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Anomalous scaling of a passive scalar in the presence of strong anisotropy
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Field theoretic renormalization group and the operator product expansion are applied to a model of a passive
scalar quantityu(t,x), advected by the Gaussian strongly anisotropic velocity field with the covariance
}d(t2t8)ux2x8u«. Inertial-range anomalous scaling behavior is established, and explicit asymptotic expres-
sions for the structure functionsSn(r )[^@u(t,x1r )2u(t,x)#n& are obtained. They are represented by super-
positions of power laws; the corresponding anomalous exponents, which depend explicitly on the anisotropy
parameters, are calculated to the first order in« in any space dimensiond. In the limit of vanishing anisotropy,
the exponents are associated with tensor composite operators built of the scalar gradients, and exhibit a kind of
hierarchy related to the degree of anisotropy: the less is the rank, the less is the dimension and, consequently,
the more important is the contribution to the inertial-range behavior. The leading terms of the even~odd!
structure functions are given by the scalar~vector! operators. For the finite anisotropy, the exponents cannot be
associated with individual operators~which are essentially ‘‘mixed’’ in renormalization!, but the aforemen-
tioned hierarchy survives for all the cases studied. The second-order structure functionS2 is studied in more
detail using the renormalization group and zero-mode techniques; the corresponding exponents and amplitudes
are calculated within the perturbation theories in«, 1/d, and in the anisotropy parameters. If the anisotropy of
the velocity is strong enough, the skewness factorS3 /S2

3/2 increasesgoing down towards the depth of the
inertial range; the higher-order odd ratios increase even if the anisotropy is weak.

DOI: 10.1103/PhysRevE.63.016309 PACS number~s!: 47.27.2i, 47.10.1g, 05.10.Cc
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I. INTRODUCTION

Recently, much effort has been invested to underst
inertial-range anomalous scaling of a passive scalar. Both
natural and numerical experiments suggest that the viola
of the classical Kolmogorov–Obukhov theory@1,2# is even
more strongly pronounced for a passively advected sc
field than for the velocity field itself; see, e.g.,@3–5# and
literature cited therein. At the same time, the problem
passive advection appears to be easier tractable theoretic
The most remarkable progress has been achieved for th
called Kraichnan’s rapid-change model@6#: for the first time,
the anomalous exponents have been calculated on the
of a microscopic model and within regular expansions
formal small parameters; see, e.g.,@7–13# and references
therein.

Within the ‘‘zero-mode approach,’’ developed in@7–11#,
nontrivial anomalous exponents are related to the zero mo
~unforced solutions! of the closed exact equations satisfi
by the equal-time correlations. Within the approach based
the field theoretic renormalization group~RG! and operator
product expansion~OPE!, the anomalous scaling emerges
a consequence of the existence in the model of compo
operators withnegativecritical dimensions, which determin
the anomalous exponents@12–16#.

Another important question recently addressed is the
fects of large-scale anisotropy on inertial-range statistics
passively advected fields@10,11,15–20# and the velocity
field itself @21,22#. According to the classical Kolmogorov
Obukhov theory, the anisotropy introduced at large scales
the forcing ~boundary conditions, geometry of an obstac
etc.! dies out when the energy is transferred down to
smaller scales owing to the cascade mechanism@1,2#. A
1063-651X/2000/63~1!/016309~25!/$15.00 63 0163
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number of recent works confirms this picture for theeven
correlation functions, thus giving some quantitative supp
to the aforementioned hypothesis on the restored local i
ropy of the inertial-range turbulence for the velocity and p
sive fields @15,17–22#. More precisely, the exponents de
scribing the inertial-range scaling exhibit universality a
hierarchy related to the degree of anisotropy, and the lead
contribution to an even function is given by the expone
from the isotropic shell@15,16,18–20,22#. Nevertheless, the
anisotropy survives in the inertial range and reveals itsel
odd correlation functions, in disagreement with what w
expected on the basis of the cascade ideas. The so-c
skewness factor decreases down the scales much slower
expected@3,4,10,11#, while the higher-order odd dimension
less ratios~hyperskewness, etc.! increase, thus signalling o
persistent small-scale anisotropy@15,17,19#. The effect
seems rather universal, being observed for the scalar@15# and
vector @19# fields, advected by the Gaussian rapid-chan
velocity, and for the scalar advected by the two-dimensio
Navier-Stokes velocity field@17#.

In the present paper, we study the anomalous scaling
havior of a passive scalar advected by the time-decorrel
strongly anisotropic Gaussian velocity field. In contradistin
tion with the studies of@4,10,11,15#, where the velocity was
isotropic and the large-scale anisotropy was introduced
the imposed linear mean gradient, the uniaxial anisotrop
our model persists for all scales, leading to nonuniversa
of the anomalous exponents through their dependence on
anisotropy parameters.

The aim of our paper is twofold.
First, we obtain explicit inertial-range expressions for t

structure functions and correlation functions of the sca
gradients and calculate the corresponding anomalous e
©2000 The American Physical Society09-1
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ADZHEMYAN, ANTONOV, HNATICH, AND NOVIKOV PHYSICAL REVIEW E 63 016309
nents to the first order of the« expansion.
It was argued on phenomenological grounds in@23# that

the anomalous exponents in the Gaussian model can de
on more details of the velocity statistics than the exponen«.
In the case at hand, the exponents become nonunive
through the dependence on the parameters describing th
isotropy of the velocity field. Owing to the anisotropy of th
velocity statistics, the composite operators of different ra
mix strongly in renormalization, and the correspondi
anomalous exponents are given by the eigenvalues of
matrices which are neither diagonal nor triangular~in con-
trast with the case of large-scale anisotropy!. In the language
of the zero-mode technique this means that theSO(d) de-
compositions of the correlation functions~employed, e.g., in
Refs. @20#! do not lead to the diagonalization of the diffe
ential operators in the corresponding exact equations.

In spite of the mixing and nonuniversality, the hierarc
obeyed by the exponents for the vanishing anisotropy
vives when the anisotropy becomes strong. Furthermore
leading exponents of the even structure functions appear
sensitive to the anisotropy than the subleading ones. Th
facts are the main qualitative results of the paper.

Another scope of the paper is to give the detailed acco
of the RG approach and to compare the results obta
within both the RG and zero-mode techniques on the
ample of the second-order structure function.

The paper is organized as follows. In Sec. II, we give
precise formulation of the model and outline briefly the ge
eral strategy of the RG approach. In Sec. III, we give
field theoretic formulation of the model and derive the ex
equations for the response function and pair correlator
Sec. IV, we perform the ultraviolet~UV! renormalization of
the model and derive the corresponding RG equations w
exactly known RG functions (b functions and anomalou
dimensions!. These equations possess an infrared~IR! stable
fixed point, which establishes the existence of IR scal
with exactly known critical dimensions of the basic fiel
and parameters of the model. In Sec. V, we discuss the
lution of the RG equations for various correlation functio
and determine the dependence of the latter on the UV sc
In Sec. VI, we discuss the renormalization of various co
posite operators. In particular, we derive the one-loop re
for the critical dimensions of the tensor operators, co
structed of the scalar gradients. In Sec. VII, we show t
these dimensions play the part of the anomalous expone
and present explicit inertial-range expressions for the st
ture functions and correlations of the scalar gradients. In S
VIII, we give the detailed comparison of the RG and ze
mode techniques on the example of the second-order s
ture function, compare the representation obtained using
and OPE with the ordinary perturbation theory, and calcu
the amplitude factors in the corresponding power laws. T
results obtained are reviewed in Sec. IX.

II. DEFINITION OF THE MODEL. ANOMALOUS
SCALING AND ‘‘DANGEROUS’’

COMPOSITE OPERATORS

The advection of a passive scalar fieldu(x)[u(t,x) in
the rapid-change model is described by the stochastic e
tion
01630
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¹ tu5n0Du1 f , ¹ t[] t1v i] i , ~1!

where ] t[]/]t, ] i[]/]xi , n0 is the molecular diffusivity
coefficient,D is the Laplace operator,v(x) is the transverse
~owing to the incompressibility! velocity field, andf [ f (x)
is a Gaussian scalar noise with zero mean and correlato

^ f ~x! f ~x8!&5d~ t2t8!C~r /l !, r[ux2x8u. ~2!

Here l is an integral scale related to the scalar noise a
C(r /l ) is a function finite asl →`. With no loss of gener-
ality, we takeC(0)51 in what follows. The velocityv(x)
obeys a Gaussian distribution with zero mean and correl

^v i~x!v j~x8!&5D0

d~ t2t8!

~2p!d E dk Ti j ~k!

3~k21m2!2d/22«/2 exp@ ik~x2x8!#.

~3!

In the isotropic case, the tensor quantityTi j (k) in Eq. ~3! is
taken to be the ordinary transverse projector,Ti j (k)
5Pi j (k)[d i j 2kikj /k2, k[uku, D0.0 is an amplitude fac-
tor, 1/m is another integral scale, andd is the dimensionality
of the x space; 0,«,2 is a parameter with the real~Kol-
mogorov! value«54/3. The relations

D0 /n0[g0[L« ~4!

define the coupling constantg0 ~i.e., the formal expansion
parameter in the ordinary perturbation theory! and the char-
acteristic UV momentum scaleL. In what follows, we shall
not distinguish the two IR scales, settingm.1/l .

The issue of interest is, in particular, the behavior of t
equal-time structure functions

SN~r ![^@u~ t,x!2u~ t,x8!#N& ~5!

in the inertial range, specified by the inequalities 1/L!r
!1/m.l . In the isotropic case, the odd functionsS2n11
vanish, while forS2n dimensionality considerations give

S2n~r !5n0
2nr 2nR2n~Lr ,mr!, ~6!

whereR2n are some functions of dimensionless paramete
In principle, they can be calculated within the ordinary pe
turbation theory~i.e., as series ing0), but this is not useful
for studying inertial-range behavior: the coefficients are s
gular in the limitsLr→` and/ormr→0, which compensate
the smallness ofg0 ~assumed in ordinary perturbatio
theory!, and in order to find correct IR behavior we have
sum the entire series. The desired summation can be acc
plished using the field theoretic renormalization group~RG!
and operator product expansion~OPE!; see Refs.@13–15#.

The RG analysis consists of two main stages. On the
stage, the multiplicative renormalizability of the model
demonstrated and the differential RG equations for its co
lation functions are obtained. The asymptotic behavior of
9-2
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ANOMALOUS SCALING OF A PASSIVE SCALAR IN . . . PHYSICAL REVIEW E63 016309
functions like Eq.~5! for Lr @1 and any fixedmr is given
by IR stable fixed points of the RG equations and has
form

S2n~r !5n0
2nr 2n~Lr !2gnR2n~mr!, Lr @1, ~7!

with certain, as yet unknown, ‘‘scaling functions’’R2n(mr).
In the theory of critical phenomena@24,25#, the quantity
D@S2n#[22n1gn is termed the ‘‘critical dimension,’’and
the exponentgn , the difference between the critical dime
sion D@S2n# and the ‘‘canonical dimension’’22n, is called
the ‘‘anomalous dimension.’’ In the case at hand, the la
has an extremely simple form:gn5n«. Whatever be the
functions Rn(mr), the representation~7! implies the exis-
tence of a scaling~scale invariance! in the IR region (Lr
@1, mr fixed! with definite critical dimensions of all ‘‘IR
relevant’’ parameters,D@S2n#522n1n«, D r521, Dm
51 and fixed ‘‘irrelevant’’ parametersn0 andL. This means
that the structure functions~5! scale asS2n→lD[S2n]S2n
upon the substitutionm→lDmm, r→lDr r . In general, the
exponentD@S2n# is replaced by the critical dimension of th
corresponding correlation function. This dimension is cal
lated as a series in«, so that the exponent« plays the part
analogous to that played by the parameter«542d in the
RG theory of critical phenomena, whilel is an analog of the
correlation lengthl [r c ; see@24,25#.

On the second stage, the smallmr behavior of the func-
tions R2n(mr) is studied within the general representati
~7! using the OPE. It shows that, in the limitmr→0, the
functionsR2n(mr) have the asymptotic forms

R2n~mr!5(
F

CF~mr!~mr!D[F] , ~8!

whereCF are coefficients regular inmr. In general, the sum
mation is implied over all possible renormalized compos
operatorsF allowed by the symmetry~more precisely, see
Sec. VII!; D@F# being their critical dimensions. Without los
of generality, it can be assumed that the expansion is mad
irreducible tensors; in the isotropic case only scalar opera
have nonvanishing mean values and contribute to the r
hand side of Eq.~8!.

The peculiarity of the models describing turbulence is
existence of the so-called ‘‘dangerous’’ composite opera
with negativecritical dimensions@13–15,26,27#. Their con-
tributions into the OPE give rise to a singular behavior of
scaling functions formr→0, and the leading term is give
by the operator with minimalD@F#. The leading contribu-
tions to S2n are determined by scalar gradientsFn
5(] iu] iu)n and have the form

S2n~r !.D0
2nr n(22«)~mr!Dn, ~9!

where the critical dimensionsDn of the operatorsFn are
given by

Dn522n~n21!«/~d12!1O~«2!

522n~n21!«/d1O~1/d2!. ~10!
01630
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The expression~9! agrees with the results obtained earlier
@8,9# using the zero-mode techniques; theO(«2) contribu-
tion to Dn is obtained in@13#.

In the theory of turbulence, the singularm dependence of
correlation functions with the exponents nonlinear inn is
referred to as anomalous scaling, andDn themselves are
termed the anomalous exponents; see, e.g.,@1,2#. The above
discussion shows that the anomalous exponents~in the sense
of the turbulence theory! are not simply related to the
anomalous or critical dimensions~in the sense of the theor
of phase transitions! of the structure functions themselve
they are determined by the critical dimensions of cert
composite operators entering into the corresponding OP

The OPE and the concept of dangerous operators in
stochastic hydrodynamics were introduced and investiga
in detail in @28#; see also@26,27#. For the Kraichnan model
the relationship between the anomalous exponents and
mensions of composite operators was anticipated in@7–9,12#
within certain phenomenological formulation of the OPE, t
so-called ‘‘additive fusion rules,’’ typical to the models wit
multifractal behavior@29#. A similar picture has been dis
cussed in@30,31# in connection with the Burgers turbulenc
and growth phenomena.

In a number of papers, e.g.,@4,10,11,15#, the artificial
stirring force in Eq.~1! was replaced by the term (hv), where
h is a constant vector that determines the distinguished
rection and therefore introduces large-scale anisotropy.
anisotropy gives rise to nonvanishing odd functionsS2n11.
The critical dimensions of all composite operators rem
unchanged, but the irreducible tensor operators acquire n
zero mean values and their contributions appear on the r
hand side of Eq.~8!; see@15#. This is easily understood in
the language of the zero-mode approach: the noisef and the
term (hv) do not affect the differential operators in the equ
tions satisfied by the equal-time correlation functions;
zero modes~homogeneous solutions! coincide in the two
cases, but in the latter case the modes with nontrivial ang
dependence should be taken into account.

The direct calculation to the orderO(«) has shown that
the leading exponent associated with a given rank contr
tion to Eq. ~1! decreases monotonically with the rank@15#.
Hence, the leading term of the inertial-range behavior of
even structure function is determined by the same expon
~10!, while the exponents related to the tensor operators
termine only subleading corrections. A similar hierarchy h
been established recently in Ref.@18# ~see also@19#! for the
magnetic field advected passively by the rapid-change ve
ity in the presence of a constant background field, and in@22#
within the context of the Navier–Stokes turbulence.

Below we shall take the velocity statistics to be anis
tropic also at small scales. We replace the ordinary tra
verse projector in Eq.~3! with the general transverse stru
ture that possesses the uniaxial anisotropy:

Ti j ~k!5a~c!Pi j ~k!1b~c!ñi~k!ñ j~k!. ~11!

Here the unit vectorn determines the distinguished directio
(n251), ñi(k)[Pi j (k)nj , andc is the angle between th
vectorsk andn, so that (nk)5k cosc @note that (ñk)50#.
9-3
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The scalar functions can be decomposed into the Gegenb
polynomials ~the d-dimensional generalization of the Leg
endre polynomials, see Ref.@39#!:

a~c!5(
l 50

`

al P2l~cosc!, b~c!5(
l 50

`

bl P2l~cosc!

~12!

~we shall see later that odd polynomials do not affect
scaling behavior!. The positivity of the correlator~3! leads to
the conditions

a~c!.0, a~c!1b~c!sin2 c.0. ~13!

In practical calculations, we shall mostly confine ourselv
with the special case

Ti j ~k!5~11r1 cos2 c!Pi j ~k!1r2ñi~k!ñ j~k!. ~14!

Then the inequalities~13! reduce tor1,2.21. We shall see
that this case represents nicely all the main features of
general model~11!.

We note that the quantities~11!, ~14! possess the symme
try n→2n. The anisotropy makes it possible to introdu
mixed correlator̂ vf &}nd(t2t8)C8(r /l ) with some func-
tion C8(r /l ) analogous toC(r /l ) from Eq. ~2!. This vio-
lates the evenness inn and gives rise to nonvanishing od
functionsS2n11. However, this leads to no serious alteratio
in the RG analysis; we shall discuss this case in Sec. VII,
for now we assumêvf &50.

In a number of papers, e.g.,@32–36#, the RG techniques
were applied to the anisotropically driven Navier–Stok
equation, including passive advection and magnetic tur
lence, with the expression~14! entering into the stirring force
correlator. The detailed account can be found in Ref.@27#,
where some errors of the previous treatments are also
rected. However, these studies have up to now been lim
to the first stage, i.e., investigation of the existence and
bility of the fixed points and calculation of the critical d
mensions of basic quantities. Calculation of the anomal
exponents in those models remains an open problem.

III. FIELD THEORETIC FORMULATION AND THE
DYSON-WYLD EQUATIONS

The stochastic problem~1!–~3! is equivalent to the field
theoretic model of the set of three fieldsF[$u8,u,v% with
action functional

S~F!5u8Duu8/21u8@2] t2~v­!1n0D#u2vDv
21v/2.

~15!

The first four terms in Eq.~15! represent the Martin–Siggia
Rose-type action for the stochastic problem~1!, ~2! at fixedv
~see, e.g.,@24,25#!, and the last term represents the Gauss
averaging overv. HereDu andDv are the correlators~2! and
~3!, respectively, the required integrations overx5(t,x) and
summations over the vector indices are implied.

The formulation~15! means that statistical averages
random quantities in stochastic problem~1!–~3! can be rep-
01630
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resented as functional averages with the weight expS(F), so
that the generating functionals of total@G(A)# and con-
nected@W(A)# Green functions of the problem are given b
the functional integral

G~A!5expW~A!5E DF exp@S~F!1AF# ~16!

with arbitrary sourcesA[Au8,Au,Av in the linear form

AF[E dx@Au8~x!u8~x!1Au~x!u~x!1Ai
v~x!v i~x!#.

The model~15! corresponds to a standard Feynman d
grammatic technique with the triple vertex2u8(v­)u
[u8Vjv ju with vertex factor~in the momentum-frequency
representation!

Vj52 ikj , ~17!

where k is the momentum flowing into the vertex via th
field u. The bare propagators in the momentum-frequen
representation have the form

^uu8&05^u8u&0* 5~2 iv1n0k2!21,
~18!

^uu&05C~k!~v21n0
2k4!21, ^u8u8&050,

whereC(k) is the Fourier transform of the functionC(r /l )
from Eq.~2! and the bare propagator^vv&0[^vv& is given by
Eq. ~3! with the transverse projector from Eqs.~11! or ~14!.

The pair correlation functionŝFF& of the multicompo-
nent field F[$u8,u,v% satisfy standard Dyson equation
which in the component notation reduces to the system
two equations, cf.@1#

G21~v,k!52 iv1n0k22Su8u~v,k!, ~19a!

D~v,k!5uG~v,k!u2@C~k!1Su8u8~v,k!#, ~19b!

whereG(v,k)[^uu8& andD(v,k)[^uu& are the exact re-
sponse function and pair correlator, respectively, andSu8u ,
Su8u8 are self-energy operators represented by the co
sponding 1-irreducible diagrams; all the other functionsSFF

in the model~15! vanish identically.
The feature characteristic of the models like Eq.~15! is

that all the skeleton multiloop diagrams entering into t
self-energy operatorsSu8u , Su8u8 contain effectively closed
circuits of retarded propagators^uu8& ~it is crucial here that
the propagator̂vv&0 in Eq. ~3! is proportional to thed func-
tion in time! and therefore vanish.

Therefore the self-energy operators in Eq.~19! are given
by the one-loop approximation exactly and have the form
9-4
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whereq8[k2q. The solid lines in the diagrams denote t
exact propagatorŝuu8& and ^uu&, the ends with a slash
correspond to the fieldu8, and the ends without a slash co
respond tou; the dashed lines denote the bare propagator~3!;
the vertices correspond to the factor~17!.

The integrations overv8 in the right hand sides of Eqs
~20! give the equal-time response functionG(q)
5(1/2p)*dv8 G(v8,q) and the equal-time pair correlato
D(q)5(1/2p)*dv8D(v8,q); note that both the self-energ
operators are in fact independent ofv. The only contribution
to G(q) comes from the bare propagator^uu8&0 from Eq.
~18!, which in thet representation is discontinuous at coi
cident times. Since the correlator~3!, which enters into the
one-loop diagram forSu8u , is symmetric int and t8, the
response function must be defined att5t8 by half the sum of
the limits. This is equivalent to the conventionG(q)
5(1/2p)*dv8(2 iv81n0q2)2151/2 and gives

Su8u~v,k!52
D0kikj

2 E dq

~2p!d

Ti j ~q!

~q21m2!d/21«/2
. ~21!

The integration of Eq.~19b! over the frequencyv gives a
closed equation for the equal-time correlator. Using Eq.~21!
it can be written in the form

2n0k2D~k!5C~k!1D0kikjE dq

~2p!d

Ti j ~q!

~q21m2!d/21«/2

3@D~q8!2D~k!#. ~22!

Equation~22! can also be rewritten as a partial different
equation for the pair correlator in the coordinate represe
tion, D(r )[^u(t,x)u(t,x1r )& ~we use the same notationD
for the coordinate function and its Fourier transform!. Noting
that the integral in Eq.~22! involves convolutions of the
functions D(k) and D0Ti j (q)/(q21m2)d/21«/2, and replac-
ing the momenta by the corresponding derivatives,ik i→] i
and so on, we obtain:

2n0]2D~r !1C~r /l !1D0Si j ~r !] i] jD~r !50, ~23!

where the ‘‘effective eddy diffusivity’’ is given by

Si j ~r ![E dq

~2p!d

Ti j ~q!

~q21m2!d/21«/2
@12exp~ iq•r !# ~24!
01630
a-

~note that] iSi j 50). For 0,«,2, Eqs.~22!–~24! allow for
the limit m→0: the possible IR divergence of the integrals
q50 is suppressed by the vanishing of the expressions in
square brackets. For the isotropic case~i.e., after the substi-
tution Ti j →Pi j ) Eq. ~23! coincides~up to the notation! with
the well-known equation for the equal-time pair correlator
the model@6#.

Equation ~21! will be used in the next section for th
exact calculation of the RG functions; solution of Eq.~23!
will be discussed in Sec. VIII in detail.

IV. RENORMALIZATION, RG FUNCTIONS, AND RG
EQUATIONS

The analysis of the UV divergences is based on the an
sis of canonical dimensions. Dynamical models of the ty
Eq. ~15!, in contrast to static models, have two scales, so t
the canonical dimension of some quantityF ~a field or a
parameter in the action functional! is described by two num-
bers, the momentum dimensiondF

k and the frequency dimen

sion dF
v . They are determined so that@F#;@L#2dF

k
@T#2dF

v
,

where L is the length scale andT is the time scale. The
dimensions are found from the obvious normalization con
tions dk

k52dx
k51, dk

v5dx
v50, dv

k 5dt
k50, dv

v52dt
v51,

and from the requirement that each term of the action fu
tional be dimensionless~with respect to the momentum an
frequency dimensions separately!. Then, based ondF

k and
dF

v , one can introduce the total canonical dimensiondF

5dF
k 12dF

v ~in the free theory,] t}D), which plays in the
theory of renormalization of dynamical models the same r
as the conventional~momentum! dimension does in static
problems.

The dimensions for the model~15! are given in Table I,
including the parameters which will be introduced later o
From Table I it follows that the model is logarithmic~the

TABLE I. Canonical dimensions of the fields and parameters
the model~26!.

F u u8 v n, n0 m, m, L g0 g, a, a0

dF
k 0 d 21 22 1 « 0

dF
v 21/2 1/2 1 1 0 0 0

dF 21 d11 1 0 1 « 0
9-5
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coupling constantg0 is dimensionless! at «50, so that the
UV divergences have the form of the poles in« in the Green
functions.

The total canonical dimension of an arbitra
1-irreducible Green functionG5^F•••F&12 ir is given by
the relation

dG5dG
k 12dG

v5d122NFdF , ~25!

whereNF5$Nu8 ,Nu ,Nv% are the numbers of correspondin
fields entering into the functionG, and the summation ove
all types of the fields is implied. The total dimensiondG is
the formal index of the UV divergence. Superficial UV d
vergences, whose removal requires counterterms, can
present only in those functionsG for which dG is a non-
negative integer.

Analysis of the divergences should be based on the
lowing auxiliary considerations.

~i! From the explicit form of the vertex and bare prop
gators in the model~15! it follows that Nu82Nu52N0 for
any 1-irreducible Green function, whereN0>0 is the total
number of bare propagators^uu&0 entering into the function
~obviously, no diagrams withN0,0 can be constructed!.
Therefore, the differenceNu82Nu is an even non-negativ
integer for any nonvanishing function.

~ii ! If for some reason a number of external mome
occurs as an overall factor in all the diagrams of a giv
Green function, the real index of divergencedG8 is smaller
than dG by the corresponding number~the Green function
requires counterterms only ifdG8 is a non-negative integer!.
In the model~15!, the derivative­ at the vertexu8(v­)u can
be moved onto the fieldu8 by virtue of the transversality o
the field v. Therefore, in any 1-irreducible diagram it is a
ways possible to move the derivative onto any of the exte
‘‘tails’’ u or u8, which decreases the real index of dive
gence:dG85dG2Nu2Nu8 . The fieldsu, u8 enter into the
counterterms only in the form of derivatives]u, ]u8.

From the dimensions in Table I we finddG5d122Nv
1Nu2(d11)Nu8 and dG85(d12)(12Nu8)2Nv . It then
follows that for anyd, superficial divergences can exist on
in the 1-irreducible functionŝu8u•••u&12 ir with Nu851
and arbitrary value ofNu , for which dG52, dG850. How-
ever, all the functions withNu.Nu8 vanish~see above! and
obviously do not require counterterms. We are left with t
only superficially divergent function̂u8u&12 ir ; the corre-
sponding counterterms must contain two symbols] and in
the isotropic case reduce to the only structureu8Du. In the
presence of anisotropy, it is necessary to also introduce
counterterm of the formu8(n­)2u, which is absent in the
unrenormalized action functional~15!. Therefore, the mode
~15! in its original formulation is not multiplicatively renor
malizable, and in order to use the standard RG techniqu
is necessary to extend the model by adding the new co
bution to the unrenormalized action:

S~F!5u8Duu8/21u8@2] t2~v­!1n0D1a0n0~n­!2#u

2vDv
21v/2. ~26!
01630
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Here a0 is a new dimensionless unrenormalized parame
The stability of the system implies the positivity of the tot
viscous contributionn0k21a0n0(nk)2, which leads to the
inequality a0.21. Its real~‘‘physical’’ ! value is zero, but
this fact does not hinder the use of the RG techniques
which it is first assumed to be arbitrary, and the equa
a050 is imposed as the initial condition in solving the equ
tions for invariant variables~see Sec. V!. Below we shall see
that the zero value ofa0 corresponds to certain nonzer
value of its renormalized analog, which can be found exp
itly.

For the action~26!, the nontrivial bare propagators in Eq
~18! are replaced with

^uu8&05^u8u&0* 5„2 iv1n0k21a0n0~nk!2
…

21,

^uu&05
C~k!

u2 iv1n0k21a0n0~nk!2u2
. ~27!

After the extension, the model has become multiplic
tively renormalizable: inclusion of the counterterms is rep
duced by the inclusion of two independent renormalizat
constantsZ1,2 as coefficients in front of the counterterm
This leads to the renormalized action of the form

SR~F!5u8Duu8/21u8@2] t2~v­!1nZ1D1anZ2~n­!2#u

2vDv
21v/2, ~28!

or, equivalently, to the multiplicative renormalization of th
parametersn0 , g0, anda0 in the action functional~26!:

n05nZn , g05gm«Zg , a05aZa . ~29!

Here m is the reference mass in the minimal subtracti
~MS! scheme, which we always use in what follows,n, g,
and a are renormalized counterparts of the correspond
bare parameters, and the renormalization constantsZ
5Z(g,a;r1,2,«,d) depend only on the dimensionless p
rameters. The correlator~3! in Eq. ~28! is expressed in renor
malized variables using Eqs.~29!. The comparison of Eqs
~26!, ~28!, and~29! leads to the relations

Z15Zn , Z25ZaZn , Zg5Zn
21 . ~30!

The last relation in Eq.~30! results from the absence o
renormalization of the contribution withD0, so that D0
[g0n05gm«n; see Eq.~4!. No renormalization of the fields
anisotropy parameters and the ‘‘mass’’m is required, i.e.,
ZF51 for all F, and so on.

The relation S(F,e0)5SR(F,e,m) ~where e0
[$n0 ,g0 ,a0% is the complete set of bare parameters, ane
[$n,g,a% is the set of their renormalized counterparts! for
the generating functionalW(A) in Eq. ~16! yields W(A,e0)
5WR(A,e,m). We useD̃m to denote the differential opera
tion m]m at fixede0 and operate on both sides of this equ
tion with it. This gives the basic RG differential equation

DRGWR~A,e,m!50. ~31!
9-6
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HereDRG is the operationD̃m expressed in the renormalize
variables

DRG[Dm1bg]g1ba]a2gnDn , ~32!

where we have writtenDx[x]x for any variablex, and the
RG functions~theb functions and the anomalous dimensi
g) are defined as

gF~g,a![D̃m ln ZF ~33a!

for any renormalization constantZF and

bg~g,a![D̃mg5g~2«2gg!5g~2«1gn!5g~2«1g1!,

~33b!

ba~g,a![D̃ma52aga5a~g12g2!. ~33c!

The relation betweenbg andgn in Eq. ~33b! results from the
definitions and the last relation in Eq.~30!.

Now let us turn to the calculation of the renormalizati
constantsZ1,2 in the MS scheme. They are determined by t
requirement that the Green functionG5^u8u&, when ex-
pressed in renormalized variables, be UV finite, i.e., have
poles in«. It satisfies the Dyson equation of the form

G21~v,k!52 iv1n0k21a0n0~nk!22Su8u~v,k!, ~34!

which is obtained from Eq.~19a! with the obvious substitu-
tion n0k2→n0k21a0n0(nk)2; the self-energy operatorSu8u
is given by the same expression~21!. With Ti j from Eq.~14!
the integration in Eq.~21! yields

Su8u~k!52
D0J~m!

2d~d12!
@~d21!~d12!k21r1~d11!k2

1r2k222r1~nk!21~d222!r2~nk!2#, ~35!

where we have written

J~m![E dq

~2p!d

1

~q21m2!d/21«/2
5

G~«/2!m2«

~4p!d/2G~d/21«/2!
.

~36!

In deriving Eqs.~35!, ~36!, we used the relations

E dq f ~q!
qiqj

q2
5

d i j

d E dq f ~q!,

~37!

E dq f ~q!
qiqjqlqp

q4
5

d i j d lp1d ipd l j 1d i l dp j

d~d12!
E dq f ~q!.

The renormalization constantsZ1,2 are found from the re-
quirement that the function̂u8u& expressed in renormalize
variables be finite for«→0. This requirement determine
Z1,2 up to an UV finite contribution; the latter is fixed by th
choice of a renormalization scheme. In the MS scheme
renormalization constants have the form ‘‘11 only poles in
01630
e

o

ll

«.’’ We substitute Eqs.~29!, ~30! into Eqs. ~34!, ~35! and
chooseZ1,2 to cancel the pole in« in the integralJ(m). This
gives

Z1512
gCd

2d~d12!«
@~d21!~d12!1r1~d11!1r2#,

~38!

Z2512
gCd

2d~d12!a«
@22r11r2~d222!#,

where we have written Cd[Sd /(2pd) and Sd
52pd/2/G(d/2) is the surface area of the unit sphere
d-dimensional space.

For the anomalous dimension g1(g)[D̃m ln Z1
5bg]g ln Z1 from the relations~33b! and ~38! one obtains
~note thatZ1 is independent ofa)

g1~g!5
2«Dg ln Zn

12Dg ln Zn

5
gCd

2d~d12!
@~d21!~d12!1r1~d11!1r2#,

~39!

and forg2(g,a)[D̃m ln Z25(bg]g1ba]a)ln Z2 one has

g2~g,a!5
@~2«1g1!Dg1g1!Da] ln Z2

11Da ln Z2
5

2«Dg ln Z2

11Da ln Z2

5
gCd

2d~d12!a
@22r11r2~d222!# ~40!

@note that (Dg1Da)ln Z250#. The cancellation of the pole
in « in Eqs.~39!, ~40! is a consequence of the UV finitene
of the anomalous dimensionsgF ; their independence of« is
a property of the MS scheme. Note also that the express
~38!–~40! are exact, i.e., have no corrections of orderg2 and
higher; this is a consequence of the fact that the one-l
approximation~21! for the self-energy operator is exact.

The fixed points of the RG equations are determined fr
the requirement that all the beta functions of the model v
ish. In our model the coordinatesg* ,a* of the fixed points
are found from the equations

bg~g* ,a* !5ba~g* ,a* !50, ~41!

with the beta functions from Eqs.~33!. The type of the fixed
point is determined by the eigenvalues of the matrixV
5$V ik5]b i /]gk%, whereb i denotes the full set of the bet
functions andgk is the full set of charges. The IR asymptot
behavior is governed by the IR stable fixed points, i.e., th
for which all the eigenvalues are positive. From the expli
expressions~39!, ~40! it then follows that the RG equation
of the model have the only IR stable fixed point with th
coordinates

g* Cd5
2d~d12!«

~d21!~d12!1r1~d11!1r2
,

9-7
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a* 5
22r11r2~d222!

~d21!~d12!1r1~d11!1r2
. ~42!

For this point, both the eigenvalues of the matrixV are equal
to «; the valuesg1* 5g2* 5gn* 5« are also found exactly
from Eqs. ~33! @here and below,gF* [gF(g* ,a* )#. The
fixed point~42! is degenerate in the sense that its coordina
depend continuously on the anisotropy parametersr1,2. For-
mally, r1,2 can be treated as the additional coupling co
stants. The corresponding beta functionsb1,2[D̃mr1,2 vanish
identically owing to the fact thatr1,2 are not renormalized
Therefore the equationsb1,250 give no additional con-
straints on the values of the parametersg,a at the fixed
point.

V. SOLUTION OF THE RG EQUATIONS. INVARIANT
VARIABLES

The solution of the RG equations is discussed in Re
@24–28# in detail; below we confine ourselves to only th
information we need.

Consider the solution of the RG equation on the exam
of the even different-time structure functions

S2n~r ,t![^@u~ t,x!2u~ t8,x8!#2n&, r[x2x8, t[t2t8.
~43!

It satisfies the RG equationDRGS2n50 with the operator
DRG from Eq. ~32! @this fact does not follow automaticall
from Eq. ~31! and will be justified below in Sec. VI#.

In renormalized variables, dimensionality consideratio
give

S2n~r ,t!5n2nr 2nR2n~mr ,tn/r 2,mr,g,a!, ~44!

whereR2n is a function of completely dimensionless arg
ments~the dependence ond, «, r1,2 and the angle betwee
the vectorsr andn is also implied!. From the RG equation
the identical representation follows,

S2n~r ,t!5~ n̄ !2nr 2nR2n~1,tn̄/r 2,mr,ḡ,ā !, ~45!

where the invariant variablesē5ē(mr ,e) satisfy the equa-
tion DRGē50 and the normalization conditionsē5e at mr
51 ~we recall thate[$n,g,a,m% denotes the full set o
renormalized parameters!. The identity m̄[m is a conse-
quence of the absence ofDm in the operatorDRG owing to
the fact thatm is not renormalized. Equation~45! is valid
because both sides of it satisfy the RG equation and coin
for mr 51 owing to the normalization of the invariant var
ables. The relation between the bare and invariant varia
has the form

n05 n̄Zn~ ḡ!, g05ḡr 2«Zg~ ḡ!, a05āZa~ ḡ,ā !. ~46!

Equation~46! determines implicitly the invariant variables a
functions of the bare parameters; it is valid because b
01630
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sides of it satisfy the RG equation, and because Eq.~46! at
mr 51 coincides with Eq.~29! owing to the normalization
conditions.

In general, the largemr behavior of the invariant vari-
ables is governed by the IR stable fixed point:ḡ→g* , ā
→a* for mr→`. However, in multicharge problems on
has to take into account that even when the IR point exi
not every phase trajectory@i.e., solution of Eq.~46!# reaches
it in the limit mr→`. It may first pass outside the natur
region of stability~in our case,g.0, a.21) or go to in-
finity within this region. Fortunately, in our case the co
stantsZF entering into Eq.~46! are known exactly from Eqs
~38!, and it is readily checked that the RG flow indee
reaches the fixed point~42! for any initial conditionsg0
.0, a0.21, including the physical casea050. Further-
more, the largemr behavior of the invariant viscosityn̄ is
also found explicitly from Eq.~46! and the last relation in
Eq. ~30!: n̄5D0r «/ḡ→D0r «/g* ~we recall thatD05g0n0).
Then formr→` and any fixedmr we obtain

S2n~r ,t!5D0
2nr n(22«)g

*
n j2n~tD0r D t,mr!, ~47!

where

j2n~D0tr D t,mr![R2n~1,D0tr D t,mr,g* ,a* !, ~48!

andD t[221gn* 5221« is the critical dimension of time.
The dependence of the scaling functionj2n on its arguments
is not determined by the RG equation~31! itself. For the
equal-time structure function~5!, the first argument ofj2n in
the representation~48! is absent:

S2n~r !5D0
2nr n(22«)g

*
n j2n~mr!, ~49!

where the definition ofj2n is obvious from Eq.~48!. It is
noteworthy that Eqs.~47!–~49! prove the independence o
the structure functions in the IR range~largemr and anymr)
of the viscosity coefficient or, equivalently of the UV scal
the parametersg0 andn0 enter into Eq.~47! only in the form
of the combinationD05g0n0. A similar property was estab
lished in Ref.@37# for the stirred Navier–Stokes equatio
and is related to the second Kolmogorov hypothesis; see
the discussion in@27,28#.

Now let us turn to the general case. LetF(r ,t) be some
multiplicatively renormalized quantity~say, a correlation
function involving composite operators!, i.e., F5ZFFR with
certain renormalization constantZF . It satisfies the RG equa
tion of the form@DRG1gF#FR50 with gF from Eq. ~33a!.
Dimensionality considerations give

FR~r ,t!5ndF
v
r 2dFRF~mr ,tn/r 2,mr,g,a!, ~50!

wheredF
v and dF are the frequency and total canonical d

mensions ofF ~see Sec. IV! andRF is a function of dimen-
sionless arguments. The analog of Eq.~45! has the form
9-8
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F~r ,t!5ZF~g,a!FR

5ZF~ ḡ,ā !~ n̄ !dF
v
r 2dFRF~1,tn̄/r 2,mr,ḡ,ā !.

~51!

In the largemr limit, one hasZF(ḡ,ā).const(Lr )2gF* ; see,
e.g.,@38#. The UV scale appears in this relation from Eq.~4!.
Then in the IR range (Lr;mr large,mr arbitrary! Eq. ~51!
takes on the form

F~r ,t!.constL2gF* D
0
dF

v

r 2D[F]jF~D0tr D t,mr!. ~52!

Here

D@F#[DF5dF
k 2D tdF

v1gF* , D t5221« ~53!

is the critical dimension of the functionF and the scaling
functionjF is related toRF as in Eq.~47!. For nontrivialgF* ,
the functionF in the IR range retains the dependence onL
or, equivalently, onn0.

VI. RENORMALIZATION AND CRITICAL DIMENSIONS
OF COMPOSITE OPERATORS

Any local ~unless stated to be otherwise! monomial or
polynomial constructed of primary fields and their deriv
tives at a single spacetime pointx[(t,x) is termed a com-
posite operator. Examples areuN(x), @] iu(x)] iu(x)#N,
] iu(x)] ju(x), u8(x)¹ tu(x) and so on.

Since the arguments of the fields coincide, correlat
functions with such operators contain additional UV dive
gences, which are removed by additional renormalizat
procedure; see, e.g.,@24,25#. For the renormalized correla
tion functions standard RG equations are obtained, wh
describe IR scaling of certain ‘‘basis’’ operatorsF with defi-
nite critical dimensionsDF[D@F#. Due to the renormaliza
tion, D@F# does not coincide in general with the naive su
of critical dimensions of the fields and derivatives enter
into F. As a rule, composite operators mix in renormaliz
tion, i.e., an UV finite renormalized operatorFR has the form
FR5F1 counterterms, where the contribution of the cou
terterms is a linear combination ofF itself and, possibly,
other unrenormalized operators which ‘‘admix’’ toF in
renormalization.

Let F[$Fa% be a closed set, all of whose monomials m
only with each other in renormalization. The renormalizati
matrix ZF[$Zab% and the matrix of anomalous dimensio
gF[$gab% for this set are given by

Fa5(
b

ZabFb
R , gF5ZF

21D̃mZF , ~54!

and the corresponding matrix of critical dimensionsDF

[$Dab% is given by Eq.~53!, in which dF
k and dF

v are un-
derstood as the diagonal matrices of canonical dimension
the operators in question~with the diagonal elements equ
to sums of corresponding dimensions of all fields and der
tives constitutingF) andgF* [gF(g* ,a* ) is the matrix~54!
at the fixed point~42!.
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Critical dimensions of the setF[$Fa% are given by the
eigenvalues of the matrixDF . The ‘‘basis’’ operators that
possess definite critical dimensions have the form

Fa
bas5(

b
UabFb

R , ~55!

where the matrixUF5$Uab% is such thatDF85UFDFUF
21 is

diagonal.
In general, counterterms to a given operatorF are deter-

mined by all possible 1-irreducible Green functions with o
operator F and arbitrary number of primary fields,G
5^F(x)F(x1) . . . F(x2)&12 ir . The total canonical dimen
sion ~formal index of UV divergence! for such function is
given by

dG5dF2NFdF , ~56!

with the summation over all types of fields entering into t
function. For superficially divergent diagrams,dG is a non-
negative integer, cf. Sec. IV.

Let us consider operators of the formuN(x) with the ca-
nonical dimensiondF52N, entering into the structure func
tions ~5!. From Table I in Sec. IV and Eq.~56! we obtain
dG52N1Nu2Nv2(d11)Nu8 , and from the analysis o
the diagrams it follows that the total number of the fieldsu
entering into the functionG can never exceed the number
the fieldsu in the operatoruN itself, i.e.,Nu<N @cf. item ~i!
in Sec. IV#. Therefore, the divergence can only exist in t
functions withNv5Nu850, and arbitrary value ofN5Nu ,
for which the formal index vanishes,dG50. However, at
least one ofNu external ‘‘tails’’ of the fieldu is attached to
a vertexu8(v­)u ~it is impossible to construct a nontrivia
superficially divergent diagram of the desired type with
the external tails attached to the vertexF), at least one de-
rivative ] appears as an extra factor in the diagram, a
consequently, the real index of divergencedG8 is necessarily
negative.

This means that the operatoruN requires no counterterm
at all, i.e., it is in fact UV finite,uN5Z@uN#R with Z51. It
then follows that the critical dimension ofuN(x) is simply
given by the expression~53! with no correction fromgF* and
is therefore reduced to the sum of the critical dimensions
the factors:

D@uN#5ND@u#5N~211«/2!. ~57!

Since the structure functions~5! or ~43! are linear combina-
tions of pair correlators involving the operatorsuN, Eq. ~57!
shows that they indeed satisfy the RG equation of the fo
~31!, discussed in Sec. V. We stress that the relation~57! was
not cleara priori; in particular, it is violated if the velocity
field becomes nonsolenoidal@14#.

In the following, an important role will be also played b
the tensor composite operators] i 1

u•••] i p
u(] iu] iu)n con-

structed solely of the scalar gradients. It is convenient to d
with the scalar operators obtained by contracting the ten
with the appropriate number of the vectorsn,
9-9
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F@N,p#[@~n­!u#p~] iu] iu!n, N[2n1p. ~58!

Their canonical dimensions depend only on the total num
of the fieldsu and have the formdF50, dF

v52N.
In this case, from Table I and Eq.~56! we obtain dG

5Nu2Nv2(d11)Nu8 , with the necessary conditionNu
<N, which follows from the structure of the diagrams. It
also clear from the analysis of the diagrams that the coun
terms to these operators can involve the fieldsu, u8 only in
the form of derivatives,]u, ]u8, so that the real index o
divergence has the formdG85dG2Nu2Nu852Nv2(d
12)Nu8 . It then follows that superficial divergences can e
ist only in the Green functions withNv5Nu850 and any
Nu<N, and that the corresponding operator counterterms
duce to the formF@N8,p8# with N8<N. Therefore, the op-
erators~58! can mix only with each other in renormalizatio
and the corresponding infinite renormalization matrix

F@N,p#5 (
N8,p8

Z[N,p] [ N8,p8]F
R@N8,p8# ~59!

is in fact block-triangular, i.e.,Z[N,p] [ N8,p8]50 for N8.N. It
is then obvious that the critical dimensions associated w
the operatorsF@N,p# are completely determined by the e
genvalues of the finite subblocks withN85N. In the follow-
ing, we shall not be interested in the precise form of the ba
operators~55!, we rather shall be interested in the anomalo
dimensions themselves. Therefore, we can neglect all the
ements of the matrix~59! other thanZ[N,p] [ N,p8] .

In the isotropic case, as well as in the presence of lar
scale anisotropy, the elementsZ[N,p] [ N,p8] vanish forp,p8,
and the blockZ[N,p] [ N,p8] is triangular along with the corre
sponding blocks of the matricesUF andDF from Eqs.~55!,
~53!. In the isotropic case it can be diagonalized by chang
to irreducible operators~scalars, vectors, and traceless te
sors!, but even for nonzero imposed gradient its eigenval
are the same as in the isotropic case. Therefore, the inclu
of large-scale anisotropy does not affect critical dimensi
of the operators~58!; see @15#. In the case of small-scal
anisotropy, the operators with different values ofp mix
heavily in renormalization, and the matrixZ[N,p] [ N,p8] is nei-
ther diagonal nor triangular here.

Now let us turn to the calculation of the renormalizati
constantsZ[N,p] [ N,p8] in the one-loop approximation. Le
G(x;u) be the generating functional of the 1-irreducib
Green functions with one composite operatorF@N,p# from
Eq. ~58! and any number of fieldsu. Here x[(t,x) is the
argument of the operator andu is the functional argument
the ‘‘classical counterpart’’ of the random fieldu. We are
interested in theN-th term of the expansion ofG(x;u) in u,
which we denoteGN(x;u); it has the form

GN~x;u!5
1

N! E dx1•••E dxN u~x1!•••u~xN!^F@N,p#

3~x!u~x1!•••u~xN!&12 ir . ~60!

In the one-loop approximation the function~60! is repre-
sented diagrammatically in the following manner:
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~61!

Here the solid lines denote thebare propagator̂ uu8&0 from
Eq. ~27!, the ends with a slash correspond to the fieldu8, and
the ends without a slash correspond tou; the dashed line
denotes the bare propagator~3!; the vertices correspond t
the factor~17!.

The first term is the ‘‘tree’’ approximation, and the blac
circle with two attached lines in the diagram denot
the variational derivative V(x;x1 ,x2)[d2F@N,p#/
du(x1)du(x2). It is convenient to represent it in the form

V~x;x1 ,x2!5] id~x2x1!] jd~x2x2!
]2

]ai]aj
@~na!p~a2!n#,

~62!

whereai is a constant vector, whichafter the differentiation
is substituted with] iu(x). The diagram in Eq.~61! is written
analytically in the form

E dx1•••E dx4V~x;x1 ,x2!^u~x1!u8~x3!&0^u~x2!u8~x4!&0

3^vk~x3!v l~x4!&0]ku~x3!] lu~x4!, ~63!

with the bare propagators from Eqs.~3!, ~27!; the derivatives
appear from the ordinary vertex factors~17!.

In order to find the renormalization constants, we need
the entire exact expression~63!, rather we need its UV di-
vergent part. The latter is proportional to a polynomial bu
of N factors]u at a single spacetime pointx. The neededN
gradients have already been factored out from the expres
~63!: (N22) factors from the vertex~62! and 2 factors from
the ordinary vertices~17!. Therefore, we can neglect th
spacetime inhomogeneity of the gradients and replace t
with the constant vectorsai . Expression~63! then can be
written, up to an UV finite part, in the form

akal

]2

]ai]aj
@~na!p~a2!n#Xi j ,kl , ~64!

where we have denoted

Xi j ,kl[E dx3E dx4 ] i^u~x!u8~x3!&0] j^u~x!u8~x4!&0

3^vk~x3!v l~x4!&0 , ~65!

or, in the momentum-frequency representation, after the
tegration over the frequency,

Xi j ,kl5
D0

2n0
E dq

~2p!d

qiqj

„q21a~qn!2
…

Tkl~q!

~k21m2!2d/22«/2
, ~66!

with D0 from Eq.~3! andTkl from Eq.~14!. The tensorXi j ,kl
can be decomposed in certain basic structures:

Xi j ,kl5(
s51

6

BsSi j ,kl
(s) , ~67!
9-10
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where Bs are scalar coefficients andS(s) are all possible
fourth rank tensors constructed of the vectorn and Kro-
necker delta symbols, and symmetric with respect to the
mutations within the pairs$ i j % and$kl%:

Si j ,kl
(1) 5d i j dkl , Si j ,kl

(2) 5~d ikd j l 1d i l d jk!/2,

Si j ,kl
(3) 5d i j nknl , Si j , kl

(4) 5dklninj ,
~68!

Si j ,kl
(5) 5~ninkd j l 1ninld jk1njnld ik1njnkd i l !/4,

Si j ,kl
(6) 5ninjnknl .

It is now convenient to change from the tensors~66!, ~67! to
the scalar integralsAs defined by the relations

As5(
i jkl

Xi j ,klSi j ,kl
(s) , s51, . . . ,6 ~69!

@it is obvious from Eqs.~67!, ~68! that the coefficientsA2
and A5 vanish identically by virtue of the relationqlTlk(q)
50#. The UV divergence and the angular integration in E
~66!, ~67! can be disentangled using the relations

As5
D0

2n0
J~m!Hs , ~70!

where the integralJ(m) from Eq. ~36! contains a pole in«,
andHs are UV finite and« independent quantities given b
only the angular integrations:

H15K Tii

11a cos2c
L

S

, H35K ninjTi j

11a cos2c
L

S

,

~71!

H45K Tii cos2c

11a cos2c
L

S

, H65K ninjTi j cos2c

11a cos2c
L

S

,

wherec is the angle between the vectorsq and n, so that
(nq)5q cosc, and the quantitiesTii and ninjTi j with Ti j
from Eq. ~14! depend only onc ~the dependence ond and
the anisotropy parametersr1,2 is of course also implied!. The
brackets ^•••&S denote averaging over the un
d-dimensional sphere, which for a function dependent o
on c takes on the form

^ f ~c!&S5
Sd21

Sd
E

0

p

dc sind22c f ~c!, ~72!

with Sd52pd/2/G(d/2). Finally, the change of variablesy
5cos2 c in the integrals~71! gives:

E
0

1

dy
ya21~12y!b21

~11ay!c
5B~a,b!F~c,a;a1b;2a!,

~73!

whereB is the Euler beta function andF is the hypergeomet
ric function, see, e.g.,@39#. This gives
01630
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H15~d211r2!F01@~d21!r12r2#
F1

d
,

H35~11r2!F01~211r122r2!
F1

d
1~r22r1!

3F2

d~d12!
,

H45~d211r2!
F1

d
1@~d21!r12r2#

3F2

d~d12!
, ~74!

H65~11r2!
F1

d
1~211r122r2!

3F2

d~d12!

1~r22r1!
15F3

d~d12!~d14!
,

where we have denotedFn[F(1,1/21n;d/21n;2a).
In principle, all the hypergeometric functions enterin

into Eqs.~74! can be reduced to the only function, for e
ampleF3, but the coefficients then become too complex.

After quite lengthy but straightforward calculations, th
quantity in Eq.~64! can be expressed through the coefficie
Bs , then throughAs , and finally throughHs :

D0

2n0
J~m!$Q1F@N,p22#1Q2F@N,p#1Q3F@N,p12#

1Q4F@N,p14#%, ~75!

where we have substitutedai back with the gradients] iu(x),
used the notation~58!, and denoted

Q1[
p~p21!

~d21!
~H42H6!,

Q2[
p~p21!

~d21!
~dH62H4!1

~N2p!

~d21!~d11!
$~N2p1d21!

3~H12H3!1H4@2~N22!1p~2d13!#

13H6@~N22!2p~d12!#%,
~76!

Q3[
~N2p!

~d21!~d11!
$2~2N22p1d23!H11H3@~N2p!

3~d13!1~d12!~d23!#1H4@~N22!~d13!

2p~3d18!#12H6~d12!@23~N22!1p~d14!#%,

Q4[
~N2p!~N2p22!

~d21!~d11!
@H12~d12!~H31H4!

1~d12!~d14!H6#.

The renormalization constantsZ[N,p] [ N,p8] can be found
from the requirement that the function~61! after the replace-
ment F@N,p#→FR@N,p# with FR@N,p# from Eq. ~59! be
UV finite, i.e., have no poles in«, when expressed in renor
malized variables using the formulas~29!. In the MS
scheme, the diagonal element has the formZ[N,p] [ N,p8]51
9-11
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1 only poles in«, while the nondiagonal ones contain on
poles. Then from Eqs.~61!, ~70!, and~75! one obtains

Z[N,p][ N,p]511
g Cd

4«
Q2 , Z[N,p][ N,p22]5

g Cd

4«
Q1 ,

~77!

Z[N,p][ N,p12]5
g Cd

4«
Q3 , Z[N,p][ N,p14]5

g Cd

4«
Q4 ,

with coefficientsQi from Eq.~76! andCd from Eq.~38!. The
corresponding anomalous dimensionsg [N,p] [ N8,p8]

5Z[N,p] [ N9,p9]
21 D̃mZ[N9,p9] [ N8,p8] have the form

g [N,p][ N,p]52g CdQ2 /4, g [N,p][ N,p22]52g CdQ1 /4,
~78!

g [N,p][ N,p12]52g CdQ3 /4, g [N,p][ N,p14]52g CdQ4 /4.

In contrast to exact expressions~38!, the quantities in Eqs
~77!, ~78! have nontrivial corrections of orderg2 and higher.
The matrix of critical dimensions~53! is given by

D [N,p][ N,p8]5N«/21g [N,p][ N,p8]
* , ~79!

where the asterisk implies the substitution~42!. The set of
equations~42!, ~74!, ~76!, ~78!, ~79! gives the desired expres
sion for the matrix of critical dimensions of the compos
operators~58! in the one-loop approximation, i.e., in the fir
order in « @we recall thatg* 5O(«) and a* 5O(1)#. In
contrast to simpler expressions like~57!, the dimensions in
Eq. ~79! depend on the anisotropy parametersr1,2 and have
nontrivial corrections of order«2 and higher.

In the one-loop approximation, the expression~75! con-
tains only four terms, and therefore all the matrix eleme
g [N,p][ N,p8] other than Eq.~78! vanish. However, they be
come nontrivial in higher orders, so that the basis opera
~55!, associated with the eigenvalues of the matrix~79!, are
given by mixtures of the monomials~58! with all possible
values of the indexp, or, in other words, mixtures of the
tensors belonging to different representations of the rota
group.

As already said above, the critical dimensions themse
are given by the eigenvalues of the matrix~79!. One can
check that for the isotropic case (r1,250), its elements with
p8.p vanish, the matrix becomes triangular, and its eig
values are simply given by the diagonal elementsD@N,p#
[D [N,p][ N,p] . They are found explicitly and have the form

D@N,p#5N«/21
2p~p21!2~d21!~N2p!~d1N1p!

2~d21!~d12!
«

1O~«2!. ~80!

It is easily seen from Eq.~80! that for fixedN and anyd
>2, the dimensionD@N,p# decreases monotonically withp
and reaches its minimum for the minimal possible value
p5pN , i.e., pN50 if N is even andpN51 if N is odd:

D@N,p#.D@N,p8# if p.p8 . ~81a!
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Furthermore, this minimal valueD@N,pN# decreases mono
tonically asN increases for odd and even values ofN sepa-
rately, i.e.,

0>D@2n,0#.D@2n12,0#, D@2n11,1#.D@2n13,1#.

~81b!

A similar hierarchy is demonstrated by the critical dime
sions of certain tensor operators in the stirred Navier–Sto
turbulence; see Ref.@40# and Sec. 2.3 of@27#. However, no
clear hierarchy is demonstrated by neighboring even and
dimensions: from the relations

D@2n11,1#2D@2n,0#5
«~d1224n!

2~d12!
,

~81c!

D@2n12,0#2D@2n11,1#5
«~22d!

2~d12!

it follows that the inequality D@2n11,1#.D@2n12,0#
holds for any d.2, while the relationD@2n,0#.D@2n
11,1# holds only if n is sufficiently large,n.(d12)/4.
†The situation is slightly different in the presence of the li
ear mean gradient: the first termN«/2 in Eq. ~80! is then
absent owing to the difference in canonical dimensions,
the complete hierarchy relations hold,D@2n,0#.D@2n
11,1#.D@2n12,0#; see Ref.@15#.‡

In what follows, we shall use the notationD@N,p# for the
eigenvalue of the matrix~79! which coincides with Eq.~80!
for r1,250. Since the eigenvalues depend continuously
r1,2, this notation is unambiguous at least for small values
r1,2.

The dimensionD@2,0# vanishes identically for anyr1,2
and to all orders in«. Like in the isotropic model, this can b
demonstrated using the Schwinger equation of the form

E DFd@u~x!expSR~F!1AF#/du8~x!50 ~82!

~in the general sense of the word, Schwinger equations
any relations stating that any functional integral of a to
variational derivative is equal to zero; see, e.g.,@24,25#!. In
Eq. ~82!, SR is the renormalized action~28!, and the notation
introduced in Eq.~16! is used. Equation~82! can be rewritten
in the form

^u8Duu2¹ t@u2/2#1nZ1D@u2/2#1anZ2~n­!2@u2/2#

2nZ1F@2,0#2anZ2F@2,2#&A52Au8dWR~A!/dAu .

~83!

HereDu is the correlator~2!, ^•••&A denotes the averagin
with the weight exp@SR(F)1AF#, WR is determined by Eq.
~16! with the replacementS→SR , and the argumentx com-
mon to all the quantities in Eq.~83! is omitted.

The quantitŷ F&A is the generating functional of the co
relation functions with one operatorF and any number of the
9-12
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primary fieldsF, therefore the UV finiteness of the operat
F is equivalent to the finiteness of the functional^F&A . The
quantity in the right hand side of Eq.~83! is UV finite ~a
derivative of the renormalized functional with respect to
nite argument!, and so is the operator in the left hand sid
Our operatorsF@2,0#, F@2,2# do not admix in renormaliza
tion to u8Duu ~no needed diagrams can be constructed!, and
to the operators¹ t@u2/2# and n@u2/2# ~they have the form
of total derivatives, andF@N,p# do not reduce to this form!.
On the other hand, all the operators in Eq.~83! other than
F@N,p# do not admix toF@N,p#, because the counterterm
of the operators~58! can involve only operators of the sam
type; see above. Therefore, the operatorsF@N,p# entering
into Eq.~83! are independent of the others, and so they m
be UV finite separately:nZ1F@2,0#1anZ2F@2,2#5 UV fi-
nite. Since the operator in Eq.~83! is UV finite, it coincides
with its finite part,

nZ1F@2,0#1anZ2F@2,2#5nFR@2,0#1anFR@2,2#,

which along with the relation~59! gives

Z1Z[2,0][2,0]1aZ2Z[2,2][2,0]51,

Z1Z[2,0][2,2]1aZ2Z[2,2][2,2]5a,

and therefore for the anomalous dimensions in the
scheme one obtains

g11g [2,0][2,0]1ag [2,2][2,0]50,

g [2,0][2,2]1ag21ag [2,2][2,2]50.

These relations can indeed be checked from the explicit fi
order expressions~77!, ~78!. Bearing in mind thatg1* 5g2*
5« ~see Sec. IV!, we conclude that among the four elemen
of the matrixgF* only two, which we take to beg@2,2#@2,0#

* and
g@2,2#@2,2#

* , are independent. Then the matrix of critical d
mensions~80! takes on the form

D [2,p][2,p8]

5«1S 2«2a* g@2,2#@2,0#
* 2a* «2a* g@2,2#@2,2#

*

g@2,2#@2,0#
* g@2,2#@2,2#

* D .

~84!

It is then easily checked that the eigenvalue of the ma
~84!, which is identified withD@2,0#, does not involve un-
known anomalous dimensions and vanishes identica
D@2,0#[0, while the second one is represented as

D@2,2#5«2a* g@2,2#@2,0#
* 1g@2,2#@2,2#

* .

Using the explicitO(«) expressions~76!, ~78!, one obtains
to the orderO(«):

D@2,2#/«521$2~d22!d~d12!~d14!F0*

2~d12!~d14!„21~d22!r11dr2…F1*

13~d14!~d22r112dr2!F2*
01630
.
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115d~r12r2!F3* %/$~d21!~d14!

3@~d21!~d12!1~d11!r11r2#%, ~85!

where Fn* [F(1,1/21n;d/21n;2a* ) with a* from Eq.
~42! and the hypergeometric function from Eq.~73!.

In Fig. 1, we present the levels of the dimension~85! on
the r12r2 plane ford53. We note that the dependence o
r1,2 is quite smooth, and thatD@2,2# remains positive on the
whole of ther1,2 plane, i.e., the first of the hierarchy rela
tions ~81! remains valid also in the presence of anisotropy
similar behavior takes place also ford52.

For N.2, the eigenvalues can be found analytically on
within the expansion inr1,2. Below we give such expansion
up to the termsO(r1,2

2 ) for all the eigenvalues withN<4
~with the notationr3[2r11dr2):

g* @2,2#/«5
2

~d21!~d12!
1

4~d22!~d11!r3

~d21!2~d12!2~d14!

1
2~d11!

~d21!3~d12!3~d14!~d16!

3@26d~d216d215!r1
21~d516d4241d3

142d2116d124!r1r2

1~211d4123d312d2226d124!r2
2#,

~86a!

g* @3,1#/«52
~d14!

~d12!
2

2~d22!~d11!r3

~d21!~d12!3

1
2~d22!~d11!

~d21!2~d12!6~d14!2

3@2~d5115d4188d31204d2116d296!r1
2

FIG. 1. Levels of the dimensionD@2,2# for d53 on the plane
r1–r2. Value changes from 1.2~left-bottom! to 1.4~right-top! with
step 0.05.
9-13
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1d~2d61d5180d41296d3164d2248d

164!r1r21~3d6129d5174d4232d3

272d2148d164!r2
2#, ~86b!

g* @3,3#/«5
6

~d21!~d12!
1

12~d22!~d11!2r3

~d21!2~d12!3~d14!

2
6~d22!~d11!

~d21!3~d12!6~d14!2~d16!

3@2~3d6154d51321d41722d31420d2
o

s

n

01630
1184d196!r1
21d~2d7216d6249d5

1158d41844d31904d211120d1640!r1r2

1~13d71111d61258d5126d42124d3

188d21336d1192!r2
2#, ~86c!

g* @4,0#/«5
22~d14!

~d12!
2

4~d22!2~d11!~d16!r3
2

~d21!2d~d12!4~d14!
,

~86d!
g* @4,2#/«5
2d225d18

~d21!~d12!
2

4~d22!~d11!~d213d216!r3

~d21!2~d12!2~d14!2
2

2~d11!

~d21!3d~d12!3~d14!5~d16!
@22~2d9147d8

1422d711253d623684d5223344d424032d3157856d2186016d273728!r1
21d~d9228d82759d7

24654d622712d5140232d4142592d3276928d22202240d1122880!r1r22d~8d91149d81699d7

21074d6210994d522240d4129248d3129696d2249664d124576!r2
2#, ~86e!

g* @4,4#/«5
12

~d21!~d12!
1

24~d22!~d11!r3

~d21!2~d12!~d14!2
2

12~d22!

~d21!3~d12!4~d14!5~d16!

3@2d~3d7181d61823d514023d4110230d3114536d2111040d13456!r1
2

1~2d10223d92163d82225d712040d619948d5121240d4125424d3118112d218960d13072!r1r2

1~15d91232d811309d713306d613782d51780d42768d313712d216656d13072!r2
2#. ~86f!
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These expressions illustrate two facts which seem to h
for all N:

~i! The leading anisotropy correction is of orderO(r1,2)
for pÞ0 and O(r1,2

2 ) for p50, so that the dimension
g* @N,0# are anisotropy independent in thelinear approxi-
mation, and

~ii ! this leading contribution depends onr1,2 only through
the combinationr3[2r11dr2.

This conjecture is confirmed by the following expressio
for N56,8 andp50:

g* @6,0#/«5
22~d16!

~d12!

2
12~d22!2~d11!~d2114d148!r3

2

~d21!2d~d12!4~d14!2
, ~87a!

g* @8,0#/«5
24~d18!

~d12!

2
24~d22!2~d11!~d2118d180!r3

2

~d21!2d~d12!4~d14!2
. ~87b!
ld

s

The eigenvalues beyond the smallr1,2 expansion have
been obtained numerically. Some of them are presente
Figs. 2–5, namely, the dimensionsD@n,p# for n53,4,5,6 vs
r1 for r250, vs r15r2, and vsr2 for r150. The main
conclusion that can be drawn from these diagrams is that
hierarchy~81! demonstrated by the dimensions for the is
tropic case (r1,250) holds valid for all the values of the
anisotropy parameters.

VII. OPERATOR PRODUCT EXPANSION AND
ANOMALOUS SCALING

Representations~49! for any scaling functionsj(mr) de-
scribe the behavior of the correlation functions forLr @1
and any fixed value ofmr; see Sec. V. The inertial rang
corresponds to the additional conditionmr!1. The form of
the functionsj(mr) is not determined by the RG equation
themselves; in analogy with the theory of critical pheno
ena, its behavior formr→0 is studied using the well-known
Wilson operator product expansion~OPE!; see, e.g.,@24–
28#.

According to the OPE, the equal-time produ
F1(x)F2(x8) of two renormalized operators forx[(x
9-14
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FIG. 2. Behavior of the critical dimensionD@3,p#/« for d53 with p51,3 ~from below to above! vs r[r1 for r250—left, vs r[r1

5r2—center, vsr[r2 for r150—right.
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1x8)/25const andr[x2x8→0 has the representation

F1~x!F2~x8!5(
F

CF~r !F~ t,x!, ~88!

where the functionsCF are coefficients regular inm2 andF
are all possible renormalized local composite operators
lowed by symmetry~more precisely, see below!. Without
loss of generality, it can be assumed that the expansio
made in basis operators of the type Eq.~55!, i.e., those hav-
ing definite critical dimensionsDF . The renormalized cor-
relator ^F1(x)F2(x8)& is obtained by averaging Eq.~88!
with the weight expSR with the renormalized action~28!; the
quantities^F&}mDF appear on the right hand side.

From the operator product expansion~88! we therefore
find the following expression for the scaling functionj(mr)
in the representation~49! for the correlator̂ F1(x)F2(x8)&:

j~mr!5(
F

AF~mr!DF, mr!1, ~89!

with the coefficientsAF regular in (mr)2.
Now let us turn to the equal-time structure functionsSN

from Eq. ~5!. From now on, we assume that the mixed c
relator ^vf & differs from zero~see Sec. II!; this does not
affect the critical dimensions, but gives rise to nonvanish
odd structure functions. In general, the operators ente
into the OPE are those which appear in the correspond
Taylor expansions, and also all possible operators that ad
to them in renormalization@24,25#. The leading term of the
Taylor expansion for the functionSN is obviously given by
the operatorF@N,N# from Eq. ~58!; the renormalization
gives rise to all the operatorsF@N8,p# with N8<N and all
possible values ofp. The operators withN8.N ~whose con-
01630
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tributions would be more important! do not appear in Eq.
~89!, because they do not enter into the Taylor expansion
SN and do not admix in renormalization to the terms of t
Taylor expansion; see Sec. VI. Therefore, combining the
representation~47! with the OPE representation~89! gives
the desired asymptotic expression for the structure func
in the inertial range:

SN~r !5D0
2N/2r N(12«/2) (

N8<N
(

p
$CN8,p~mr!D[N8,p]1•••%.

~90!

The second summation runs over all values ofp, allowed for
a givenN8; CN8,p are numerical coefficients dependent on«,
d, r1,2 and the angleq betweenr andn. The dots stand for
the contributions of the operators other thanF@N,p#, for
example, ]2u]2u; they give rise to the terms of orde
(mr)21O(«) and higher and will be neglected in what fo
lows.

Some remarks are now in order.
~i! If the mixed correlator̂vf & is absent, the odd structur

functions vanish, while the contributions to even functio
are given only by the operators with even values ofN8. In
the isotropic case (r1,250) only the contributions withp
50 survive; see@13#. In the presence of the anisotrop
r1,2Þ0, the operators withpÞ0 acquire nonzero mean va
ues, and their dimensionsD@N8,p# also appear on the righ
hand side of Eq.~90!.

~ii ! The leading term of the smallmr behavior is obvi-
ously given by the contribution with the minimal possib
value of D@N8,p#. Now we recall the hierarchy relation
~81a!, ~81b!, which hold for r1,250 and therefore remain
valid at least forr1,2!1. This means that, if the anisotropy
weak enough, the leading term in Eq.~90! is given by the
FIG. 3. Behavior of the critical dimensionD@4,p#/« for d53 with p50,2,4 ~from below to above! vs r[r1 for r250—left, vs r
[r15r2—center, vsr[r2 for r150—right.
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FIG. 4. Behavior of the critical dimensionD@5,p#/« for d53 with p51,3,5 ~from below to above! vs r[r1 for r250—left, vs r
[r15r2—center, vsr[r2 for r150—right.
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dimensionD@N,0# for anySN . For all the special cases stud
ied in Sec. VI, this hierarchy persists also for finite values
the anisotropy parameters, and the contribution withD@N,0#
remains the leading one for suchN andr1,2.

~iii ! Of course, it is not impossible that the inequaliti
~81a!, ~81b! break down for some values ofn, d and r1,2,
and the leading contribution to Eq.~90! is determined by a
dimension withN8ÞN and/orp.0.

Furthermore, it is not impossible that the matrix~79! for
somer1,2 had a pair of complex conjugate eigenvalues,D
andD* . Then the smallmr behavior of the scaling function
j(mr) entering into Eq.~90! would involve oscillating terms
of the form

~mr!ReD$C1 cos@ Im D~mr!#1C2 sin@ Im D~mr!#%,

with some constantsCi .
Another exotic situation emerges if the matrix~79! cannot

be diagonalized and is only reduced to the Jordan form
this case, the corresponding contribution to the scaling fu
tion would involve a logarithmic correction to the powerlik
behavior, (mr)D@C1 ln(mr)1C2#, whereD is the eigenvalue
related to the Jordan cell. However, these interesting hy
thetical possiblities are not actually realized for the spe
cases studied above in Sec. VI.

~iv! The inclusion of the mixed correlator̂vf &}nd(t
2t8)C8(r /l ) violates the evenness inn and gives rise to
nonvanishing odd functionsS2n11 and to the contributions
with odd N8 to the expansion~90! for even functions. If the
hierarchy relations~81a!, ~81b! hold, the leading term for the
even functions will still be given by the contribution wit
D@N,0#. If the relations~81c! hold, the leading term for the
odd functionS2n11 will be given by the dimensionD@2n,0#
for n,(d12)/4 and byD@2n11,1# for n.(d12)/4. Note
that for the model with an imposed gradient, the lead
01630
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terms forS2n11 are given by the dimensionsD@2n11,1# for
all n; see@15#. This can be related to the observation of R
@41# that the odd structure functions of the velocity fie
appear more sensitive to the anisotropy than the even fu
tions.

Representations similar to Eqs.~49!, ~90! can easily be
written for any equal-time pair correlator, provided its c
nonical and critical dimensions are known. In particular,
the operatorsF@N,p# in the IR region (Lr→`, mr fixed!
one obtains

^F@N1 ,p1#F@N2 ,p2#&5n0
2(N11N2)/2(

N,p
(

N8,p8

3~Lr !2D [N,p]2D [N8,p8]

3jN,p;N8,p8~mr!, ~91!

where the summation indicesN, N8 satisfy the inequalities
N<N1 , N8<N2, and the indicesp, p8 take on all possible
values allowed for givenN, N8. The smallmr behavior of
the scaling functionsjN,p;N8,p8(mr) has the form

jN,p;N8,p8~mr!5 (
N9,p9

CN9,p9~mr!D[N9,p9] , ~92!

with the restrictionN9<N1N8 and corresponding values o
p9; CN9,p9 are some numerical coefficients.

So far, we have discussed the special case of the velo
correlator given by Eqs.~3!, ~14!. Let us conclude this sec
tion with a brief discussion of the general case~11!. The RG
analysis given above in Secs. III–VII can be extended
rectly to this case; no serious alterations are required. F
the expressions~21!, ~71! it immediately follows that only
even polynomials in the expansion~12! can give contribu-
FIG. 5. Behavior of the critical dimensionD@6,p#/« for d53 with p50,2,4,6~from below to above! vs r[r1 for r250—left, vs r
[r15r2—center, vsr[r2 for r150—right.
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FIG. 6. Behavior of the critical dimensionD@3,p#/« for d53 with p51,3 ~from below to above! vs x[a2 for b350—left, vs x[a2

5b3—center, vsx[b3 for a250—right.
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tions to the renormalization constants, and consequently
the coordinates of the fixed point and the anomalous dim
sions. For this reason, the odd polynomials were omitted
Eq. ~12! from the very beginning. Moreover, it is clear from
Eq. ~21! that only the coefficientsal with l 50,1 andbl with
l 50,1,2 contribute to the constantsZ1,2 in Eq. ~28! and
therefore to the basic RG functions~33! and to the coordi-
nates of the fixed point in Eq.~42!. Therefore, the fixed poin
in the general model~11! is parametrized completely b
these five coefficients; the higher coefficients enter only
the positivity conditions~13!.

Furthermore, it is clear from Eqs.~71! that fora50, only
coefficientsal with l<2 andbl with l<3 can contribute to
the integralsHn and, consequently, to the one-loop critic
dimensions~79!. Therefore, the calculation of the latter e
sentially simplifies for the special casea051, a150 andbl
50 for l<2 in Eq. ~11!. Then the coordinates of the fixe
point ~42! are the same as in the isotropic model, in partic
lar, a* 50, and the anomalous exponents will depend on
only two parametersa2 and b3. We have performed a few
sample calculations for this situation; the results are p
sented in Figs. 6–9 forD@n,p# with n53,4,5,6 vsa2 for
b350, vsa25b3, and vsb3 for a250. In all cases studied
the general picture has appeared similar to that outli
above for the case~14!. In particular, the hierarchy of the
critical dimensions, expressed by the inequalities~81!, per-
sists also for this case. We may conclude that the special
~14! case represents nicely all the main features of the g
eral model~11!.

VIII. EXACT SOLUTION FOR THE SECOND-ORDER
STRUCTURE FUNCTION AND CALCULATION

OF THE AMPLITUDES

In renormalized variables, dimensionality consideratio
give, see Eq.~44!,
01630
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S2~r !5~r 2/n!R~mr ,mr,g,a!, ~93!

where R[R2 is some function of dimensionless variable
the dependence ond, «, r1,2 and the angleq between the
vectorsr andn is also implied. The asymptotic behavior o
the function~93! in the IR region (Lr @1, mr fixed! is found
from the solution of the RG equation, see Eqs.~47! and~48!
in Sec. V:

S2~r !5D0
21r 22«g* j~mr!, ~94!

where the scaling functionj(u) is related to the functionR
from Eq. ~93! as follows:

j~u![R~1,u,g* ,a* !, ~95!

with g* and a* from Eq. ~42!. The functionR in Eq. ~93!
can be calculated within the renormalized perturbat
theory as a series ing,

R~g,••• !5 (
n50

`

gnRn~••• !, ~96!

where the dots stand for the arguments ofR other thang.
Making the substitutionsmr→1, g→g* and a→a* , ex-
pandingRn in «, and grouping together contributions of th
same order, from Eq.~96! we obtain the« expansion for the
scaling function:

j~u!5 (
n50

`

«njn~u!. ~97!

@It is important here that the calculation of any finite order
« requires only a finite number of terms in Eq.~96!, because
g* 5O(«), and the coefficientsRn for the renormalized
FIG. 7. Behavior of the critical dimensionD@4,p#/« for d53 with p50,2,4 ~from below to above! vs x[a2 for b350—left, vs x
[a25b3—center, vsx[b3 for a250—right.
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FIG. 8. Behavior of the critical dimensionD@5,p#/« for d53 with p51,3,5 ~from below to above! vs x[a2 for b350—left, vs x
[a25b3—center, vsx[b3 for a250—right.
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quantity do not contain poles in«.# However, the expansion
~97! is not suitable for the analysis of the smallu behavior of
j(u): we shall see below that the coefficientsjn contain IR
singularities of the formup lnq u, these ‘‘large IR loga-
rithms’’ compensate for the smallness of«, and the actual
expansion parameter appears to be« ln u rather than« itself.

The formal statement of the problem is to sum up
expansion~97! assuming that« is small with the additional
condition that« ln u5O(1). The desired solution is given b
the OPE; it shows that the smallu behavior ofj(u) for the
second-order structure function has the form, see Eqs.~89!
and ~90! in Sec. VII:

j~u!5C11C2uD[2,2]1•••. ~98!

The first term is the contribution of the operators 1 a
F@2,0# with the dimensionD@2,0#50, see the text below Eq
~84!, andD@2,2# is given to the orderO(«) in Eq. ~85!; the
dots in Eq.~98! stand for the contributions of orderu21O(«)

and higher. The coefficientsCi depend on«, d, r1,2, and the
angleq. They are sought in the form of series in«:

Cn5 (
k50

`

Cn
(k)«k. ~99!

Equation~98! can be expanded in« and compared with Eq
~97!. Such a comparison with known« expansions for the
coefficientsjn in Eq. ~97! and exponents in Eq.~98! allows
one to verify the representation Eq.~98! directly from the
perturbation theory, and to determine the coefficients in
~99!.

In order to find the coefficientsC1,2, related to the expo-
nents of orderO(«) in Eq. ~98!, we do not need the entir
01630
e

.

functionsjn(u), we only need the terms of the form«p lnq u
in their small u asymptotic expansions. Knowledge of th
terms 1 and« ln u is sufficient for the calculation of the low
est ~zero! order coefficientsC1,2

(0) . Calculation of the terms
(« ln u)p with p.1 gives additional equations for the sam
quantitiesC1,2

(0) , which must be satisfied automatically an
can therefore be used to verify the representation~98!. Cal-
culation of the terms«p lnq u with p.q gives the equations
for the higher termsC1,2

(k) with k>1. Finally, the terms of the
form «puk lnq u with k.0 are related to the contributions o
the formuk1O(«) in Eq. ~98!.

In what follows, we confine ourselves with the calculatio
of the coefficientsC1,2

(0) . To this end, we have to find th
function j(u) with the accuracy of

j~u!5A01A1« ln u, ~100!

whereAi5Ai(d,r1,2,q). From the definition of the structure
functions~5! and the representations~94!, ~95! it follows that
j(u)5^D(v,k)&RG , where by the brackets we have denot
the following operation:

^D~v,k!&RG[
2n

r 2 E dv

~2p!
E dk

~2p!d
D~v,k!

3@12exp~ ikr !#um51/r ,g5g
*

,a5a
*

~101!

andD(v,k)5^uu& is the exact pair correlator of the fieldu,
which we need to know here up to the one-loop approxim
tion:
FIG. 9. Behavior of the critical dimensionD@6,p#/« for d53 with p50,2,4 ~from below to above! vs x[a2 for b350—left, vs x
[a25b3—center, vsx[b3 for a250—right.
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In what follows, we setl 5` in Eq. ~2!; the IR regular-
ization is provided by the ‘‘mass’’m in the correlator~3!. In
the momentum-frequency representation, the correlator~2!
takes on the formC(k)5(2p)dd(k), and the bare propaga
tor in the renormalized perturbation theory is obtained fr
^uu&0 in Eq. ~18! with the substitutionn0k2→e(k)[nk2

1na(kn)2.
Therefore, the contribution of the first~loopless! diagram

in Eq. ~102! to the function~101! has the form

K ~2p!dd~k!

v21e2~k!
L

RG

5
1

2d F12
a* ~112 cos2q!

~d12!
1O~r1,2

2 !G .
~103!

For the sake of simplicity, here and below we confine o
selves with the first order in the anisotropy parametersr1,2
@we recall thata* 5O(r1,2)#; only the final results will be
given for generalr. Note also that all the integrals enterin
into the left hand side of Eq.~103! are well-defined forl
5`, for example,

E dk
d~k!

k2
@12exp~ ikr !#5

r 2

2d
,

E dk
d~k!

k2

kikj

k2
@12exp~ ikr !#

5
r 2

2d~d12! Fd i j 12
r i r j

r 2 G . ~104!

It is also not too difficult to take into account the cont
butions from the second and third~asymmetric! diagrams in
Eq. ~102!. It follows from Eqs.~34! and~35! that one simply
has to replacee(k) in the left hand side of Eq.~103! with the
expressionn0k21a0n0(nk)22Su8u and change to the renor
malized variables using the relations~29! and~38!. The pole
part of the integralJ(m) in Eq. ~35! is then subtracted; the«
expansion of the difference gives rise to the logarithm ofm.
The substitutiong→g* , a→a* leads to drastic simplifica
tion @this is due to the fact that the expressions~42! for the
fixed point originated from the same Eq.~35!#, and the total
contribution of the first three diagrams in Eq.~102! reduces
to the loopless contribution~103! multiplied with the factor
(12« ln u).

Now let us turn to the last diagram in Eq.~102!. The
quantity to be ‘‘averaged’’ in Eq.~101! has the form
01630
-

1

v21e2~k!
E dv8

~2p!

3E dq

~2p!d

gnm«Ti j ~q8!

~~q8!21m2!d/21«/2

C~q!qiqj

~v8!21e2~q!
,

whereq85k2q. We perform the integrations overv8 andv
@the latter is implicit in Eq.~101!# and replaceq8 with k in
the integral overq @we recall thatC(k)}d(k)#; this gives

gnm«Ti j ~k!

4e~k!~k21m2!d/21«/2E dq d~q!
qiqj

e~q!
. ~105!

Using Eq.~14! and the relation

E dq d~q!
qiqj

e~q!
5

d i j

nd
2

a

nd~d12!
@d i j 12ninj #1O~a2!

we obtain for the quantity~105!

gm«

4 dn k2~k21m2!d/21«/2
@c01c1 cos2c# ~106!

with the coefficients

c05d211r22a~d11!/~d12!,

c15~d21!r12r22a~d21d24!/~d12!

~we also recall thatc is the angle betweenk andn). Substi-
tuting Eq.~105! into Eq. ~101! gives

g*
2d

@c0I 0~u!1c1I 1~u!# ~107!

with the dimensionless convergent integrals

I n~u!5
1

r 2E dk

~2p!d

~ cos2c!n

k2~k21m2!d/2
@12exp~ ikr !#

~108!

@within our accuracy, we have set«50 in all exponents in
Eqs.~107!, ~108!#. The leading terms of their smallu behav-
ior are found as follows: one differentiatesI n(u) with respect
to u, performs the change of variablek→uk, expands inu
the quantity in the square brackets, and selects the lea
terms of order 1/u. This gives

I 0~u!.2
Cd

2d
ln u, I 1~u!.2

Cd ln u

2d~d12!
@112 cos2q#,

~109!
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with Cd from Eq. ~38!.
Collecting all the contributions of the form Eq.~100! in

Eq. ~101! within our accuracy gives

A05
1

2d F12
a* ~112 cos2q!

d12 G ,
A152

~d11!@~d21d24!r12dr2#

~d21!2~d12!3
P2~cosq!,

~110!

where P2(z)5z221/d is the second Gegenbauer polyn
mial.

It is sufficient to takeD[D@2,2# in the isotropic approxi-
mation,D5«d(d11)/(d21)(d12), see Eq.~80! @it is im-
portant here thatA15O(r1,2)#.

Comparing Eq.~98! with Eq. ~100! givesC25A1«/D and
C15A02C2. Substituting these expressions into Eq.~98!
and then into Eq.~94! and using Eq.~42! we obtain the final
expression forS2:

S2~r !5
« D0

21r 22«

~d21!Cd
H 12~r11r2!/d12

~r12r2!

~d12!
P2~cosq!

2~mr!D
2@~d21d24!r12dr2#

~d21!~d12!2
P2~cosq!J .

~111!

Similar ~but much more cumbersome! calculations can
also be performed if the anisotropy parametersr1,2 are not
supposed to be small. The result has the form

S2~r !5
d« D0

21r 22«

~d21!~d1r11r2!Cd

3H 11
g* ~d1a* !~d11!~r22r1!

2~d21!~d12!D
P̃2~cosq!

3F12
3~d1a* !

~d12!
F2* G2~mr!D

~d1a* !

~d21!d~d12!
P̃2

3~cosq!Fa* „3dF2* 2~d12!F1* …

1
g* ~d11!~r22r1!

2D S 12
3~d1a* !

~d12!
F2* D G J ,

~112!
01630
where the quantitiesg* , a* and D[D@2,2# are given in
Eqs. ~42! and ~85!, P̃2(z)[z22(11a* )/(d1a* ) and Fn*
5F(1,1/21n;d/21n;2a* ) @as in Eq.~85!#.

Now let us turn to the exact equation satisfied by t
second-order structure functionS2(r ). From the definition of
the latter and Eq.~23! we obtain

2n0DS2~r !1D0Si j ~r !] i] jS2~r !52C~r /l !. ~113!

In the inertial range we neglect the viscosity and
C(r /l ).C(0)51; this gives

Si j ~r !] i] jS2~r !52D0
21 . ~114!

We should also setmr!1. The integral~24! has a finite
limit for m50; the explicit calculation withTi j from Eq.
~14! gives

Si j ~r !5
2r «

C~«! H ~d1«21!d i j 2«r i r j /r 21r1~11«z2!

1r2@~d1«22!ninj2«z~nir j1njr i !/r #

1
~r22r1!

~d1«12!
@d i j 12ninj1«„d i j z

21r i r j /r 2

12z~nir j1njr i !/r …1«~«22!z2r i r j /r 2#J ,

~115!

wherez[(nr )/r and

C~«![2221« ~4p!d/2G~d/21«/211!/G~2«/2!

52«d/Cd1O~«2!. ~116!

For what follows, we need to know the action of the d
ferential operator in the left hand side of Eq.~114! onto a
function of the formr 22«1gc(z), whereg is an arbitrary
exponent~below we useg to denote different exponents; th
precise meaning in each case will be clear from the conte!:

Si j ~r !] i] j@r 22«1gc~z!#5
r g

C~«!
L~g!c~z!. ~117!

Here L(g) is a second-order differential operator with r
spect toz, whose explicit form is
L~g!5~21g2«!$~d21!~d1g!~d121«!1~d21!~d12!~r11r2!12«~dr22r1!

1z2«d~d11!~r12r2!1g@~d11!r11~«11!r21z2
„r1~«d2«22!…1r2~d2222«!#%1$~12d!~d211«!~d

121«!2~d211!r11~d22d21!r22«~d21!r12«~d222!r214«2r12~2d11!«2r21z2@2r12~d222!r2

1«~d11!„~12d!r11~2d23!r2…1«2
„2~d13!r11~2d11!r2…#

2g~12z2!@4r122~d222!r21«~4r122dr2!#%z]z1$~d1«21!@d121«1r11~d111«!r2#

1z2@„21«~d111«!…r12„~d1«!2222«…r2#%~12z2!]z
2 . ~118!
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We seek the solution to Eq.~114! in the form

S2~r !5r 22«2D0
21C~«!c~z!, ~119!

which gives the following differential equation forc(z):

Lc~z!51, L[L~g50!. ~120!

Here the operatorL has the form

L5l 2~z!]z
21l 1~z!]z1l 0~z!, ~121!

with some functionsl i(z) whose explicit form is readily
obtained from Eq.~118! and will not be given here for the
sake of brevity. The operatorL is self-adjoint on the interva
21<z<1 with respect to the scalar product

~ f ,g![E
21

1

dzr~z! f ~z!g~z! ~122!

with the weight function

r~z!5l 2
21~z!expEz

dz8l 1~z8!/l 2~z8!. ~123!

The integration gives

r~z!5~12z2!(d23)/2H 1

1
@21«~d111«!#r12@~d1«!2222«#r2

~d1«21!@21d1«1r11~d111«!r2#
z2J `

,

~124a!

where

`[
~21d2«!@2~11«!r11„d~d1«!/2…21#r2]

@21«~d111«!#r11@21«2~d1«!2#r2

~124b!

@the lower limit in Eq. ~123 is chosen such thatr(z50)
51#.

The self-adjoint operatorL possesses a complete set
eigenfunctions, but it is not possible to find them explicitly
the general case. However, Eq.~119! can be treated within
regular perturbation expansions in«, r1,2 and 1/d. In what
follows, we shall discuss them separately.

Perturbation theory in«. We write the operatorL5L(g
50) in Eq. ~118! and the desired solutionc(z) as series in
«:

L5L01« L«1•••, c~z!5c (0)~z!1«c (1)~z!1•••.

The leading operatorL0 has the form Eq.~121! with the
functions

l i~z![ l̃ i~z!@~d21!~d12!1r1~d11!1r2#,

where

l̃ 052~d1a* !, l̃ 152z@d212a* ~12z2!#,
01630
f

l̃ 25~12z2!@11a* ~12z2!#.

It is easy to see that the constant is one of the eigenfu
tions of the operatorL0 ~a consequence of the fact thatl 0 is
independent ofz). The other eigenfunction~with the eigen-
value of zero! is P̃2(z) from Eq. ~112!:

L0P̃2~z!50.

Therefore, a solution to the equationL 0c (0)(z)51 can be
written in the form

c (0)~z!5l 0
211CP̃2~z!. ~125!

In order to find the constantC, consider the equation for th
correctionc (1)(z):

L «c (0)1L 0c (1)50. ~126!

Using the scalar product~122! with the weight~124! at
«50,

r (0)~z!5~12z2!(d23)/2S 12
a*

11a*
z2D 212d/2

~127!

~the operatorL0 is self-adjoint with respect to it! we obtain
( P̃2 ,L 0c (1))5(L0P̃2 ,c (1))50. Then from Eq.~126! it fol-
lows that (P̃2 ,L «c (0))50. From the latter relation and Eq
~125! we find

C52
~ P̃2 ,L «l 0

21!

~ P̃2 ,L«P̃2!
,

which gives

c (0)~z!5l 0
21F12

~ P̃2 ,L«•1!

~ P̃2 ,L«P̃2!
P̃2~z!G . ~128!

Below we shall show that the solution~128! coincides
with the RG result~112! for m50. To this end, we shal
show first that the last term in Eq.~112!, proportional to
(mr)D, is an eigenfunction of the operator in the left ha
side of Eq.~113! with the eigenvalue of zero. We seek th
zero mode of that operator in the formr 22«1g F(z) with
some exponentg and function F(z). According to Eq.
~117!, we arrive at the equationL(g)F(z)50 with L(g)
from ~118!. For «50, the solution of the latter equation i
given byg50 andF(z)5 P̃2(z) from Eq. ~112!. TheO(«)
correction to the solutiong50 is sought from the equation

~L01«L«1gLg!F~z!50,

where gLg is the part of operator~118! linear in g. We
require that the correction operator«L«1gLg do not shift
the original ~zero! eigenvalue. This leads to the equatio
„P̃2 ,(«L«1gLg) P̃2…50, from which it follows
9-21
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g52«
~ P̃2 ,L«P̃2!

~ P̃2 ,LgP̃2!
. ~129!

Using Eqs.~118! and~127! it is not difficult to check that the
expression~129! coincides with the dimension~85!, e.g.,g
5D@2,2#. Therefore, we have shown that the last term in E
~112! is indeed an eigenfunction of the operator from E
~114!, and the exponent and functionF(z) are found in the
first and zeroth order in«, respectively.

Using Eq.~129!, expression~128! can be rewritten in the
form

c (0)~z!5l 0
21F11

« ~ P̃2 ,L«•1!

D@2,2#~ P̃2 ,LgP̃2!
P̃2~z!G . ~130!

Calculation of the scalar products using Eqs.~118! and~127!
shows that Eq.~130! indeed coincides with the solutio
~112! for m50.

Perturbation theory in the anisotropy parametersr1,2. In
this case it follows from Eq.~118! with r1,250, that the
leading operatorL0(g) has the form Eq.~121! with

l 05~21g2«!~d21!~d1g!~d121«!,

l 152~d21!~d211«!~d121«!z, ~131!

l 25~d211«!~d121«!~12z2!.

It can be represented in the form

L0~g!52~d211«!~d121«!L̃1l 0 . ~132!

The eigenfunctions of the operatorL̃5(z221)]z
21(d

21)z]z are nothing other than the well known Gegenba
polynomials Pn(z), the corresponding eigenvalues bei
n(n1d22); see@39#. They form an orthogonal system o
the interval@21,1# with the weight (12z2)(d23)/2 @see Eq.
~124! with r1,250#. Since the terml 0 in Eq. ~132! is inde-
pendent ofz, the eigenfunctions of the operatorL0(g) are
the same polynomialsPn(z), and the eigenvalues have th
form

2~d211«!~d121«!n~n1d22!1l 0 , ~133!
01630
.
.

r

with l 0 from Eq. ~131!.
The knowledge of the eigenfunctions and eigenvalues

the operatorL05L0(g50) in Eq.~120! allows one to easily
construct the iterative solution of that equation. In particul
in the leading order one has

c (0)~z!51/l 051/~22«!d~d21!~d1«!.

For mÞ0, the corrections to the solution of Eq.~114! are
determined by the zero modes of the operatorL(g). In the
leading~zeroth! order inr1,2 they are simply found by equat
ing the eigenvalues~133! to zero. The ‘‘admissible’’~in the
sense of@7–9#! solution is:

2gn
(0)5~«2d22!

1A~«2d22!214n~n1d22!~d1«21!/~d21!.

~134!

Therefore, in such approximation the zero modes of the

erator from Eq.~114! have the formr 22«1gn
(0)

Pn(z), in
agreement with Ref.@7# ~owing to thez→2z symmetry of
our model, only evenn can contribute!. From the RG view-
points, the exponents in Eq.~134! are related to then-th rank
composite operators builtof two fieldsu andn derivatives; in
particular, g2 ~which gives the leading correction formr
!1) coincides with the dimensionD@2,2#.

In order to find theO(r1,2) correction tog2
(0) , which we

denoteg2
(1) , we expand the operatorL(g) from Eq. ~118!

around the pointr1,250 andg5g2
(0) up to the terms linear

in r1,2 andg2
(1) :

L~g!.L01(
i 51

2

r iL i1g2
(1)L1 ,

which defines the operatorsL i andL1. Proceeding as for the
previous case, we obtain

g2
(1)52(

i 51

2

r i

~P2 ,L i P2!

~P2 ,L1P2!
,

where the scalar product is defined with the weight
2z2)(d23)/2. The explicit calculation gives the desired resu
g2
(1)5

4~d22!~d11!«@2r11~d1«!r2#

~d21!~d14!~d121«!@4d~d221!«1~d21!2~d122«!2#1/2
. ~135!
e
y

Perturbation theory in1/d. For d→`, the weight~124!
takes on the form

r~z!.S 12z2

12r2z2/~11r2!
D d/2

. ~136!

From Eq.~136! it follows that, for d@1, the functionr(z)
differs remarkably from zero only in a small vicinity of th
pointz.0, more precisely,z2<1/d. This becomes especiall
clear if one changes to the new variablex2[dz2/2(11r2).
In terms ofx, the function~136! has a finite limit ford→`:

r~x!.e2x2
. ~137!
9-22
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The integration domain in the scalar product~122! becomes
2Ad<x<Ad, which for d→` gives2`<x<`.

According to Eq.~118!, Eq. ~120! in terms of the variable
x and in the leading approximation in 1/d can be written in
the form

L0c~x!52/d3, ~138!

where

L05L0~g50!, L0~g!5]x
222x]x12~21g2«!.

~139!

The eigenfunctions of the operator]x
222x]x are the well

known Hermit polynomialsHn(x) ~see, e.g.,@39#!:

~]x
222x]x!Hn~x!52n Hn~x!, n50,1,2, . . . ,

which form an orthogonal system on the axis2`<x<`
with the weight ~137!. It is clear from Eq.~139! that the
eigenfunctions of the operatorL0(g) are also the polynomi-
als Hn(x), the corresponding eigenvalues beingln52(n
1«222g).

The zero modes (ln50) correspond to the values

g5n221«, ~140!

where n52, 4, 6 and so on, owing to the symmetryz→
2z of our model; the minimal eigenvalue isg5« with n
52. Therefore, the operatorL05L0(g50) has no zero
modes, and the solution to Eq.~138! is simply given by
c(x)51/d3(22«).

The corrections to the solutiong5« in 1/d are found as
above for the perturbation theories in« andr1,2. This gives

g5«12«~112r21r1r2!/d21O~1/d3!

@the O(1/d) term is absent#, and the corresponding zer
mode is

~12x2!2r2~21r11r2!/d~11r2!1O~1/d2!.

IX. CONCLUSION

Let us recall briefly the main points of the paper.
We have studied the anomalous scaling behavior of a

sive scalar advected by the time-decorrelated strongly an
tropic Gaussian velocity field. The statistics of the latter
given by Eqs.~3! and ~11!. The general case~11! involves
infinitely many parameters; most practical calculations h
been performed for the truncated two-parametric model~14!,
which seems to represent nicely the main features of
general case~14!.

The original stochastic problem~1!–~3! can be cast as a
renormalizable field theoretic model@Eqs.~15!–~18!#, which
allows one to apply the RG and OPE techniques to it. T
corresponding RG equations have an IR stable fixed po
Eq. ~42!, which leads to the asymptotic expressions of
type Eqs.~49!, ~52! for various correlation functions in th
regionLr @1.

Those expressions involve certain scaling functions of
01630
s-
o-
s

e

e

e
t,

e

e

variablemr, whose behavior atmr!1 is determined by the
OPE. It establishes the existence of the inertial-range ano
lous scaling behavior. The structure functions are given
superpositions of power laws with nonuniversal~dependent
on the anisotropy parametersr1,2) exponents.

The exponents are determined by the critical dimensi
of composite operators~58! built of the scalar gradients. In
contrast with the isotropic velocity field, these operators
our model mix in renormalization such that the matrices
their critical dimensions are neither diagonal nor triangul
These matrices are calculated explicitly to the orderO(«)
@Eqs.~74!, ~76!, ~78!, ~79!#, but their eigenvalues~anomalous
exponents! can be found explicitly only as series inr1,2 @Eqs.
~86!, ~87!# or numerically~Figs. 1–9!.

In the limit of vanishing anisotropy, the exponents can
associated with definite tensor composite operators buil
the scalar gradients, and exhibit a kind of hierarchy relate
the degree of anisotropy: the less is the rank, the less is
dimension and, consequently, the more important is the c
tribution to the inertial-range behavior@see Eqs.~81!#.

The leading terms of the even~odd! structure functions
are given by the scalar~vector! operators. For the finite an
isotropy, the exponents cannot be associated with individ
operators~which are essentially ‘‘mixed’’ in renormaliza
tion!, but, surprising enough, the aforementioned hierarc
survives for all the cases studied, as is shown in Figs. 2

The second-order structure functionS2(r ) is studied in
more detail using the RG and zero-mode techniques; like
the isotropic case@6#, its leading term has the formS2
}r 22«, but the amplitude now depends onr1,2 and the angle
between the vectorsr andn from Eq. ~14!. The first aniso-
tropic correction has the form (mr)D[2,2] with the exponent
D@2,2#5O(«) from Eq. ~85!. The functionS2 satisfies the
exact equation~113!; this allows for an alternative derivatio
of the perturbation theory in«, and also gives a basis fo
perturbation theories in 1/d or the anisotropy parameter
r1,2; see the discussion in Sec. VIII.

FIG. 10. Levels of the dimensionD@3,1#/« for d53 on the
plane r1–r2. Value changes from20.15 ~top! to 0.15 ~bottom!
with step 0.05.
9-23
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It is well known that, for the isotropic velocity field, th
anisotropy introduced at large scales by the external forc
or imposed mean gradient, persists in the inertial range
reveals itself inodd correlation functions: the skewness fa
tor S3 /S2

3/2 decreases formr→0 but slowly ~see Refs.
@3,4,10,11#!, while the higher-order ratiosS2n11 /S2

n11/2 in-
crease~see, e.g.,@15,17,19#!.

In the case at hand, the inertial-range behavior of
skewness is given byS3 /S2

3/2}(mr)D[3,1]. For r1,2→0, the
exponentD@3,1# is given by Eq.~80! with n53 andp51; it
is positive and coincides with the result of Ref.@10#. The
levels of the dimensionD@3,1# on the r1–r2 plane are
shown in Fig. 10. One can see that, if the anisotropy
comes strong enough,D@3,1# becomes negative and th
skewness factorincreasesgoing down towards to the dept
v

ys
n-
-

.

,

.

v

s.

s

01630
g
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e
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of the inertial range; the higher-order odd ratios increase
ready when the anisotropy is weak.
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