01660
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~‘‘cloverleaf’’ and ‘‘butterfly’’ patterns, respectively!#. Since
G(j50°)5G(j560°), the difference between the scatte
ing in Figs. 2~g! and 2~h! and between Figs. 2~k! and 2~l! is
due to the coefficientC1 . If we neglectC1 ~i.e., if the crystal
is thick!, the individuals in each pair become identical: t
upper and the lower lobes of the ‘‘cloverleaves’’@Figs. 2~g!
and 2~h!# become symmetric; the ‘‘butterflies’’ in Figs. 2~k!
and 2~l! remain both with upper wings only. SinceC150 for
j5730°, the difference in shape between Figs. 2~e! and 2~f!
and between Figs. 2~i! and 2~j! are only on account of the
elasto-optic effect.

III. COMPARISON WITH EXPERIMENT

We measured the light-scattering patterns in a BTO cr
tal with dimensions 2.1134.9735.07 mm3 with applied
field along @112̄# and in a BTO crystal with dimension
2.6336.435.16 mm3 with applied field along the@11̄0#
axis. The first numbers are the distances between the e
trodes and the last ones are the crystal thicknesses. S
electrodes were deposited along the whole crystal thickn
A laser beam of wavelengthl5632.8 nm, diameter 1.4 mm
and intensity about 1.2 W/cm2 was normally incident onto
the sample. The amplitude of the square-wave electric
field was 20 kV/cm. The scattering patterns were recorde
the far field with a charge-coupled device camera.

Figures 3~a!–3~f! show the light-scattering patterns ob
tained for different inclinations of the pump wave polariz
tion. The maximum scattering is obtained forE0i@112̄# and
wp50, which corresponds to our analysis. In agreement w
theory, we have the one lobe structure forj5730° @com-
7-4
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pare the pairs Figs. 3~a!,3~b! with Figs. 2~e!,2~f! and Figs.
3~d!,3~e! with Figs. 2~i!, 2~j!, respectively#. The patterns
‘‘cloverleaf’’ and ‘‘butterfly’’ can be recognized in Figs. 3~c!
and 3~f! @compare with the pairs Figs. 2~g!,2~h! and Figs.
2~k!,2~l!, respectively#.

Looking in more detail at Figs. 2 and 3, we see that th
is a small asymmetry in the experimental results
E0i@112̄# and wp590°. The intensity of the lower part o
the scattering pattern in Fig. 3~b! is stronger, which is not
predicted from the theoretical results. Similarly, the low
lobe of the experimental results forE0i@112̄# and wp5
645° is stronger than the upper one@see Fig. 3~c! and the
figure caption. At the same time, according to theory,
upper lobe should be stronger forwp5245°.

We point out a few possible sources for the discrepa
between theory and experiment. First, there may be an e
in the crystal cut~i.e., uncertainty in the plane of incidenc
and external field orientation!. The theoretical simulations
show that varying the propagation direction from the@111#
axis by less than 5° results in the asymmetrical pattern
Fig. 3~b! and 3~c!. We could not, however, prove this a
sumption experimentally. Tilting the crystal with the aim
compensating possible errors of the crystal cut~estimated to
be less than 5°) did not lead to any remarkable change o
structure of Figs. 3~b! and 3~c!. Moreover, we performed the
same experiment with several (111)-cut BTO crystals a
always obtained similar scattering pictures, which remain
insensitive to rotation.

Another possible source for the observed discrepancy
tween theory and experiment can be hidden in the exis
set of material constants. TWM experiments in (110)-
BTO crystals have been performed to determine the ela
optic coefficients@19,18#. Since the photorefractive effect fo
this cut depends on the sum of the elasto-optic coefficie
p12 and p13, the separate values of this coefficients are
known. A characteristic feature of the (111) cut is thatp12
and p13 are no longer equivalent and that both must
known. In our calculations we used the coefficients fro
Ref. @18# ~see Table I! and supposed thatp125p13, although
for the crystals of the (23) point group this assumption m
be wrong. Note that the coefficientG from Eq. ~2! depends
-
nd

pt

.
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also on the differencep122p13 if j5630° and does not
depend on it ifj50 or 60°. Consequently, while the poss
bly different values ofp12 andp13 can explain the asymme
try of Fig. 3~b! they cannot explain the equivalence of th
caseswp5645° from Fig. 3~c!.

Finally, the simplified model might be insufficient to pro
vide complete agreement with the experiment. Althou
scattering is a very complex multiple-wave-mixing proce
we describe it by a simple TWM model in the framework
the undepleted pump approximation. Full agreement with
experimental data can never be expected.

An important result of our study is that we classified the
retically and verified experimentally families of the scatte
ing pictures, grasped their main features, and proposed
possibility of determiningp12 andp13 independently of each
other. The simple analytical expressions derived above m
be useful in planning a TWM experiment with the aim of a
accurate measurement ofp12 andp13 by a pure holographic
method.

IV. CONCLUSIONS

In conclusion, we have investigated analytically and e
perimentally the process of photorefractive wave mixi
governed by TWM processes in (111)-cut BTO crysta
Theoretically we found the optimum orientation for TWM
and analyzed the light-induced scattering for different orie
tations of the external field and light polarization. The co
tribution of the elasto-optic effect was also discussed. It w
pointed out that the (111) cut can be used for measurem
of the elasto-optic coefficientsp12 andp13, which up to now
are unknown for BTO crystals. The theoretical results are
good qualitative agreement with experiment.
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