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Stochastic resonance in free-electron lasers
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We present evidence of stochastic resonance in free-electron lasers. In order to do that, we have analyzed
theoretically the dynamics of a free-electron laser oscillator. A weak modulation and a noise source have been
applied to the initial energy of the electron beam. We have found stochastic resonance for different frequencies
and amplitudes of the modulation. A threshold crossing mechanism leads to the stochastic resonance in this
system.
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[. INTRODUCTION describe the free-electron laser. The picture of single-particle
currents driving Maxwell’'s nonlinear wave equation pro-

Stochastic resonan¢&R) has been the focus of intensive vides a clear, intuitive description of both electron and wave
research over the past decade. The term is given to a pheynamics[13,14].
nomenon that is manifest in nonlinear systems whereby gen-
erally feeble input informatiofsuch as a weak signatan be Il. THEORETICAL MODEL
amplified and optimized by the assistance of noise, i.e., add- . . .
ingpnoise toa sF;/stem canyincrease the output signal-to-noise The starting point for our analysis is the well-known FEL

ratio (SNR). The effect requires three basic ingredieriis: equations  for an electron bunch larger than the sI_ippage
an energetic activation barrier or, more generally, a form O]length)\NW, which is the length overtaken by the radiation

threshold;(ii) a weak coherent inpysuch as a periodic sig- of wavelengthh over the electrons after th,, wiggler pe-

nal); (iii) a source of noise that is inherent in the system, or“OdS [14].

that adds to the coherent input. Given these features, the d¢

response of the system undergoes resonancelike behavior as P (2.1
T

a function of the noise levell,2]. The first experimental
observation of this effect was performed by Fawteal. by d
observing the switching of a saturated operational amplifier o |ajcog £+ &), (2.2
in a Schmitt trigger circuit driven by both modulation and dr

noise[3]. The first observation of SR in an optical device

was in a bidirectional ring lasd#,5]. It was also the first a .

instance of this phenomenon in a system with a double-well dr r{exp(=i£)). 23
potential where the depth of the wells could be controlled by

a technique that employs an acousto-optic modulator with a We use the following definitions:

tunable-frequency acoustic sigiél. More recently, SR has
been observed in lasers with saturable absorbéfsand

semiconductor diode las¢8], where both systems present ¢=(k+kyz-ot, v=2aN,

1- B, (2.9
72)

bistability.
In this paper, we describe theoretically the stochastic 47N eKL.E
resonance in a free-electron las@fEL) oscillator. FEL la|= M) = it (2.5
physics has become an active area of research since the first yZRmc2 ’ Lo’
FEL was operated at Stanford in 19[&. As a result of the
interaction between the relativistic electron beam and the 16772Nwe2|<2|_3vp0 , k 1 )
electromagnetic fields, FEL becomes a highly nonlinear sys- = 32 v YR o 1+ §K ) ,
tem in which instabilities and chaos can easily be foli. YRM 0
In an FEL, relativistic electrons travel through a static peri- (2.6
odic magnetic fieldlundulator or wiggler and oscillate to
amplify coherent optical radiation with the same polarization K= eBuhw 2.7

as the magnet. The electron trajectories are primarily deter- 2mrme’

mined by the magnet, but the laser radiation causes “bunch-

ing” on the optical wavelength scale and leads to gain The meaning of the dimensionless variables and param-

[11,12. Several theoretical approaches have been used tters in Eqs(2.1)—(2.3) is the following: £ and v are the
phase variable and the dimensionless velocity of the elec-
trons, respectivelya=|alexp(¢) is the scaled complex field

*Permanent address: Departamento Optica, Universidad Conamplitude of the radiation field; is the scaled time, andis
plutense, Ciudad Universitaria s/n, 28040 Madrid, Spain. a rough measure of the gain.

1063-651X/2000/6@)/0165025)/$15.00 63 016502-1 ©2000 The American Physical Society



OSCAR G. CALDERO PHYSICAL REVIEW E 63 016502

0.30 400
ST laf 5
— : F300 S
ol 0.154 5 : . . .
S Pt FIG. 1. Dimensionless gain curvg (solid
§ B line) versus initial electron dimensionless veloc-
= 5 ity vy for single-pass operation. Steady-state
E 0.00 , ] E power (dashed ling versusy, for an FEL oscil-
L, g lator case. The threshold gaip, (dotted ling is
-100 & also shown. The parameters are=1 and «
g 7 _ N =0.985.
-0.15 : 5
— 1 . 1 1 T T — 1t . 1 ' 1 1 7 0 v
10 -8 -6 4 2 0 2 4 6 g 10
v(0) (arb. units)
The rest of the parameters that appear in Egg)—(2.7) dB
are the amplitud& and wave numbek of the radiation field - iP, 2.9
(w=ck), the magnetostatic amplitudg,,, and the wave
number k,, associated with the undulator periodicitk,(
=2m/\,,). K is the undulator parametep, is the electron dPp 1 _ _
density, y is the electron energy, anglz is the resonant Ezza—|SB—2|VP+2|VZB, (2.10

energy. It means that whep= yg, i.e., =0 (resonant con-
dition), one wavelength of light passes over the electrons as
they pass through one period of the undulator magnet. FHere dv
represents the direction of propagation of the electron beam ar
and the electromagnetic wave. Note that if the undulator
length isL,,=AN,,, the scaled time is confined between the
interval O<7=<1, corresponding to the time intervalQ ds
<L, /c in which the FEL process takes place. E=[aP* +c.cl. (2.12

It has been shown that the complete FEL dynamics can be
approximately described in terms of a few relevant collective
variables [15]. Introducing the bunching parametes In an FEL oscillator, an optical pulse circulates in a cavity
=(exp(-i¢)), the phase-momentum averageP  of lengthL . between two reflecting mirrors and during each
=(vexp(—if)), the average momentult=(v), and the av- pass interacts with a new electron pulse along the wiggler
erage kinetic energ$=(v?), Egs.(2.1)—(2.3 reduce to the following Egs,(2.8—(2.12). The radiation is reflected back-
following set of closed equations: ward after amplification and then forward for the next round

trip, so that the input field for then(+ 1)th pass is

=%[aB*+c.c.], (2.1)

da
E:—rB, (2.8 agnﬂ):aagn), (2.13
b vV—V\v
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wherea,=a(7=0) anda;=a(r=1) are the radiation fields *0=2-5 fm=50 kHz, andA»,=0.025.
at the entrance and at the end of the wiggler, respectively, .

and e accounts for the reduction in amplitude due to energyd@in becomes somewhat more symmetric about the reso-
losses at the mirrors. nance ¢o,=0), and on the other hand, as the fields become

stronger, all modes in the free-electron laser eventually satu-

rate. An important feature of this last process is that the point

of maximum gain moves away from resonance; it starts at
First, we study the problem in the absence of noise. We.6 in weak fields and moves to 5 at high-field values.

use the physical parametehs,=72, \,,=3 cm, Bw=3 Next we study the case of an FEL oscillator. In order to

X10° G, yr=80, andp,=0.5x 10" cm 3, and we obtain achieve laser emission, it is necessary that gain per pass is

an undulator parametéf=0.8, a radiation wavelength larger than the loss per round trip; that is the laser condition

=3 um, and r=1. We consider a cavity length .

=500 cm anda=0.985, which corresponds to a caviy [g(vg)+1]a®>1. (3.1

=30 (¢=0.91+exp(—1/Q)]). The initial electron beam is

assumed to be monochromatic and unbunched, and we cofhen, only initial velocities with gain valuegv,) satisfying

sider an initial energyy, i.e., vo=v(0). This initial dimen-  Eq. (3.1) will reach laser emission. In our case, the threshold

sionless velocity of electrons is crucial in determining thegain is g4,=0.03, which leads tor;=0.375<v,<v,

phase-space evolution. Then the initial conditions for the=5.375. During each pass, the field increases until satura-

electron beam at each pass B =P =0, V(V=y,, and  tion. The maximum gain point moves away from resonance.

SW=32 at 7=0. The initial field is assumed to match the The steady-state powela|2, versus the initial electron ve-

level of spontaneous emission as we tak€)(r=0) locity is shown in Fig. 1(dashed ling The laser emission

=0.001. occurs only between 0.3%wv;<5.375, in agreement with
We consider first the problem of only one round trip. Thisthe prediction of the laser conditiofEq. (3.1)], and the

is the case of an FEL single-pass amplifier, the simplest FElmaximum steady-state power is placedvgt=4.

optical power versus frequency at different noise strength value
The parameters ang,=2.5, f ;=50 kHz, andA »,=0.025.

IIl. DETERMINISTIC CASE

mode of operation. We define the gain curve gs Energy modulation of the electron beam in FEL oscilla-
=l|a(1)|¥|a(0)|>—1. Figure 1 shows the gain versus the tors has been utilized in some recent work6—18. Energy
initial electron velocity vy (solid ling). This is the well- modulation has been used to generate very short optical

known antisymmetric gain curjd 4]. The maximum gainis pulses in the Stanford FEL oscillatpt6,17. In this FEL,
placed atvy=2.6. On one hand, with higher gainsy>1, the slippage distance is comparable with the electron pulse
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length, thus longitudinal overlap effectglesynchronistn 200 realizations. These spectra show a principal peak above
dominate its dynamics. The magnetic chicanes present in thbe noise background located at double the modulation fre-
Stanford FEL beam line are nonisochronous, i.e., higherquency (&), which indicates the existence of a coherent
energy electrons pass through them quicker than lowemovement. To analyze the dependence of the noise-induced
energy ones. Therefore, modulation of the beam energy isoherent motion on the noise strength, we calculate the ratio
translated into modulation of the electron bunch repetitiornof the peak of the signal and the broadband noise level at the
frequency and finally into a modulation of the desynchro-signal frequency, which is the signal-to-noise rat8\R).
nism. It was found that the optical power oscillates at theFigure 2 shows the SNR versu® for a modulation fre-
same frequency as that of the modulation. Another work anaguencyf,=50 kHz. Each curve corresponds to a different
lyzed the effect of energy modulation for harmonic generaimodulation amplitude. We observe a maximum in the SNR
tion [18]. It was shown that this modulation produces anfor all of the amplitudes, which indicates the presence of the
efficient cavity depletion and provides an output opticalstochastic resonance.

beam, chopped at the same frequency as the beam energyTo understand how the stochastic resonance takes place in
modulation. This phenomenon provides a technique to ensur system, we analyze the dynamicf\at,=0.025 in more

hance the power radiated at higher harmonics. detall. In this case, the value of the noise strength that gives
a maximum SNR iD=D,=1.3. Figure 3 shows the power
IV. STOCHASTIC CASE spectrum for different noise strengths. A<D, and D

) - =D, , the peak of the signal atfg, is not appreciable. How-
In this case we quulate the initial energy_ Of the e|eCtr0|’bver, atD=D, the signal peak is much larger than the noise
beam, and add a noise source. Then the initial electron vgevel. Figure 4 shows the temporal evolution of the initial

locity for the nth round trip can be written as velocity, v, for an individual realization using the same val-
_—— _ ues ofD as in Fig. 3. FoD<D,, the initial velocity does
vo)=vo+ AvgSin(2afty) + ¢, (4.1 not reach the threshold values. However, D, , v,

crosses the laser threshold, due to the noise source, roughly
wheref,, is the modulation frequency v, is the amplitude  once every half-period. We can define an average time be-
of the periodic modulation, and,=(2L./c)n is the tween threshold crossing induced by the noiseTgéD),
electron-beam injection time, where we have considered @hich is a function of the noise strength. A statistical syn-
synchronism between this time and the round-trip time of the:hronization takes place when this tirfg, is comparable
radiation in the cavity (B./c). Here y™ denotes a zero- ith half the period 1/(2,;) of the modulation signal. This
mean, Gaussian white noise with autocorrelation function yijelds the time-scale matching condition for stochastic reso-
nance, i.e.,
(yMy"Ny=2Ds(n—n") (4.2
and intensityD. We take an average initial velocity, Tn(D)=Z5 4.3
=2.5 and choose a small value of the modulation amplitude
(Avy=0.5) to avoidy, reaching the threshold values, v,. For higher noise levels{>D,), v, crosses the threshold
In order to observe stochastic resonance, we numericalljnany times but no correlation between the average time be-
integrate the modelEgs. (2.8)—(2.13]. We calculate the tween threshold crossing and the signal period is observed.
power spectrum from the time evolution of the optical power Equation (4.3) implies thatD, shifts as we move the
la]2. In particular, for a given set of parameters modulation frequency. To check this behavior, we plot in
(fm,Avg,D), we calculate an averaged power spectrum ovefFig. 5 the SNR atA »;=0.05 for different modulation fre-
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guencies. We can see in this figure that the maximum of th@rovides an output optical beam chopped at the same fre-
SNR shifts to largeD values as the frequency decreasesquency of the beam energy modulation. In this paper we

roughly following a linear behavior. have consider a weak modulation and a noise source in the
initial electron velocity. We have analyzed the signal-to-
V. CONCLUSIONS noise ratio versus noise power for different frequencies and

] ) ] amplitudes of the modulation, and in all the cases a maxi-
We have studied theoretically the temporal dynamics of ghym in the SNR has been found. This indicates the presence

the slippage length. In this type of FEL, a new electron pulsge|ocity threshold can explain the behavior of the system.

interacts with an optical pulse along the wiggler during eachryjs js evidence of stochastic resonance in free-electron la-
pass. In the regular operation, that means that with an initiale g

energy or velocity of the electron-beam constant, a well-
known steady-state optical power is found. This final value
depends on the initial velocity.

The modulation of the initial energy of the electron beam 0O.G.C. would like to thank Takuji Kimura and Professor
presents different effects, as has been studied recently ifiodd Smith for discussions, and Becas Complutense “Flores
some works[16—18. It was shown that this phenomenon Valles” for financial support.
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