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Electrohydrodynamic instabilities and orientation of dielectric ellipsoids in low-conducting fluids
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We study the dynamics of an ellipsoidal particle in a weakly conducting dielectric liquid when submitted to
a dc electric field. At low field intensities, the particle long axis is aligned in the field direction. When the field
strength is increased, we show that, depending on the initial orientation of the particle, there exist two stable
orientations: the one with the long axis parallel to the field direction remains possible while a spinning state
with the long axis perpendicular to the field appears. This last striking orientation is due to the finite Maxwell-
Wagner polarization relaxation time. For sufficiently high field intensities, each state loses its stability and the
particle dynamics becomes chaotic. Those conclusions from the theoretical model are supported by experi-
mental observations.
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I. INTRODUCTION

A broad class of physical phenomena is connected w
various electrohydrodynamic instabilities in liquid crysta
@1,2#. Equally interesting and complex is the behavior
dielectric suspensions under the action of an electric fi
where various electrohydrodynamic phenomena can oc
For instance, we can mention the formation of the zig-z
band structure arising in a suspension of charged collo
particles under a strong alternating electric field@3,4# or the
formation of similar structures in DNA solutions@5#. The
mechanism responsible for the formation of this pattern
been linked with the perturbation of the ionic distributio
taking place far beyond the double layer around the ag
gate of polyions in the electrolyte@6#. This deviation from
the electroneutrality coupled with the action of a field c
lead to electroconvection and colloidal separation.

Another class of electrohydrodynamic phenomena ex
where the corresponding mechanism responsible for the
stability is connected with the finite polarization relaxati
time. The noninstantaneous relaxation of the polarization
been used to explain, for example, the recirculation of fer
magnetic particles in an ellipsoidal drop of ferrofluid arisi
in an alternating magnetic field@7#. Another more popular
example of this kind of phenomenon is the electrohydro
namic instability leading to the so-called Quincke rotatio
discovered at the end of the 19th century@8#: a dielectric
body surrounded by a low conducting liquid spontaneou
rotates when submitted to a sufficiently high dc electric fie
The necessary and sufficient condition for the body to ro
is that the charge relaxation timet5e/s in the solid is larger
than in the surrounding liquid (t2.t1) @9,10#. Some inter-
esting consequences on the behavior of a dielectric sus
sion follow from the Quincke rotation. Indeed, the spinni
of dielectric particles can cause ‘‘negative’’ viscosity effec
to appear in a dielectric suspension@11,12#. Recently it was
proved experimentally@13# that the spontaneous rotation
1063-651X/2000/63~1!/016301~6!/$15.00 63 0163
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dielectric particles due to the convective charge trans
increases drastically the effective conductivity of a susp
sion @14#.

In this paper we present another manifestation of the fin
polarization relaxation time effect: the complex behavior
an insulating elongated ellipsoidal particle surrounded b
low conducting liquid and submitted to a dc field. We sho
that this behavior is governed by a competition between
instantaneous component of the polarization coming fr
the permittivity difference between the particle and the liqu
and its retarding part originating in the free charges accum
lation on the particle surface. This study has started in@11#
where it has been established that the single stable st
orientation direction of the long axis of the particle th
could exist at an electrical field strength below a critic
value was along the direction of the external field. It h
been shown that the critical electric field value at which t
orientation lost its stability increased with the axis ratio
the particle. The complex dynamics of an ellipsoidal diele
tric particle due to the finite interfacial polarization time h
been investigated at a later stage in@15,16#, where regimes of
a chaotic dynamics and a limit cycle have been identified

Herein we demonstrate that, when the spontaneous r
tion of the particle around its long axis is taken into accou
a stable orientation perpendicular to the external dc field
pears. For a definite range of electrical field strengths,
two stable orientations—parallel and transversal to the ex
nal field—can coexist. In this sense our results extend
results obtained by Jones@17#, who has shown that differen
equilibrium orientations of an ellipsoid exist only under th
action of an ac field.

The paper is organized as follows. In the next section,
introduce the theoretical model. The dynamics of the ell
soid is fully determined by the relaxation equations of t
polarization and by the balance of angular momentum.
Sec. III, we present the different stationary orientations
the particle and, using a perturbation method, we disc
their stability. Section IV contains several qualitative a
©2000 The American Physical Society01-1
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quantitative experimental results confirming the main c
clusions from the theoretical model. Finally the conclusio
are drawn in Sec. V.

II. THEORETICAL MODEL

The total interfacial polarization can be split up into tw
parts: the instantaneous polarizationP` coming from the per-
mittivity mismatch and the retarding polarizationP that
originates in the free charges accumulation. The polariza
of an ellipsoidal particle is defined by the three compone
Pi ( i 51 . . . 3) and thethree componentsPi

` ( i 51 . . . 3)
in the reference frame that moves and rotates with the
ticle. In the following, we consider an axisymmetric bod
whose symmetry axis is alongx3 . P1 and P2 are the com-
ponents of the retarding polarization perpendicular to
symmetry axis. The equations of electrostatic and the cha
conservation lead to the following relaxation equations
Pi @15,16#:

]P1

]t
52

1

t'

@P12~x'
0 2x'

`!E1#, ~1a!

]P2

]t
52

1

t'

@P22~x'
0 2x'

`!E2#, ~1b!

]P3

]t
52

1

t i
@P32~x i

02x i
`!E3#, ~1c!

wheret i ,' are the characteristic times for the polarization
relax along the symmetry axis and perpendicularly to it,

t i ,'5
e0„~e22e1!ni ,'1e1…

~s22s1!ni ,'1s1
. ~2!

The high-frequency susceptibilitiesx i ,'
` depend on the per

mittivities of the fluid and of the particle

x i ,'
` 5

e0e1V~e22e1!

~e22e1!ni ,'1e1
, ~3!

whereas the static susceptibilitiesx i ,'
0 are determined by the

conductivity values

x i ,'
0 5

e0e1V~s22s1!

~s22s1!ni ,'1s1
, ~4!

whereni ,' are the depolarization factors.
The electrophysical properties with subscript ‘‘2’’ chara

terize the material of the particle, whereas those with ind
‘‘1’’ refer to the surrounding fluid.

The inertia of the particle and that of the fluid are n
glected, the balance of the viscous and electrical torqu
the set of coordinates connected with the particle leads

2a'V11@P`3E#11@P3E#150, ~5a!

2a'V21@P`3E#21@P3E#250, ~5b!

2a iV31@P3E#350, ~5c!
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wherea i ,' are the rotational friction coefficients.
The components of the instantaneous polarization of

particle P` due to the permittivity mismatch between th
particle and the fluid are defined by

P1,2
` 5x'

`E1,2, ~6!

P3
`5x i

`E3 . ~7!

Introducing the Euler anglesu,f,a as usual~Fig. 1!, ex-
pressing the components of the angular velocityV according
to the relations@18#

V15ḟ sinu sina1 u̇ cosa, ~8a!

V25ḟ sinu cosa2 u̇ sina, ~8b!

V35ḟ cosu1ȧ, ~8c!

and introducing the polarization componentsPN in the nodal
line direction andPQ in the (e330N) direction,

PN5P1 cosa2P2 sina, ~9!

PQ5P2 cosa1P1 sina, ~10!

the set of equations~1! and ~5! can be transformed into

u̇5
1

a'

@2~x i
`2x'

`!E3EQ1E3PQ2P3EQ#, ~11a!

ḟ52
1

a'

PNE3

sinu
, ~11b!

ȧ5
PNE

sinu S sin2 u

a i
1

cos2 u

a'
D , ~11c!

and equations for the electric polarization could be rewrit
as

]PN

]t
1ȧPQ52

1

t'

PN , ~12a!

FIG. 1. Definition of the reference frame.
1-2
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]PQ

]t
2ȧPN52

1

t'

@PQ2~x'
0 2x'

`!EQ#, ~12b!

]P3

]t
52

1

t i
@P32~x i

02x i
`!E3#, ~12c!

whereE35E cosu, EQ5Esinu, andEN50 since the polar
axis has been chosen along the direction of the external e
tric field. Let us make several remarks before undertaking
analysis of the equilibrium states of the particle and th
stability. First, it follows from Eqs.~11! and ~12! that a
closed set of equations can be obtained foru, PN , PQ , and
P3. Second, the convective terms on the left side of the fi
two equations~12! can be written as2@ȧe33P# i ,' and are
related to the convective transport of the interfacial char
upon the rotation of a particle around its revolution axis.

III. STATIONARY STATES AND THEIR STABILITY

Looking for stationary solutions of the set of equations
the variablesu, PN , P' , andP3 we obtain the following
set of equations:

E3EQ50, ~13!

PN52t'ȧPQ , ~14!

PQ„11~t'ȧ !2
…5~x'

0 2x'
`!EQ , ~15!

P35~x i
02x i

`!E3 . ~16!

If EQ50, then u50 and PN5PQ50, P35(x i
02x i

`)E.

From the last equation of the set~11! it follows that ȧ50.
This solution corresponds to an orientation with the long a
of the particle along the direction of the external field.

Another solution corresponds toE350. That means tha
u5p/2 andP3

050,

PQ
0 5

~x'
0 2x'

`!E

11~t'ȧ !2
, ~17!

PN
0 52

t'ȧ~x'
0 2x'

`!E

11~t'ȧ !2
. ~18!

This second stationary solution corresponds to a state o
particle rotating around itself along its revolution axis o
ented perpendicularly to the direction of the electric field.
the following, we will term it the transversal state. In th
case the last equation of the set~11! gives

~ ȧt'!252
~x'

0 2x'
`!t'E2

a i
21. ~19!

This solution with nonzeroȧ exists if the electric field sat
isfies the following condition:
01630
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E2.Ec'
2 52

a i

t'~x'
0 2x'

`!
. ~20!

We should mention that for this last condition to be possib
it is necessary thatx'

0 ,x'
` .

Let us now consider the stability of these two stationa
solutions. The stability of the spinless state has been con
ered in@15,16# where it has been shown that it lost its st
bility through a Hopf bifurcation when an electric fiel
higher thanEi!! was applied:

Ei!!5A2
a'

t'~x i
02x'

`!
. ~21!

To determine the stability of the transversal state, we st
the evolution of the deviation angleu85u2p/2 from the
equilibrium. For small deviation, the relations~11a! and
~12c! give

a'u̇85~x i
`2x'

`!E2u82EPQ
0 u82P38E, ~22!

]P38

]t
52

1

t i
@P381~x i

02x i
`!Eu8#. ~23!

Equations~22! and ~23! for the growth incrementl of the
small perturbationu8,P38'exp(lt) give

l5
2a6Aa224b

2a't i
, ~24!

where

a5a'1t i~x'
0 2x'

`!Ec'
2 1t i~x'

`2x i
`!E2, ~25a!

b5a't i„~x'
0 2x'

`!Ec'
2 1~x'

`2x i
0!E2

…. ~25b!

We see that four cases exist:~i! a.0, b,0, unstable;~ii !
a,0, b,0, unstable;~iii ! a,0, b.0, unstable;~iv! a
.0, b.0, stable. Thus, for the spinning state to be stabl
is necessary to satisfy the two following conditions:

~x'
0 2x'

`!Ec'
2 1~x'

`2x i
0!E2.0 ~26!

and

a'1t i~x'
0 2x'

`!Ec'
2 1t i~x'

`2x i
`!E2.0. ~27!

Since, for the existence of the spinning state, the condi
x'

0 ,x'
` is necessary, then condition~26! can be fulfilled

only if x'
`2x i

0.0. Thus, we obtain the threshold electric
field above which the spinning state is stable,

E2.
~x'

`2x'
0 !Ec'

2

~x'
`2x i

0!
5E'!

2 . ~28!

Sincex'
`2x'

0 .x'
`2x i

0 the spinning state can become stab
only for an electric-field value larger than the critical elect
field Ec' above which the particle is able to rotate arou
1-3
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itself along its long axis direction. The physical reason w
the rotation along the long axis may cause the stabilizatio
the transversal orientational state is quite simple. Let us c
sider a slight deviation of the particle from its transver
orientation. Since the componentP3 of the polarization is in
the direction opposite to the electric field, it exerts a restor
torque on the particle, while the torque exerted by the co
ponentPQ tends to increase the deviation~see Fig. 2!. As the
angular velocity of the particle increases, the polarizat
componentPQ diminishes, then the restoring torque arisi
from P3 becomes sufficient to put back the particle in
equilibrium position. It should be noted that the necessity
a sufficient diminution ofPQ to observe the transversal sta
is consistent with the inequalityE'!.Ec' .

For still higher applied fields the spinning transversal st
loses its stability. Indeed, seeing thatx i

`2x'
`.0, the second

condition ~27! imposes a superior limitE'!! on the electric
field for the transversal state to remain stable:

E'!!
2 5

~x'
`2x'

0 !

~x i
`2x'

`!
Ec'

2 S t'a'

t ia i
21D . ~29!

Since at the critical field strengthE'!! , a50 andb.0, it
follows from the expression~24! that a supercritical Hopf
bifurcation takes place and a limit cycle behavior arises.

Let us compare the valueE'! with electric-field strength
Ei!! at which the parallel orientation of the particle becom
unstable. From relations~21! and ~28!, we can write

E'!
2 5

a i

a'

Ei!!
2 . ~30!

Since for an elongated particlea i,a' , the spinning state
becomes stable before the parallel orientation loses its st
ity. This means that there exists a range of electric fields
which both states are stable—the parallel spinless state
the transversal spinning state. The physical parameters d
mine which state loses its stability first. Figure 3 is an illu
tration of the coexistence of the two orientations. We ha
represented the dependence ofEc'

2 ~line 2! andE'!
2 ~line 1!

on the axis ratioa/b calculated with the physical paramete

FIG. 2. Schematic explanation of the stabilization of the tra
versal orientation by the rotation.P3 exerts a restoring torque on th
particle, while the torque exerted by the componentPQ tends to
increase the deviation. As the angular velocity of the particle
creases, the polarization componentPQ diminishes.
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corresponding to the experiments described in the next
tion (s250,e255,e154.4). The critical electric fields
squared are normalized by 2hs1 /(e0e1)2 and the axis ratio
is plotted in semilogarithmic coordinates. For electric fiel
higher than E'! two possible stationary states exist—
spinless with the particle symmetry axis along the field a
spinning transversal state. The model predicts that it is
parallel orientation that first disappears. Due to the h
value compared toE'! , Ei!! is not plotted on the graph.

IV. EXPERIMENTAL OBSERVATIONS

We have observed the orientation of elongated polyam
fibers ~length 2a51 mm and diameter 2b525 mm) sus-
pended in a mixture of transformer oil and another dielec
liquid ~Ugilec, Elf Atochem!. The mixture is made in orde

-

-

FIG. 3. Critical electric fields squared are normalized
2hs1 /(e0e1)2 versus ln(a/b). Line 2 representsEc' , the field
above which the particle is able to rotate around itself along its lo
axis in the transversal state. Line 1 representsE'!, the field above
which this state is stable.

FIG. 4. Experimental observation of the coexistence of the b
orientations—spinless parallel state and spinning transversal sta
aboveE'!.
1-4
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to match the density of fibers (r51.15 g/cm3). The viscos-
ity of the liquid is 12 cP. Its dielectric permittivity has bee
measured using an impedance analyzer~4192A LF, Hewlett
Packard! and has been found to be equal to 4.4. The cond
tivity of the liquid is controlled by adding AOT salts@bis~2-
ethylhexyl!sulfosuccinate sodium#. In any case, the conduc
tivity of the fibers is much lower~100 to 1000 times! than
that of the liquid; their dielectric permittivity is 5. The d
electric field is applied between two stainless-steel electro
separated one from the other by 2 mm. Experimental ob
vations confirm the predictions of the model:~i! for low
applied field values, fibers orient their long axis along t
field direction; ~ii ! above a critical field two stable orienta
tions coexist, depending on the orientation of the fibers
fore the application of the electric field. Some fibers a
aligned along the field direction, while others are perp
dicular to it and exhibit spinning behavior.

Figure 4 represents some fibers submitted to a field la
than E'!: the coexistence of both parallel and transver
orientations is visible. Furthermore, we observed that e
time the fiber is perpendicular to the field, it is rotatin
around itself.

In Fig. 5 we have plotted the variation ofE'! with the
conductivity of the liquid. These values are obtained by
plying a field higher thanE'! and then by decreasing th

FIG. 5. Comparison of the predictions~solid line! and the ex-
perimental measurements~symbols! of E'! versus s1/e0. The
dashed line represents the variation ofEc!.
,

e

v.
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field intensity until the transversal orientation disappea
The dashed line represents the predictions of the mode
the values ofEc' , and the solid line is the prediction for th
field E'!. The qualitative agreement between experimen
results and predictions of our model is fairly good. In pa
ticular, we measure a square root dependence ofE'! on the
conductivity of the fluid. The quantitative discrepancy c
have different origins. The first one is the hydrodynamic
teractions between fibers and the walls of the cell. Inde
since all the dimensions are comparable~fiber length 1 mm,
gap between the electrodes 2 mm, height of the cell 4 m!,
the effective rotational friction coefficients are higher th
bulk coefficients. Another explanation could be connec
with the electrical interactions between the fibers and th
electrostatic images, which may increase the stability of
transversal state.

We have not been able to measure the critical fields
the loss of the stability of both the orientations. Indeed, d
to the large axis ratio of the fibers we have used (a' /a i
.200), the critical electric fieldsEi!! andE'!! are higher
by more than one order of magnitude thanE'!, and electri-
cal breakdowns occur before we reach these critical field

V. CONCLUSIONS

According to the theoretical model that takes into acco
the rotation of an anisotropic particle around its long a
short axes, there exists a range of electric field where
stable orientations coexist: a spinless state with the long
parallel to the electric field and a spinning transversal st
This conclusion from the theoretical model is supported
the experimental observations. We have not be able to
serve the stability losses of these states. Nevertheless
have performed numerical simulations to study the dynam
of the fiber above the critical fieldsE'!! andEi!!. For our
experimental parameters, the loss of stability of the spinl
state occurs through a supercritical Hopf bifurcation. Oth
wise, we have shown previously@15,16# that for another set
of values~for instancex i

0/x'
0 5 3

2 and x i
`/x'

`53) the Hopf
bifurcation was subcritical and that chaotic dynamics to
place. For these last parameters, numerical simulations s
that the loss of the stability of the transversal state atE'!!

occurs through a supercritical Hopf bifurcation. The fib
oscillates around its equilibrium orientation with a prece
sion around the field direction.
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