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Fluctuations and ordering in macroion suspensions
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We calculate the static properties of macroion density fluctuations in both bulk and in confined, strongly
interacting, macroion suspensiofreacroions interact via the Derjaguin-Landau-Verwey-Overbeek potential
in terms of a simple density-functionahsatz We show how to map a strongly interacting suspension to a
weakly interacting one and obtain the renormalized charge, diameter and scattering structure factors analyti-
cally. The model is extrapolated to predict crystalline order in terms of a Hansen-Verlet-type of criterion as
well as an effective hard-sphere crystallization condition, and good agreement with simulations is found. The
increase in correlations observed in recent experiments in two, confined layers is demonstrated.
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Recent measurements of the interaction poterdidde-  predictions of the macroion interactions in complex geom-
tween an isolated, highly charged macroion paithe bulk  etries such as confined macroion suspensions.
[1,2] unambiguously demonstrate the validity of the We first focus_on the stru.ctural propert@es of.3D suspen-
Derjaguin-Landau-Verwey-Overbeek (DLVO) potential ~ Sion and then discuss confined suspensions, i.e., quasi-2D

even in the range whellé>kgT, provided that an effective layers of mobile, negatively charged macroions. The system

charge[3] Z is properly chosen. Under certain circumstances> characterized by an average number demsjfynumber

near a charged wall, the long-range part of the potential waOf macroions per unit volume of 3D suspensiando (per
9 ’ 9 g€ p P tnit area of quasi-2D laygrrespectively, a particle diameter

shown to be attractive and to deviate from the DLVO formd and a charge numb@?(14]. The macroions are embedded
[2,4,95]; however, its shorter-range repulsive part may still bej, 5 solvent with a uniform dielectric constanand screened

well described by the DLVO potential. A related set of re- py three-dimensional, mobile positive counterions and binary
cent measurements deals with the crystallization of colloidaalt ions with average volume number densitiesandng,
suspensions in the bulld,6] and under confinemef?—9].  respectively; for simplicity, both the counterions and the salt
An important feature of these experiments is the ability toions are assumed to be monovalent and pointlike, since their
measure the structural properties of the suspension at tt&#ze is negligible compared to the macroion radius. Later on,
level of a single macroion. These observations provide th&e consider the case of two interacting macroion layers. In
data necessary for testing theories of the macroion intera¢¥hat follows, we treat suspensions in both 3D and quasi-2D,
tions under three limiting conditionsi) ultra low packing 25 effectively one-component systems consisting of macro-
fractions of macroions TG~ 10"%; (ii) highly deionized en- '°"> interacting via a screened Coulomb poterja),

vironment~10-6 M of salt: (iii) high chargeZ of the mac- The free energy of a dilute system may be represented as

_ X ; : a sum of the entropy and the interaction free energy of spe-
roions 16~ 10*. In this paper, we provide analytical results cies[13,16]:

to characterize the density correlations of 3D and confined
suspensions under these conditions. The model is extrapo-
lated to predict the ordering instability and the liquid-solid
coexistence line in the framework of the Hansen-Ve(téy) .
[10] and an effective hard-sphef&1] crystallization crite- +%f o(o(r)[1—e VI=rDidrdr’, (1)
rion, and good agreement with the experimental observations
[6,9] is found. The increase in correlations observed in recenivhere V(r)=U(r), if r>d and V(r)=c, if r<d; here
experiments in two, confined layel8] is demonstrated. U(r) is the soft part of the pair interaction potential. All
We begin by proposing a procedure for mapping aenergies are given in the units k§T, anda(r)=3N, 8(r
§trongly Interacting sy;tem of colloidal Part'des tq a wea!<|y_ Fi) is the number density of specids;andd are the total
interacting one. The idea of renormalizing the interaction . . >
potential by rescaling the macroion diameter was explored irrpumber and the dlameteE of the particles, respectively;a
the past by Hansen and Hayt&Q] using the mean_spherica| D-dimensional vector;é(r) stands for theD-dimensional
approximation(MSA) [13]. In our approach, we renormalize Dirac delta function; and, is a constant with the dimen-
both the diameted and the charg& [14] of the macroions Sions of a volume. The Gaussian fluctuation contribuiéh
using a physical criterion that is different from that of Ref. to the free energf¥ may be obtained in terms of the Fourier
[12] (see below This allows us to obtain a simple analytical transform of the fluctuations of the densitigs7]: do(p)
expression for the structure factor of strongly interacting col-=o(p) — o, Whereo is the average number density of the
loidal suspensions in both 3D and quasi-2D, as well as foBpecies:
the renormalized parametedS and Z*. These analytical 1
results(in particular, the quasi-2D system, which is not trac- AF=2 8o (K)da(—K)
table within the MSA approachl2]) may be used for the 2

F=f a()[In(a(r)ve)—1]dr

1
;+B<k>}, @
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here B(k)=/€e*"(1—e V()dr. Our main objective is to U*(z*,d* r=d*)=1, (5
predict the structure factor§(k) =( o (k) o (—Kk))/ o (the Ak ok A% %
averaging is performed with ghe distributior>1 function Y (2,d,r)="w*(2%,d%r), r=d%, ©)
~e~AF/keT) The amplitude and the positidt of the peak  where W(Z,d,r)=Zee “"~9[er(1+«d/2)] is the
of the structure factor allow one to estimate the strength an®LVO electrostatic potential around an isolated macroion.
the characteristic length-scale of the density fluctuations imhe condition, Eq(5), can be derived variationally as fol-
the liquid state. In general, even within the density functionallows: It is easy to see that the second virial coefficient of the
(DF) ansatz the structure factor must be calculated numeri-reference suspensiorB= f,_dr+f,~4(1—e YM)dr is
cally. always smaller thanB* of the renormalized systenB*

We now show that one can renormalize the diameters of [ _ . dr+[,_ . U*(r)dr. The opposite is true for the
the species! and the amplitudes of the interaction potentialscorresponding compressibilitie§(0)>S* (0). The condi-
U in order toeffectively reducehe interaction energy per tion, Eq. (5), is obtained minimizing the thermodynamic
particle in su_ch a way that_the f_ree energy, ED, may be  f,ctuation free energg* = [D Soe  F* with respect tal*,
represented in the simple linearized form: where AF* is derived analogously to Eq2); this is also
equivalent to the minimizing the difference between the cor-
responding compressibilities, nm$i0)—S*(0)|.

As a result, we findd* as a solution of the following
algebraic equation, identical for both 3D suspensions and

+%J* y o(r)o(r')dr dr’ quasi-2D layers:
r—r’|<d*

F* =f o(n)[In(o(r)ve)—1]dr

1 2%/
. d*=d+=In| —————
+%f¢ ” a(r)o(r")U*(|r—r'|)drdr’, (3) K | d*(1+ kd/2)?
r—r'|>d*
and Z* is obtained from Eq(6). This allows us to obtain

where the non-local second term represents the hard-coenalytical expressions for the structure factor in the quasi-2D
interactions[18]; hered* is the renormalized diameter and case (see below, which is impossible within the MSA
U* is the potentiall in which the charg& and the diameter framework[12]. The criteria we use, Eqs5) and (6), are
d are renormalized. This linearization allows the structuredifferent from the criterion used by Hansen and Hayfe],
factor to be calculated analytically; it is very useful when9(d*)=1, whereg(r) is the radial distribution function. We
colloids in complex geometries are considered. emphasize, that our approafite., both the DFansatz Eq.

The macroion-macroion interaction potentia(r) is ap- (1), and the results of the renormalization proceduredir
proximated by the DLVO potentigll5] that effectively ac- andZ*] is valid when the effective packing fraction of the
counts for the screening of the macroions by the salt anguspensiong* =nywd*3/6, in 3D, wheren,, is the volume

: )

counterions: density of macroions; angd* = ord*?/4, in 2D, whereo is
the surface density of macroignis small: ¢*,¢* <1. The
72/5 e <=9 last criterion ensures that the macroion suspension is dilute
U(r)= , (4) enough to be dominated by the two-body interactions; in
(1+kd/2)? T practice, one can use a somewhat weaker criterion of valid-

ity: ¢*=0.5 ande*=<0.8, where the numbers 0.5 and 0.8
where /g=e€?/(ekgT)=7 A is the Bjerrum length in wa- correspond to the critical packing fractions of the liquid-solid
ter, andx is the inverse Debye screening radius of the  transition in a hard-sphere and a hard-disk system, respec-
croions (the salt ions plus counterions[19]: «*  tively [11].
=47/ g(2ns+n)=8m/gn; below we refer ton=(ng We emphasize again that the renormalized ch@fgand
+n/2), as the salt concentration; adds the diameter of diameterd* are obtained from the DLVO potential in which
the macroion. We note that since the DLVO potential is dethe charg& has a meaning of an effective chaf@ In Ref.
rived as a solution of the linearized Poisson-BoltzméPB)  [3] Alexander and co-workers solved numerically the nonlin-
equation within the linear superposition approximation, theear PB equation for the spherically symmetric counterion
renormalization procedure, besides enabling to obtain anatistribution around the macroion. They demonstrated that the
lytical results for the structure factofsee below; assures Debye-Huckel solution of the linearized PB equation pro-
the validity of the DLVO potential itself3]. vides an excellent approximation for the exact solution, pro-

In order to map atrongly interactingsolution of macro-  vided the charge on the colloidal particle is replaced by the
ions of sized and chargeZ to aweakly interactingone with  effective chargavhich is always less than the actuétrat-
renormalized sizel* and chargeZ*, we impose two physi- able charge on the macroion. This effective cha#jtakes
cal conditions to findd* andZ*: (i) the requirement that at into account nonlinear screening effects in the vicinity of the
the distance of closest approach the spheres with renormatacroion surface omitted in the linearized PB equation from
ized charge and size interact with an enekgy; (ii) the  which the DLVO potential is derived. As the direct measure-
requirement that the electrostatic potential around an isolateghents show{1,2], the DLVO potential with the effective
macroion in the renormalized suspension should be unehargeZ can be used to fit the experiments at such inter-
changed for >d*: particle separations where the energyJ(r) is as large as
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FIG. 2. Structure factos(k) of 3D suspensiofisolid line) from
the DF ansatzcompared withS* (k) obtained using the renormal-
ization procedure(dashed ling where d=650 nm, Z=6000,
«k~1=200 nm, ¢=0.005. Inset: Structure factor of the quasi-2D
macroion layerS(q) from the DF ansatzcompared withS*(q)
obtained using the renormalization proced(dashed ling where
d=650 nm,Z=7300, x 1=270 nm, ¢=0.01.
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d*/d

trations~10"°% M relevant to the experimen{d,2,9.
We now predict the behavior of the macroion-macroion
FIG. 1. Dependence of the renormalized macroion ch&ge strycture factorsS(k) andS* (k), in the suspension and ana-
(@), and diameted* (b), as a function of for different salt con-  |yze how they evolve with the volume fraction of the sus-
centration regimesj=650 nm. pension$=n,,md3/6, and with the amount of the added salt
characterized by. In our modelS* (k) acquires an espe-
U~10 kgT. At smaller separations, the DLVO potential is cially simple form:
not valid (since the linear superposition approximation
within which it is obtained breaks dowrhowever, this does
not influence our DF ansatz, since large repulsive interac- S* (k)=
tions, e.g.,U~10kgT andU=~100 kgT have the same ef-
fect on the free energy, since in both cases in @g. (1 " " o w11
—e VkeT)~1, i.e., the interaction acts as an effective hard- + kd” coskd™ + xd”sinkd ” (8)
core potential. This is exactly what our rescaling procedure kd*3(k?+ k ?) '
does: it transforms all the interactions, whére-kgT to the
hard-core interactions. This procedure makes the DLVO powhere W(K) =[sinkd* —kd*coskd* J/(kd*)? is the form-
tential accurate for the renormalized macroion suspereion factor of the effective hard sphere system of diamefer
all inter-particle separationsmost importantly, it allows us Note, that the chargg entersS* (k) only through the renor-
to treat the soft part of the renormalized potentidi(r) at  malized diameted*. The adopted renormalization af*
r=d* perturbatively. andZ* predicts a structure fact@®* (k) in good agreement
One can identify four asymptotic regimes fof andZ* with S(k) defined by Eq(2). This is shown in Fig. 2; as one
with respect to the amount of the added salt (i) zero salt decreases to values,<0.01, one obtains excellent agree-
regime, kd<1: d*~Z?/g, Z*~Z; (ii) ultra-low salt re- ment betweers(k) andS* (k); i.e., the renormalized system,
gime, kd<1: kd*=InZ?—In(d*//g), Z*~(d*//g)Y(1  described byd* andZ* has macroion density correlations
+ kd*/2); (iii) low salt regime,xd>1: kd*~«kd+InZ?> that are very similar to those in the reference system, includ-
—In(d*1/g) — In(kdi2)?, Z* ~(d*//g)Y?«d*/2; (iiii) high ing the height of the peak dB(k), and the characteristic
salt regimexd>1: d*~d, Z* ~Z. We note that the experi- length-scale, characterized by the position of the geiak
mental parameters used in the recent measurements of mac-We now show that the two-body DF fluctuatiansatzwe
roion interactiong2,9] correspond to our regim@ii). The  adopt allows one to predict the liquid-solid coexistence line
dependence of the renormalizédl andZ* as a function of in the colloidal suspension based on the HV crystallization
Z for different salt regimes is represented in FigZt. gets criterion. In the fluid phase, the structure factor shows oscil-
significantly renormalized compared o while d* is equal lations as a function of the wave-vector; whérapproaches
to just a few timedsd for a wide range of experimental pa- a critical value¢,, the principal peak ofS(k) grows and
rameters [2,9], e.g., if d=650 nm, Z=7300, « 1! reaches its maximung,,(k,) at a particular value of the
=275 nm, therd* =4.36d andZ* =391. This is easily un- wave-vectoik. [20]. In order to test the ability to predict the
derstood from the analytical expression ft, where the liquid-solid coexistence in terms ®&,.(k.) using the HV
deviations fromd are only logarithmic. With increasing salt criterion, we compare the liquid-solid coexistence line ob-
concentratiord* always decreases for fixetlandZ, while  tained by the computer simulation study of the hard-core
Z* ~Z for extremely low(zerg «d<1, and for very high, Yukawa model of Ref[21] for kd=5, with the coexistence
xd>1, salt concentrationsZ* is most significantly renor- line obtained with the HV criterionS;,(k.)=1.9 in Fig. 3.
malized whenkd~1, i.e., within the range of salt concen- One observes good coincidence between the curves. We note

1+24¢*(W(k)
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FIG. 4. S;4(q) in the case of one quasi-2D macroion layer in the
FIG. 3. Liquid-solid coexistence line obtained using the HV vicinity of another layeih=d (dashed ling compared withS,,(q)
crystallization criterion, withS,,,,=1.9 (solid line) compared with ~ (solid ling) for an isolated layerh>d, where d=650 nm, Z
the coexistence line obtained from computer simulations of the=6000, k~*=400 nm, ¢=0.02; the enhancement of the intra-
hard-core Yukawa modéR1] (dashed ling The coexistence line layer correlations induced by the interaction with another layer is
obtained with the effective hard-sphere crystallization crite(eme  observed. Insetsame axes Intra-layer structure factoi$,,(q) of
the tex) for ¢¥ =0.73(dotted ling coincides almost perfectly with  the double-layer systertsolid line) from the DFansatzcompared
the line obtained using the HV criterion. with S*(q) obtained using the renormalization proced(ashed
line), where d=650 nm, Z=6000, x 1=325 nm, ¢=0.01,
that the HV criterion for the Lennard-Jones system predict@ndh=d.
the crystallization transition aS,,=2.85 [10]; for the

Yukawa system it is5nq,=3.2[22]. It is interesting to note,  gjons, o= wd?/4). In the limit of very low saltkd<1,

that if one considers the macroions as the hard spheres Wiihe can obtain an analytical expression $1(q) using our
the diameterd™, which exhibit the hard-sphere liquid-solid procedure:

transition[11] at the certain value of critical packing fraction
o5 , one observes very good agreement with the coexistence

curve obtained using the HV criterion, if one takes Ji(qd*)  w(qd*) -1
. . . . . — *
=0.73, see Fig. 3. Assuming that the ordered phase is simi- S*(q)=|1+8¢ " + Y : 9
lar in its structure to the properties of the liquid phase at the q b
instability, we can extrapolate from the ordering fluctuations
an estimate of the lattice constant of the emerging crystal i
state by associating the lattice constant with the wave-lengtwhere (%) = 1= XJo(x) +(/2)X[Jo(x)H1(X)

of the first oscillation mode 2/k.. Taking reasonable pa- ;tJl(X)F]!o(X)tJ: hereJo, Jlf”‘f'”gv_”l adrszt/r;e Bezsilind
rameterg1,6], e.g.,d=650 nm,Z=6000, k=200 nm, ruve functions, respectivelye” =om » andAp

: - =2m/gZ%0 is a 2D analog of the Debye screening length;
we find thatS(k) reaches its threshold valusg,,,,(k.)=1.9, B T ) '
at ¢.=0.02, and\.=27/k.~=3.8d, both of the numbers are IS*(qHIO)_.[H%‘P* + 1/(#)‘[’)] : We n?ée,_ that th? very
in a very good agreement with the experimental ofieg].  'OW saltregimexd<1, where Eq(9) is valid, is experimen-

Our model estimates unambiguously reproduce one of th@lly accessible for the nanometer-scale size colloidal par-

principal features of the observed crystals—extremely lo !cles or charged micelles under ultra-low salt concentra-

packing densities tions, 106-10"7 M; we also note that the concentration of

In what follows we concentrate on the problem of thehe particles should be so low, as to satisfy the practical
macroion fluctuations within a quasi-2D layer and on theC'iterion of applicability of the modeky™ <1. In the case of
interaction of two such fluctuating macroion layers; this is{init€ xd, the compressibilityS*(0) has a simple form:
relevant to recent experimenf8] on the formation of the
metastable macroion crystallites in the bulk and near the sur-
face. We show that the inter-layer interactions lead to en- _
hanced macroion ordering fl i $*(0)

g fluctuations and may promote a
crystallization transition within a layer. In the liquid state, far
away from the ordering transition, we obtain simple expres-
sions for the structure factors for a few, experimentally ac+rom Eq.(10) one can extract*; this expression can be
cessible limits. The fluctuations within an isolated macroiontested by measurements of the scattering in the long-
layer D=2 are described analogously to the 3D colloidalwavelength limit(see e.g., Ref.1,6]).
suspension outlined above, the renormalizatiod*ofindZ* In the case of two interacting, symmetric layers of mac-
holds true in this case, as well. The comparison of the DFRoions separated by a distanbgwe can reformulate Egs.
two-body structure facto®(q) versus the renormalized, ap- (1)—(3) to includetwo interacting componentthat are the
proximateS* (q) is represented in the inset of Fig. 2, where macroions on each layer interacting via the DLVO potential;
ﬁ:(kx,ky,o) two-dimensional wave-vector. One again ob-here we outline the renormalization procedure for the
serves good agreement which becomes better upon furthdouble-layer system. The interaction free enefdy of the
dilution of the system{reducing the surface density of mac- renormalized double-layer system is

-1

1+4¢*| 1+

(10

xd* /2)
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where S*(q) is given by Eq.(9). We note again, that the
Fi= F’1‘+F§+J'Q L —01(p)oy(p')d?pd?p’ renormalization procedure we adopt is applicable for the
lp=p!|=Nd*"=h double-layer macroion system within the regim& <1,
where the magnitude of the ordering fluctuations is below the
+ f -, 1P oa(p”) crystallization threshold; however, we may extrapolate the
lp=pl[=Na* DF ansatz to predict the ordering transition in the double-
XUX(|p—p')d2pd?p’, (11) layer system as we did for 3D. In Fig. 4 we show the intra-

layer structure factoS;4(q) for two interacting layers vs.
if h<d*. If h>d*, the third term in Eq(11) is absent and S11(q) for an isolated layeh>d. The principal observation
in the fourth term, the integration is performed over theis that upon reducing the inter-layer distarizethe intra-
whole spaceF* and F} are given by Eq.3), with the  layer structure factoB,,(q) grows and may reach its crys-
substitutiono— o, and o— a,, respectively; the third and tallization threshold even ifp within an isolated layer is
the fourth terms in Eq(11) correspond to theenormalized lower than the critical value of the surface fractipp. Tak-
hard-core and theenormalizedsoft part of the inter-layer N9, the reasonable parametd®: Z=6000, d=650 nm,

: : : - - ~1=400 nm, and using the Hansen-Verlet criterion with

interaction, respectively. The inter-layer potentidh, is X ’ .

given by Eq. (4), provided that one substitutes “*/p SIT(a0)~2, we obtain that the double-layer system crystal-
N s o lizes ate.~0.02, while an isolated layeh>d, crystallizes

—e I\p?+hZ. In the limit h>d, the double-layer only at a higher packing fraction @i,=0.03. We note that

system reduces to the case of 2 independent layers. Thg the recent experiments of Grier and Larg6ha similar
renormalization procedure analogous to E@®.and ( 6)  mechanism was suggested to be responsible for the stabili-
leads again ta*, given by Eq.(7); the main observation zation of the crystal state of the macroion layers distant from
here is thatd* is independent of the inter-layer spacihg the walls of the confining glass cell. In that case, however,
the plot of Sy4(q) vs. Si;(q) is shown in the inset of Fig. 4. the effective interaction between the colloidal particles was
In the very low salt concentration limityd<1, for large  shown to deviate from the DLVO form close to the walls.
inter-layer distancd, one finds:

o We acknowledge fruitful discussions with Professor P.
St(q)= (a) . kd<1lh=d*, Pincus and Professor J. P. Hansen. This work has been sup-
1-[S*(q)e” M (grp)]? ported by Grant No. 95-00245 from U.S.-Israel Binational
(12 Science FoundatiofBSP), Jerusalem, Israel.
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