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Linear and nonlinear experimental regimes of stochastic resonance
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We investigate the stochastic resonance phenomenon in a physical system based on a tunnel diode. The
experimental control parameters are set to allow the control of the frequency and amplitude of the deterministic
modulating signal over an interval of values spanning several orders of magnitude. We observe both a regime
described by the linear-response theory and the nonlinear deviation from it. In the nonlinear regime we detect
saturation of the power spectral density of the output signal detected at the frequency of the modulating signal
and a dip in the noise level of the same spectral density. When these effects are observed we detect a phase and
frequency synchronization between the stochastic output and the deterministic input.
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[. INTRODUCTION modulating signal we detect both the regime of the SR phe-
nomenon described by the linear-response theory and the
The renewed interest of the last two decades on stochastitonlinear deviation from it. In the linear regime we observe
processes modeling different phenomena of physics, chemigie customary behavior of stochastic resonance whereas in
try, and engineering sciences has led to the discovery dhe nonlinear regime we detect a saturation of the power
noise-induced phenomena in nonlinear systems away froffPectral density measured at the frequency of the modulating
equilibrium. In these systems a variation of the level of ex-signal and a depletion of the power spectral density of the
ternal noise can qualitatively change the response of the sy§oise at the same frequency. When the noise depletion takes
tem. The paradigmatic example of these noise-induced phélace we observe phase and frequency synchronization be-
nomena is stochastic resonar[d_é (for a recent review see tween the StO?haStiC Output and the deterministic input. .
Ref.[2]). Other examples of noise-induced phenomena com- The paper is organized as follows. In Sec. Il we describe
prise resonant activatiof8], noise-induced transition], the experimental apparatus and we discuss the stochastic dif-
and noise enhanced stabilitg,6]. ferential equation associated to the electronic circuit based
Stochastic resonand¢8R) manifests itself as an enhance- ©n & tunnel diode. In Sec. Ill we present our experimental
ment of the system response for certain finite values of théesults of the power amplification and SNR as a function of
noise Strength_ In particu|ar the Signa'_to_noise r&m\lR) the noise intensity for d|fferent values of the am.plitude and
shows a maximum as a function of the noise intensity. Infrequency of the modulating signal. In this section we dis-
other words, a statistical synchronization of the random trancuss the detected deviations from the predictions of the
sitions between the two metastable states of the nonlinedinear-response theory and we present an evidence of phase
system takes place in the presence of an external weak peAhd frequency synchronization detected in the nonlinear re-
odic force and noise. Such a physical system presents a timgime of high values of the amplitude of the modulating sig-
scale matching condition, which can be observed by tuning@l- In Sec. IV we briefly draw our conclusions.
the noise level to such a value that the period of the driving
f_orce approximately equals twice the noise—induced escape Il EXPERIMENTAL APPARATUS
time. The SR phenomenon appears in a large variety of AND THE TUNNEL DIODE
physical systems and has been observed in different systems,
ranging from sets of neurord], to laserq 8] and to solid- The experimental setup used for investigating the SR phe-
state devices, like superconducting quantum interference dewomenon is a bistable electronic system based on a tunnel
vices and tunnel diodg®9]. diode. The physical system is a series of a resistorable to
The SR phenomenon is a well investigated phenomenoa desired valueand a tunnel diode in parallel to a capacitor.
both from a theoretical and an experimental point of viewThe tunnel diode is a highly doped semiconductor device
[2]. However, few studies systematically analyze the SR phewith a typical current-voltage characteristic showing a region
nomenon for different values of the frequency and amplitudeof negative differential resistance, which is due to a tunnel-
of the modulating signdl8—12]. In this paper we systemati- ing current from the valence band of thedoped region to
cally study the SR phenomenon as a function of the frethe conducting band of thp-doped region. There are two
qguency and amplitude of the modulating signal in a physicabktable states and one unstable stdt8—15. For details
bistable system based on a tunnel diode. Our experimentabout this experimental setup see Héb].
setup allows us to investigate this phenomenon in a range of A network of general purpose very low-noise wideband
amplitude and frequency spanning several orders of magnbperational amplifier is used to sum the driving periodic sig-
tude. By varying the amplitude and the frequency of thenal and the noise signal. The noise signal is the output of a
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commercial digital noise source, whose spectral density islamped system with a physical particle. The generalized po-
approximately flat up to 20 MHz and whose root-mean-tential U(vy,t) associated to our physical systen1$]

square voltage/,,s may be selected, at the output of the

network of operational amplifiers, within the range from

0.133to 5.5 V with a 27-mV resolution. At the output of the Vg
operational amplifier the statistical properties of the noise are U(vg,t)=—
altered by the filtering of the operational amplifier. We mea-
sure the noise ,(t) at the output of the operational amplifier
and we observe that it is a Gaussian noise characterized by a
spectral density, which is flat at low frequencyf (
<1.25 MHz). By defining the correlation time of the Gauss-
ian noise as the time at which the normalized autocorrelation . o o
function assumes the valueelive measure, =120 ns. In hereVg is t.he.blasmg voltage of the electrqnlc 'blstable pet—
our measurements we vary the amplitude and the frequendifrk- In principle, Eq.(2) allows us to describe in a precise

of the driving periodic signab(t) =V cos(2sf4). Specifi- ~ Way the shape.of the generalized potential under the assump-
cally, we vary the amplitud¥, from 0.0067 to 1.00 V, and tion thatl(vg) is known for any value oby. However, in

the frequencyf from 1 Hz to 1 MHz. The output voltage Practice this is unfortunately not true for part of the region of
across the diodeg is detected by a digital oscilloscope and nNegative resistance of the tunnel diode. In fact the detailed
transferred to a PC. A typical time series has 4096 recordgneasurement df(v) in the region of negative resistance is
The digitized time series are analyzed on line by using @& major experimental problem that cannot be solved without
home developed computer code that uses a fast Fourier tranghanging the matching impedances of the experimental
form (FFT) routine. The values of the power level of the setup. This prevent us from a precise quantitative theoretical
signal and noise component of(t) localized around the determination of the barrier height of the generalized poten-
frequency of the modulating signal are obtained by recordingial U(v).

a numbelkk of different time series for each set of the control  Qur circuit presents two control parameters affecting the
parameters. The measured power levels are the average vahape of the associated generalized potential. They are the
ues of thek-detected FFT. In our experiments, the typical piasing resistanc® and the biasing voltage, . We control
value ofk is k=10 but measurements witi=100 are also  poth of them independently. We perform our experiments by
performed when necessary. We perform experiments byngring a symmetric escape from one potential well to the
varying the modulating frequency from 1 Hz to 1 MHz. The qior This is done by selecting the values of the two control
experiment that qeeds the longest acquisition time is, O)gvarameters (R770 Q andV,=6.76 V) in such a way that
course, the experiment performed at the lowest frequ_enc e do not detect power spectral density of the output voltage
For such an experiment, our computer controlled experimen- above the noise level at even harmonics of the frequenc
tal setup needs 340 seconds for the recording and processiﬁg q y

of a single realization approximately. This implies that the modulating signal. We also verify that for this choice of

measure of a complete curve of the signal and/or of the SNKONtrol parameters the experimentally measured residence
as a function of the noise amplitude in the various casedMes have approximately the same value in the two potential

considered herén the present study we detect for each ex-wells. ) ) . ) )

perimental curve from 36 to 176 different values of the mea- One aim of this paper is to investigate the SR phenom-
sured variable by setting a frequency value as low asl enon over a wide interval of the frequenty of the modu-

or f;&=10 Hz) can take as long as 40(\Wwhenk=10). This  lating signal. To perform such a task, we have to overcome
implies that some of the measurements summarized in th&vo experimental conflicting constraintg) we are forced to
figures of the present paper require an acquisition time o$et the time constant of our systeresRC to a low value
180 h. Hence the duration of the measurements sets a limit tatisfying the inequality;<1/27 7, and(ii) we need to use a
the realistic number of different realizations that can be avhigh value ofr to maintain the ratia,/ as low as possible

NI LT
RC "2rc'c), '(wdv

Vg

Rcmmw@, (2

eraged to minimize the experimental uncertainty. to conduct our experiments in the“white-noise” limit of
We model our electronic circuit by writing down its dif- v,(t). The best compromise we find is to se&=ERC
ferential equation. This equation is =34.6 ns. With this choice 1R7~4f"* and r,/7~3.47.
In other words we guarantee the investigation of the SR phe-
dvyg dU(vg,t) 1 nomenon over a rath_er wide range fafby performing our
T TdJr R—Cvn(t), (1) experiments in a regime of moderately colored noise. This

choice allows us to investigate the phenomenon over a range
of the frequency, which extends from 1 to®181z, but pre-
which is formally equivalent to a stochastic differential equa-vents us from an experimental determination of the barrier
tion describing the position of an overdamped random parheight based on experiments verifying Kramers theory of the
ticle moving in a generalized potential. In this equat®is  thermal activation between the two wells. In fact, in the pres-
the biasing resisto is the parallel capacitdin our case 45 ence of colored noise, Kramers theory is no more valid and
pF) of the circuit, andy ,(t) is a noise voltage mimicking the needs to be extended by theories whose results are dependent
presence of a finite temperature in the corresponding ovewn the exact shape of the noise power spectrum.
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IlI. STOCHASTIC RESONANCE FOR DIFFERENT 10°
VALUES OF FREQUENCY AND AMPLITUDE -
OF THE MODULATING SIGNAL 5=

The SR phenomenon occurs whewaksignal acting in s
a noisy bistable environment induces a larger signal at the -
output of the nonlinear system. In the SR phenomenon the 102 L P
synchronization is mediated by the presence ofirdte
amount of noise. By considering these basic aspects, it is /
then natural to expect that linear-response theory together ,Z
with more general concepts of perturbation theory for spec- 5
tral quantities such as Floquet theory are useful methods in
the description of such phenomenon. 10 - -
In the present paper we aim to detect experimentally the 10 10 10
limits of validity of the theoretical predictions obtained by Vs (V)
using the linear-response theory in a physical system based _ i
on a tunnel diode. Specifically we investigate the SR phe- FIG. 1. The amplitudgM,| of the output signab(t) at the
nomenon occurring in our physical system over wide I,al,]gegrequency of the modulatlng S|gn.al as a function of the amplitude of
of the amplitude and frequency of the modulating signal. ThéhfetrTOd“'Zt'?%_s'gn"_"vs : fThe ncEsetleveV{mstan:itLhe fr?quency
investigated ranges are chosen so wide that they allow us &1 Seg T/Oarl:d? Izglg I?_?; Zﬂ;iare£e|acticz)nnsbaent\mzdmfle| ;i3$T§
detect experimentally the crossover between the experimen- .~ LS T 1 s
. 4 . etected within the interval 0.0V <0.067.
tal region well described by the linear-response theory an
the region of nonlinear deviation from it. In the regime of _. L :
validity of the linear-response theory we verify the accuracys'gr.1al Whergas the dev‘?"o_” observed WI.‘éfp 0.067 is
. ) . —entirely ascribed to a deviation of the physical system from
of the results predicted by this theory whereas in the nonlin; . . .
. X ) . the behavior predicted by the linear-response theory. In par-
ear regime we point out the kind of deviations observed from. . . ,
the theory and we observe the new phenomena of phase gFauIar a saturation of the power localizedfatis detected for
frequency synchronization in the presence of large input Sig_arge values of _the amp“t.“de of the modulating signal.
The second investigation concerns the frequency depen-

nals. %ence oflM|. Within the framework of the linear-response

M,
i

A bistable system based on a tunnel diode provides ! ;
versatile physical system in which SR can be investigate eory, at fixed Va'“‘?s OFy, [M,] is related tov, fs, and
n through the relation

[9]. In this paper we perform an investigation of the SR
phenomenon as a function of a wide range of amplitude and
frequency of the modulating signal. The first investigation o Vs Amin

i i M| (vg) ,
concerns the powel,; of the output signab 4(t) localized V2 N2+ (2mf ) 2L
around the frequency of the modulating signal. This quantity
is obtained by integrating the spectral densityw) over the
deltalike peak observed at angular frequenesf2. The sig-
nal “power” P, used in the theory of linear signal process-
ing obtained by integrating the spectral density over the pea
located atf is

4

where (v3) denotes a stationary mean value of the unper-
turbed system and,,;, is the smallest nonvanishing eigen-
alue of the Fokker-Plank operator of the system without
Eeriodic driving[17]. It is equal to\ ,i,=2rk=r, +r_, the
sum of the Kramers rate of the two wells. This quantity is an
exponential function of the noise amplitudg,, under the
Pi=27M,|?, (3 hypothesis of white noise. We s&t,=0.067 V to ensure
that we are in a region of parameters where the linear-
where |M,| is the magnitude of coefficient of the Fourier response theory may apply and we perform our experiments
series(vy(t))=="_.M, exp(n2=f4) taken at the frequency as a function offs for various values oV . In Fig. 2 we
of the modulating signal. The linear-response theory for stoshow the results obtained. The general trend predicted by Eqg.
chastic resonance predicts thist, | is proportional tovsata  (4) is observed. Specifically an almost constant region of
fixed value ofV,, [17]. We test this dependence on a large|M| is observed for low values df; whereas an approxi-
interval of values of the amplitude signel. In Fig. 1 we  mately power-law decrease [il,| is observed for high val-
show the measured values|®,| as a function ofVg vary-  ues offs. The crossover between the two regimes provides a
ing in the interval from 0.0067 to 1.00 V. The measures ardough estimate of the experimental valuexgf;, which, as
done by setting,=10 Hz andV,,,<=1.89 V. From the fig- €xpected, turns out to be dependent on the valué,gf.
ure it is evident that the predictiofM 4|V obtained by The measurements performed by settiig,s=1.73 V
using the linear-response theory is valid only within the am-allow us to quantitatively estimate the power-law behavior
plitude interval 0.01%V,<0.067 V. The deviation ob- observed for high values df. In our experiments, we ob-
served for the lowest investigated value of the modulatingserve in this regime thdM|of %2 This is close but not
amplitude signal {s=0.0067 V) is probably due to experi- coincident with the behavior expected from the linear-
mental detection problems related with the low value of theresponse theorjM 1|ocfs_1. We do not have an explanation
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] FIG. 3. Comparison ofi) the occurrence of the maximal value
o . . . . N of the SNR(black circle$ as a function oV, andf (error bars
10 10° 10' 102 10° 10* 10° indicate the experimental uncertainty in the determination of the
fS(HZ) maximal SNR with(ii) the experimental values of half of the Kram-

ers rater, /2 observed in the same system in the absence of the
FIG. 2. The amplitudgM,| of the output signab4(t) at the  modulating signal. In all the SR measurements the amplitude of the
frequency of the modulating signal as a function of the frequency ofnodulating signal is set to 0.067 V. The stochastic synchronization
the modulating signaf,. The amplitude of the modulating signal at the SR between half of the Kramers rate and the frequency of the
V, is kept constant at the valué,=0.067 V, whereas the noise modulating signal is experimentally observed in a frequency inter-
amplitude takes four different values: 1.73, 2.00, 2.27, and 2.53 Vvval spanning six orders of magnitude.
For each value of the noise amplitufd | presents two regimes.
An .almOSt constant regime for low Valu.es t.gand a power-law of the order of half-period of the periodic forcing. In other
regime for high values of;. The dashed line is the best power-law words  statistical synchronization occurs wherf
fit performed for the cas¥,,=1.73 V in the fitting interval 10 = 1/2T(V,o). In our measurement, we verify the valiait
<f,=<10" The power-law exponent is 0.72. Experiments clearly - K\ Yrms/- . S y
show that the crossover between the two regimes is controlled b9f0thc')2 ;je\iczrilrﬁ)govr\;ewliheg;ir?lt(f)l\:awr;gNgogfe?huerec.)lYt\é)eu '?%Iignal
the value oNms. v4(t) at the frequency of the modulating signal for six values
) . _ ) of f4 ranging from 1 to 1® Hz. We use these experimental
for this experimental discrepancy. Hereafter we list and. g its to single out for which value of,.=V* (f) a
briefly discuss some possible explanations for the observegayimum of the SNR is detected. This is of course the state
deviaton: o of maximal statistical noise induced synchronization. We
(i) the deviation is induced by a distortion of thil,| then compare V¥, (f) with the function (Vo)
measured value introduced by the noise background present, (V)2 whe;gsthes: Kramers ratg(V,,J) is measrrljred
in our measurements. In fact, in the experimental investiga_ tﬁe arlgsené:e of a modulating signal, Tﬂne results are shown
tions, one cannot separate the sigfidl,| from thf’ noise = i, Fig. 3. From the figure it is clear that statistical synchro-
p_res”ent at the same fre_quen_cy. Fpr example the contamingi, tion is observed for all the investigated frequencies, sup-
tion qf the two signals is ewplent n th? last two exXperimen- porting the traditional interpretatiofi,2] of the stochastic
tal points of the curve c_>f Fig. 2 obtained by settlk_fgms resonance mechanism over a frequency range of the modu-
=1.73 V. For those points the presence O_f a noise floo ating signal spanning six frequency orders of magnitude. It
alters the measured values. We tried to take into account th|§ worth pointing out that synchronization is observed in
problem by limiting the best fitting of the power-law regime spite of the fact that our experiments are performed in a
within the frequency interval 8<f<10" Hz. However a oo ot = oderatelv colored noise
weaker effect of the noise floor on the measurements done in gWe now investigai/e the SR phenémenon by studying both

this interval cannot be excluded. . o
, . . ) o the signal power amplification
(ii) Equation(4) is obtained for a quartic bistable model 'gnal pow pificat

potential in the presence of white noise whereas the experi-
mental conditions are slightly different. Deviation from the P, IM,|]2
o

linear-response theory may be then ascribed to the different n=——= (5)
experimental conditions. In fact we already discussed in the
previous section that we are doing our measurement in a
bistable physical potential with a shape differing from the
model bistable potential and in the presence of a moderate
colored noise.
One key aspect of the SR phenomenon is the statistical

synchronization that takes place when the Kramers time SNR= 10|0910[E}- (6)
Tk(V,ms) between a two noise induced interwell transition is Ny

@nd the signal-to-noise ratio
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FIG. 4. The signal power amplification of the output signal FIG. 5. The signal power amplification of the output signal
v4(t) at the frequency of the modulating signal as a function of theva(t) at the frequency of the modulating signal as a function of the
noise amplitude. The amplitude of the modulating sigvals kept ~ N0ise amplitude. The frequency of the modulating signas kept
constant at the valués=0.067 V, whereas the frequency takes 5 constant at the valué;=10 Hz, whereas the amplitude takes 8
different values: 1(circles, 10 (squarel 100 (diamondg, 1000 different values_0.0067, 0.017, 0.033,. 0.067, 0.167, 0.333, 0.667,
(triangles up, and 10 000(triangles dowh Hz. The profile of 7 and 1.00 V, WhICh correspond to the lines _shown from top to bot-
becomes progressively more sharp as the frequency decreases.!§fl. respectively. Fov;<1.00 V, different lines are each shifted
the inset we show the result of the same kind of measurementdf 0-5 Vims along thex axis and of 5 dB along thg axis for the
performed in the nonlinear regime/{(=0.33 V). In this case, Sake of clearness. For example the fifth line from the tofy (
higher values of the modulating frequency are investigated. Specifi= 0-067 V) is shifted by 1.5 \,s alongx and by 15 dB along.
cally the curves shown refer to values 1, 10, 100, 1000, 10 00BY diminishing the amplitudé/ the value of» progressively ap-
100 000, and 1 000 000 Hz, from top to bottom, respectively. AlsoProaches the limit predicted by the linear-response thédaghed
in this case the profile ofy becomes progressively more sharp as!iNes shown in the figupefor intermediate values d¥'s. The best
the frequency decreases but the low-frequency limit is affected bPProximation of the system in terms of the linear-response theory

the saturation of the output signal level and it is less sharp that® observed fol/s=0.067 V and 0.167 Mfourth and fifth lines
expected from the linear-response theory. starting from top. The convergence breaks down again for lowest

values ofVg because for values &f,<0.033 V the presence of a

) . o ) finite noise level makes it difficult to single out the small signal
The SNR is customary given in dB and it is obtained bypresent.

dividing the output signal power levél, to the noise level
signalN;. Both quantities are measured at the frequency obbtained for 8 different values &fs. The selected values are
the modulating signal. 0.0067, 0.017, 0.033, 0.067, 0.167, 0.333, 0.667, and 1.00 V.
We investigate both the effect of varying the amplitudeln the three dimensional figure the top line corresponds to
and the frequency of the modulating signal prand SNR.  V¢=0.0067 V, whereas the bottom line refers to the value
We first consider the role of the frequency of the modulatingVs=1.00 V. TheZ shift is kept constant for the sake of
signal. Specifically we investigate the SR phenomenon as simplicity. In the figure we also show the functional predic-
function of Vs by keepingV, constant(we chooseVg  tion nocvr‘nfs of the linear-response theof$7] expected for
=0.067 V) and by varying from 1 to 1¢ Hz. For each a guartic bistable model potential for large valued/gf,s as
pair of the control parametekg andfg, we varyV,,,s from  a dashed line. From the figure one notes that the profile of
0.67 to 5.33 V. The measured values of the power amplifibecomes progressively closer to the asymptotic behavior pre-
cation » are collected in Fig. 4, where we show as a dicted by the linear-response theory for intermediate values
function of V,,s up to 7 different values ofg, which are 1, of V,,s as V,ns=0.067 andV,,s=0.167 V. In the same
10, 100, 16, 10*, 10° and 16 Hz. The classical profile of figure, the curves measured for highest value¥ gshow a
the SR phenomend2] is observed for the lowest values of significant deviation from the behavior predicted by the
fs. For higher values of, 7 deviates from the canonical linear-response theory for large values\gf,s. This is due
SR profile by lowering and broadening its maximum. Theseo the presence of a saturation of the output signal observed
results are in qualitative agreement with the explicit resultdor large values of the amplitude of the modulating signal. A
theoretically obtained for the signal power amplification in adifference from the theoretical behavior expected in a model
model bistable systeffi7]. system is is also detected when one considers the lowest
The next investigation of the power amplificatigncon-  values ofVs. These deviations are observed in our experi-
cerns the study performed by keepifigconstant, whereas ment because for these values 6§ (0.0067, 0.017, and
Vs is varied. We sef,=10 Hz and we vary from 0.0067 0.033 \) the signalP; becomes of the same level of the
to 1.00 V. For all the selected values\6f we check that the noise levelN,; and it is therefore mixed and difficult to dis-
amount of the amplitude of the modulating signal is not suf-tinguish from it. Another difference is observed for low val-
ficient to induce deterministic jumps between the two wells.ues ofV,,s. In particular, in this regiony shows a sharper
In Fig. 5 we show the experimental values®mersusV,,,s  peak for the lowest values &f;. We do not have a simple
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FIG. 6. SNR ratio of the output signal,(t) at the frequency of Vrms V)

the modulating signal as a function of the noise amplitude. The

frequency of the modulating signél is kept constant at the value  FIG. 7. Noise power level present in the output signg(t) at
fc=10 Hz, whereas the amplitude, takes 8 different values the frequency of the modulating signal as a function of the noise
0.0067, 0.017, 0.033, 0.067, 0.167, 0.333, 0.667, and 1.00 V, whicAmplitude. The frequency of the modulating sighais kept con-
correspond to the lines shown from bottom to top, respectively. Thétant at the valué;=10 Hz, whereas the amplitudg, takes eight
customary general profile of the stochastic resonance is observedifferent values 0.0067, 0.017, 0.033, 0.067, 0.167, 0.333, 0.667,
However shape differences are observed by investigating the ph&nd 1.00 V, which correspond to the lines shown from top to bot-
nomenon at different values &f,. Specifically, high values o,  tom, respectively. By diminishing the amplitudlg the noise power
(top curves are characterized by distortions introduced by the ac-€vel progressively approaches the curve observed in the absence of
tive nonlinearities, whereas at low values\af (bottom curvesthe @ modulating signafindeed the four curves with lowest values of
SNR becomes negligible. As expressed in the caption of Fig. 5, th/s are almost indistinguishable from thé&=0 V observatioi
experimental conditions better interpreted in terms of the linearf0r the highest values d&f, the presence of a dip is observed. The

response theory are the one observed\fgr:0.067 and 0.167 Vv dip is more pronounced for higher values\of. WhenV=0.667
(fourth and fifth lines from bottoin andV,=1.00 V detailed structures emerge in the vicinity of the dip

(see the inset for a blow-up of the regjomhese structures are
responsible for the structure observed in the SNR near the maxi-

explanation for this behavior observed near the maximummum for highest values o .
One possibility is that it could be due to the specific shape of
the generalized potential of our system, which is different
from the model quartic bistable potential used in theoreticah value of the amplitude of the modulating signal that allows
calculation. Another way to assess the role of the presence tiie detection of a large but undistorted signal. In our case
noise in the above measurements at low valueg af ob-  this condition is attained whevi;~0.067 V.
tained by inspecting Fig. 6, where we present the SNR mea- The experimental investigations previously discussed al-
sured under the same conditions of Fig. 5. In Fig. 6 thdow us to detect when we are under experimental conditions
bottom curve refers to the cas&=0.0067 V, whereas the that are well described by the predictions of the linear-
top curve is obtained by setting,=1.00 V. From the figure response theory or conversely when we are in the nonlinear
it is evident that forV equal to 0.0067, 0.017, and 0.033 V, regime. In the nonlinear regime the investigation of the noise
the SNR becomes zero within the experimental errors for g@ower level presents some interesting features. In Fig. 7 we
wide range of values o¥,,s. This effect is the counterpart show the output noise power levll, measured at the fre-
in the SNR plot of the deviation ofy from the asymptotic quency of the modulating signal as a function\gf,s for
theoretical curve observed in Fig. 5 for large value¥gfs. several values 0¥ ranging from 0.0067 to 1.00 V. In these

A simultaneous inspection of Figs. 5 and 6 shows that thénvestigationsf is kept constant at the value of 10 Hz. The
results obtained with the highest values\afare associated noise levelN; sharply increases at the onset of the SR phe-
with high values of the SNR but are at the same time serihomenon, reaches a maximum, and then decreases. Depend-
ously affected by nonlinear distortion. This nonlinear distor-ing on the value oV, the noise level may decrease mono-
tion manifests itself in the broadening of the SNR curve. Intonically to the asymptotic value observed for high values of
other words, by using high values &f; it is possible to Vs Or reach a minimum value and then increases until
detect a wide interval oV, where the SR phenomenon reaching the same asymptotic value. In other words, we de-
occurs, however this interval is not well described in termstect a dip in the noise level for a finite value \¢f,, for high
of linear-response theory. On the other hand by using lowalues ofVg of the nonlinear regime. The dip is shown in the
values ofV¢ one observe experimentally SR on a more lim-inset of Fig. 7 for the measurements done by setting
ited interval ofV,,s but the experimental results are in this =10 Hz. The noise dip is more pronounced for high values
interval well described by a linear-response theory. Hencef the signal amplitude. A similar behavior is also observed
from an experimental point of view the more straightforwardfor values off ¢ satisfying the conditiori;<1 kHz. By tak-
investigation of the SR phenomenon requires the selection afhg into account the results previously obtained concerning
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one state to the other but the jumps are statistically synchro-
nized in phases. In fact they occur preferentially at tirhes
=nT/2, whereT is the period of the modulating signa,is
an integer, and at=0 the modulating signal has the maxi-
mum value. When the noise amplitude is increas¥g,{
=2.00 V, middle time serigswe still observe a phase syn-
chronization, but in this case jumps occurs preferentially at
timest=nT/2+ T/4. Moreover, for the present value of the
noise amplitude, jumps occurs with probability almost one at
each period. This means that in addition to the phase syn-
chronization we also observe frequency synchronization. A
similar effect has been theoretically considered in the litera-
ture [20] recently. It is worth pointing out that the noise
amplitude at which we observe phase and frequency syn-
L G e L B WL chronization is always detected in the region of the dip ob-
0 02 04 08 Oﬁmé (85'2 14 18 18 2 served in the noise level of Fig. 7. In other words the dip of
the noise may be interpreted as a manifestation of the fact

FIG. 8. Time evolution ofv 4(t) measured in the nonlinear re- that phases_ and _frequency. Iocklng_ are simultaneously
gime for three different values of the noise amplitaélg. Allthe ~ Present. By increasing the noise amplitudgq(;=4.67 V,
time evolutions (top V,,<=1.33 V, middle V,,s=2.00 V, and bottom time serigsjumps becomes very frequent inside a
bottom V,,s=4.67 V graph are synchronously recorded with re- single period of the modulation signal so that phase and fre-
spect to the modulating signé sinusoidal time evolution with the quency synchronization is progressively lost.
same phase and proportional to the modulating signal is shown as a
dashed line for reference in each panel)td®y settingt=0 when
the maximum of the modulating signal occurs, phage synchroniza- IV. CONCLUSIONS
tion is observed folV,,s=1.33 V (in the top panel jumps occur

randomly at times=nT/2) and phase and frequency synchroniza- . | dv of hasti
tion is observed foW,,s=2.00 V(in the middle panel jumps occur We report an experimental study of stochastic resonance

almost deterministically at timets=T/4+nT/2). in a physical system. Our physical system, which is charac-
terized by versatility and high stability, allows us to investi-

the deviation from the behavior predicted in terms of linear-gate with high precision the SR phenomenon in a wide range
response theory, we conclude that this behavior belongs t§f parameters, such as the frequency and the amplitude of the
the_nonlmear response regime of sto_chagtu_: resonance. |ntr}1§0dulaﬂng signal and the noise amplitude. In the experi-
regime, sometimes called weak-noise limit, the product of,,o g presented here, the frequency range is spanning up to

the amplitude of the periodic signal times the maximuMge o orders of magnitude whereas the amplitude range
value of the output signal is not much less than the nOiS%pans more than two orders of magnitude

intensity and the linear-response theory or the perturbation Theoretical and experimental investigations have been

theory is no longer valid2,18,19. . ) .
In the nonlinear-response regime we experimentally demainly focused on the linear regime of SR. However for a

tect the phenomenon of phase and frequency locking. Sp&_omple_te des_cription of the_SR phenomenon it. Is also impor-
cifically by increasing the value of the amplitude of the tant to investigate the nonlinear-response regime of SR. We

modulating signal one observes jumps between the tW@xper?mentally investigate the degree of cons_istence of our
stable states occurring at phases that are progressively mdggPerimental results with the results expected in terms of the
synchronized with the phases of the modulating signallinear-response theory. We find a range of experimental pa-
Moreover a locking between the period of the output Signarameters W|th_|n whl_ch the Imear-_response theory qlescrlbes
and the period of the input signal is also observed for giver_ﬁu'te well the |r_1vest|gate_d Qynamlcs. However,_OL_Jt5|de these
values of the noise amplitude. We address this last phenorﬁ_r_ltervals, nonlinear deviations from the prediction of_ the
enon as frequency locking. An example of phases and fréinear-response theory are clearly detected. These deviations
quency locking is shown in Fig. 8, where we show the digi-Primarily manifest themselves) in a saturation of the output
tized time series ob4(t) recorded by setting/,,<=1.33, POWer s_pectral density s_lgnal an_d of the signal amp_l|f|cat|on
2.00, and 4.67 V for the top, middle, and bottom time seriend(ii) in @ nonmonotonic behavior of the output noise level
of Fig. 8, respectively. The parameters of the modulating?SSociated with a high degree of phase and frequency syn-
signal are set in this investigation ds=10 Hz andv,  chronization.

=0.667 V. A signal proportional to the time series,

shifted to a higher average voltage level for the sake of clear-

ness, is also shown in each panel as a dashed line to evaluate ACKNOWLEDGMENTS
the phase differences when jumps occurs. By inspecting Fig.
8 one notes that for low levels of noise amplitudé, s We wish to thank ASI, INFM, and MURST for financial

=1.33 V, top time serigsthe system jumps randomly from support.
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