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Linear and nonlinear experimental regimes of stochastic resonance
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We investigate the stochastic resonance phenomenon in a physical system based on a tunnel diode. The
experimental control parameters are set to allow the control of the frequency and amplitude of the deterministic
modulating signal over an interval of values spanning several orders of magnitude. We observe both a regime
described by the linear-response theory and the nonlinear deviation from it. In the nonlinear regime we detect
saturation of the power spectral density of the output signal detected at the frequency of the modulating signal
and a dip in the noise level of the same spectral density. When these effects are observed we detect a phase and
frequency synchronization between the stochastic output and the deterministic input.
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I. INTRODUCTION

The renewed interest of the last two decades on stoch
processes modeling different phenomena of physics, che
try, and engineering sciences has led to the discovery
noise-induced phenomena in nonlinear systems away f
equilibrium. In these systems a variation of the level of e
ternal noise can qualitatively change the response of the
tem. The paradigmatic example of these noise-induced p
nomena is stochastic resonance@1# ~for a recent review see
Ref. @2#!. Other examples of noise-induced phenomena co
prise resonant activation@3#, noise-induced transitions@4#,
and noise enhanced stability@5,6#.

Stochastic resonance~SR! manifests itself as an enhanc
ment of the system response for certain finite values of
noise strength. In particular the signal-to-noise ratio~SNR!
shows a maximum as a function of the noise intensity.
other words, a statistical synchronization of the random tr
sitions between the two metastable states of the nonlin
system takes place in the presence of an external weak
odic force and noise. Such a physical system presents a t
scale matching condition, which can be observed by tun
the noise level to such a value that the period of the driv
force approximately equals twice the noise-induced esc
time. The SR phenomenon appears in a large variety
physical systems and has been observed in different syst
ranging from sets of neurons@7#, to lasers@8# and to solid-
state devices, like superconducting quantum interference
vices and tunnel diodes@9#.

The SR phenomenon is a well investigated phenome
both from a theoretical and an experimental point of vi
@2#. However, few studies systematically analyze the SR p
nomenon for different values of the frequency and amplitu
of the modulating signal@8–12#. In this paper we systemati
cally study the SR phenomenon as a function of the
quency and amplitude of the modulating signal in a phys
bistable system based on a tunnel diode. Our experime
setup allows us to investigate this phenomenon in a rang
amplitude and frequency spanning several orders of ma
tude. By varying the amplitude and the frequency of t
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modulating signal we detect both the regime of the SR p
nomenon described by the linear-response theory and
nonlinear deviation from it. In the linear regime we obser
the customary behavior of stochastic resonance wherea
the nonlinear regime we detect a saturation of the po
spectral density measured at the frequency of the modula
signal and a depletion of the power spectral density of
noise at the same frequency. When the noise depletion t
place we observe phase and frequency synchronization
tween the stochastic output and the deterministic input.

The paper is organized as follows. In Sec. II we descr
the experimental apparatus and we discuss the stochastic
ferential equation associated to the electronic circuit ba
on a tunnel diode. In Sec. III we present our experimen
results of the power amplification and SNR as a function
the noise intensity for different values of the amplitude a
frequency of the modulating signal. In this section we d
cuss the detected deviations from the predictions of
linear-response theory and we present an evidence of p
and frequency synchronization detected in the nonlinear
gime of high values of the amplitude of the modulating s
nal. In Sec. IV we briefly draw our conclusions.

II. EXPERIMENTAL APPARATUS
AND THE TUNNEL DIODE

The experimental setup used for investigating the SR p
nomenon is a bistable electronic system based on a tu
diode. The physical system is a series of a resistor~tunable to
a desired value! and a tunnel diode in parallel to a capacito
The tunnel diode is a highly doped semiconductor dev
with a typical current-voltage characteristic showing a reg
of negative differential resistance, which is due to a tunn
ing current from the valence band of then-doped region to
the conducting band of thep-doped region. There are tw
stable states and one unstable state@13–15#. For details
about this experimental setup see Ref.@16#.

A network of general purpose very low-noise wideba
operational amplifier is used to sum the driving periodic s
nal and the noise signal. The noise signal is the output o
©2000 The American Physical Society01-1
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MANTEGNA, SPAGNOLO, AND TRAPANESE PHYSICAL REVIEW E63 011101
commercial digital noise source, whose spectral densit
approximately flat up to 20 MHz and whose root-mea
square voltageVrms may be selected, at the output of th
network of operational amplifiers, within the range fro
0.133 to 5.5 V with a 27-mV resolution. At the output of th
operational amplifier the statistical properties of the noise
altered by the filtering of the operational amplifier. We me
sure the noisevn(t) at the output of the operational amplifie
and we observe that it is a Gaussian noise characterized
spectral density, which is flat at low frequencyf
,1.25 MHz). By defining the correlation time of the Gaus
ian noise as the time at which the normalized autocorrela
function assumes the value 1/e, we measuretn5120 ns. In
our measurements we vary the amplitude and the freque
of the driving periodic signalvs(t)5Vs cos(2pfst). Specifi-
cally, we vary the amplitudeVs from 0.0067 to 1.00 V, and
the frequencyf s from 1 Hz to 1 MHz. The output voltage
across the diodevd is detected by a digital oscilloscope an
transferred to a PC. A typical time series has 4096 reco
The digitized time series are analyzed on line by usin
home developed computer code that uses a fast Fourier t
form ~FFT! routine. The values of the power level of th
signal and noise component ofvd(t) localized around the
frequency of the modulating signal are obtained by record
a numberk of different time series for each set of the contr
parameters. The measured power levels are the average
ues of thek-detected FFT. In our experiments, the typic
value ofk is k510 but measurements withk5100 are also
performed when necessary. We perform experiments
varying the modulating frequency from 1 Hz to 1 MHz. Th
experiment that needs the longest acquisition time is,
course, the experiment performed at the lowest freque
For such an experiment, our computer controlled experim
tal setup needs 340 seconds for the recording and proce
of a single realization approximately. This implies that t
measure of a complete curve of the signal and/or of the S
as a function of the noise amplitude in the various ca
considered here~in the present study we detect for each e
perimental curve from 36 to 176 different values of the m
sured variable by setting a frequency value as low asf s51
or f s510 Hz) can take as long as 40 h~whenk510). This
implies that some of the measurements summarized in
figures of the present paper require an acquisition time
180 h. Hence the duration of the measurements sets a lim
the realistic number of different realizations that can be
eraged to minimize the experimental uncertainty.

We model our electronic circuit by writing down its dif
ferential equation. This equation is

dvd

dt
52

dU~vd ,t !

dvd
1

1

RC
vn~ t !, ~1!

which is formally equivalent to a stochastic differential equ
tion describing the position of an overdamped random p
ticle moving in a generalized potential. In this equationR is
the biasing resistor,C is the parallel capacitor~in our case 45
pF! of the circuit, andvn(t) is a noise voltage mimicking the
presence of a finite temperature in the corresponding o
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damped system with a physical particle. The generalized
tential U(vd ,t) associated to our physical system is@16#

U~vd ,t !52
Vbvd

RC
1

vd
2

2RC
1

1

CE0

vd
I ~v !dv

2
Vsvd

RC
sin~vst !, ~2!

hereVB is the biasing voltage of the electronic bistable n
work. In principle, Eq.~2! allows us to describe in a precis
way the shape of the generalized potential under the assu
tion that I (vd) is known for any value ofvd . However, in
practice this is unfortunately not true for part of the region
negative resistance of the tunnel diode. In fact the deta
measurement ofI (vd) in the region of negative resistance
a major experimental problem that cannot be solved with
changing the matching impedances of the experime
setup. This prevent us from a precise quantitative theoret
determination of the barrier height of the generalized pot
tial U(vd).

Our circuit presents two control parameters affecting
shape of the associated generalized potential. They are
biasing resistanceR and the biasing voltageVb . We control
both of them independently. We perform our experiments
ensuring a symmetric escape from one potential well to
other. This is done by selecting the values of the two con
parameters (R5770 V andVb56.76 V) in such a way that
we do not detect power spectral density of the output volt
vd above the noise level at even harmonics of the freque
of modulating signal. We also verify that for this choice
control parameters the experimentally measured reside
times have approximately the same value in the two poten
wells.

One aim of this paper is to investigate the SR pheno
enon over a wide interval of the frequencyf s of the modu-
lating signal. To perform such a task, we have to overco
two experimental conflicting constraints:~i! we are forced to
set the time constant of our systemt[RC to a low value
satisfying the inequalityf s!1/2pt, and~ii ! we need to use a
high value oft to maintain the ratiotn /t as low as possible
to conduct our experiments in the‘‘white-noise’’ limit o
vn(t). The best compromise we find is to sett[RC
534.6 ns. With this choice 1/2pt'4 f s

max andtn /t'3.47.
In other words we guarantee the investigation of the SR p
nomenon over a rather wide range off s by performing our
experiments in a regime of moderately colored noise. T
choice allows us to investigate the phenomenon over a ra
of the frequency, which extends from 1 to 106 Hz, but pre-
vents us from an experimental determination of the bar
height based on experiments verifying Kramers theory of
thermal activation between the two wells. In fact, in the pr
ence of colored noise, Kramers theory is no more valid a
needs to be extended by theories whose results are depe
on the exact shape of the noise power spectrum.
1-2
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LINEAR AND NONLINEAR EXPERIMENTAL REGIMES . . . PHYSICAL REVIEW E 63 011101
III. STOCHASTIC RESONANCE FOR DIFFERENT
VALUES OF FREQUENCY AND AMPLITUDE

OF THE MODULATING SIGNAL

The SR phenomenon occurs when aweaksignal acting in
a noisy bistable environment induces a larger signal at
output of the nonlinear system. In the SR phenomenon
synchronization is mediated by the presence of afinite
amount of noise. By considering these basic aspects,
then natural to expect that linear-response theory toge
with more general concepts of perturbation theory for sp
tral quantities such as Floquet theory are useful method
the description of such phenomenon.

In the present paper we aim to detect experimentally
limits of validity of the theoretical predictions obtained b
using the linear-response theory in a physical system ba
on a tunnel diode. Specifically we investigate the SR p
nomenon occurring in our physical system over wide ran
of the amplitude and frequency of the modulating signal. T
investigated ranges are chosen so wide that they allow u
detect experimentally the crossover between the experim
tal region well described by the linear-response theory
the region of nonlinear deviation from it. In the regime
validity of the linear-response theory we verify the accura
of the results predicted by this theory whereas in the non
ear regime we point out the kind of deviations observed fr
the theory and we observe the new phenomena of phase
frequency synchronization in the presence of large input
nals.

A bistable system based on a tunnel diode provide
versatile physical system in which SR can be investiga
@9#. In this paper we perform an investigation of the S
phenomenon as a function of a wide range of amplitude
frequency of the modulating signal. The first investigati
concerns the powerP1 of the output signalvd(t) localized
around the frequency of the modulating signal. This quan
is obtained by integrating the spectral densityS(v) over the
deltalike peak observed at angular frequency 2p f s . The sig-
nal ‘‘power’’ P1 used in the theory of linear signal proces
ing obtained by integrating the spectral density over the p
located atf s is

P152puM1u2, ~3!

where uM1u is the magnitude of coefficient of the Fourie
series^vd(t)&5(2`

` Mn exp(in2pfst) taken at the frequency
of the modulating signal. The linear-response theory for s
chastic resonance predicts thatuM1u is proportional toVs at a
fixed value ofVn @17#. We test this dependence on a lar
interval of values of the amplitude signalVs . In Fig. 1 we
show the measured values ofuM1u as a function ofVs vary-
ing in the interval from 0.0067 to 1.00 V. The measures
done by settingf s510 Hz andVrms51.89 V. From the fig-
ure it is evident that the predictionuM1u}Vs obtained by
using the linear-response theory is valid only within the a
plitude interval 0.017,Vs,0.067 V. The deviation ob-
served for the lowest investigated value of the modulat
amplitude signal (Vs50.0067 V) is probably due to exper
mental detection problems related with the low value of
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signal whereas the deviation observed whenVs.0.067 is
entirely ascribed to a deviation of the physical system fr
the behavior predicted by the linear-response theory. In p
ticular a saturation of the power localized atf s is detected for
large values of the amplitude of the modulating signal.

The second investigation concerns the frequency dep
dence ofuM1u. Within the framework of the linear-respons
theory, at fixed values ofVn , uM1u is related toVs , f s , and
Vn through the relation

uM1u}^vd
2&

Vs

Vrms
2

lmin

@lmin
2 1~2p f s!

2#1/2
, ~4!

where ^vd
2& denotes a stationary mean value of the unp

turbed system andlmin is the smallest nonvanishing eigen
value of the Fokker-Plank operator of the system witho
periodic driving@17#. It is equal tolmin52r K5r 11r 2 , the
sum of the Kramers rate of the two wells. This quantity is
exponential function of the noise amplitudeVrms under the
hypothesis of white noise. We setVs50.067 V to ensure
that we are in a region of parameters where the line
response theory may apply and we perform our experime
as a function off s for various values ofVrms . In Fig. 2 we
show the results obtained. The general trend predicted by
~4! is observed. Specifically an almost constant region
uM1u is observed for low values off s whereas an approxi
mately power-law decrease ofuM1u is observed for high val-
ues off s . The crossover between the two regimes provide
rough estimate of the experimental value oflmin which, as
expected, turns out to be dependent on the value ofVrms .

The measurements performed by settingVrms51.73 V
allow us to quantitatively estimate the power-law behav
observed for high values off s . In our experiments, we ob
serve in this regime thatuM1u} f s

20.72. This is close but not
coincident with the behavior expected from the linea
response theoryuM1u} f s

21 . We do not have an explanatio

FIG. 1. The amplitudeuM1u of the output signalvd(t) at the
frequency of the modulating signal as a function of the amplitude
the modulating signalVs . The noise levelVrms and the frequency
of the modulating signalf s are kept constant at the valuesVrms

51.89 V andf s510 Hz. A linear relation betweenuM1u andVs is
detected within the interval 0.017<Vs<0.067.
1-3
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MANTEGNA, SPAGNOLO, AND TRAPANESE PHYSICAL REVIEW E63 011101
for this experimental discrepancy. Hereafter we list a
briefly discuss some possible explanations for the obse
deviation:

~i! the deviation is induced by a distortion of theuM1u
measured value introduced by the noise background pre
in our measurements. In fact, in the experimental invest
tions, one cannot separate the signaluM1u from the noise
present at the same frequency. For example the ‘‘contam
tion’’ of the two signals is evident in the last two experime
tal points of the curve of Fig. 2 obtained by settingVrms
51.73 V. For those points the presence of a noise fl
alters the measured values. We tried to take into account
problem by limiting the best fitting of the power-law regim
within the frequency interval 102< f s<104 Hz. However a
weaker effect of the noise floor on the measurements don
this interval cannot be excluded.

~ii ! Equation~4! is obtained for a quartic bistable mod
potential in the presence of white noise whereas the exp
mental conditions are slightly different. Deviation from th
linear-response theory may be then ascribed to the diffe
experimental conditions. In fact we already discussed in
previous section that we are doing our measurement
bistable physical potential with a shape differing from t
model bistable potential and in the presence of a modera
colored noise.

One key aspect of the SR phenomenon is the statis
synchronization that takes place when the Kramers t
TK(Vrms) between a two noise induced interwell transition

FIG. 2. The amplitudeuM1u of the output signalvd(t) at the
frequency of the modulating signal as a function of the frequenc
the modulating signalf s . The amplitude of the modulating signa
Vs is kept constant at the valueVs50.067 V, whereas the nois
amplitude takes four different values: 1.73, 2.00, 2.27, and 2.53
For each value of the noise amplitudeuM1u presents two regimes
An almost constant regime for low values off s and a power-law
regime for high values off s . The dashed line is the best power-la
fit performed for the caseVrms51.73 V in the fitting interval 102

< f s<104. The power-law exponent is20.72. Experiments clearly
show that the crossover between the two regimes is controlled
the value ofVrms .
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of the order of half-period of the periodic forcing. In othe
words statistical synchronization occurs whenf s
51/2TK(Vrms). In our measurement, we verify the validit
of this description with the following procedure. We setVs
50.067 V and we measure the SNR of the output sig
vd(t) at the frequency of the modulating signal for six valu
of f s ranging from 1 to 105 Hz. We use these experiment
results to single out for which value ofVrms[Vrms* ( f s) a
maximum of the SNR is detected. This is of course the s
of maximal statistical noise induced synchronization. W
then compare Vrms* ( f s) with the function y(Vrms)
5r K(Vrms)/2, where the Kramers rater K(Vrms) is measured
in the absence of a modulating signal. The results are sh
in Fig. 3. From the figure it is clear that statistical synchr
nization is observed for all the investigated frequencies, s
porting the traditional interpretation@1,2# of the stochastic
resonance mechanism over a frequency range of the m
lating signal spanning six frequency orders of magnitude
is worth pointing out that synchronization is observed
spite of the fact that our experiments are performed in
regime of moderately colored noise.

We now investigate the SR phenomenon by studying b
the signal power amplification

h5
P1

Pin
52F uM1u

Vs
G2

~5!

and the signal-to-noise ratio

SNR510 log10F P1

N1
G . ~6!

f

.

by

FIG. 3. Comparison of~i! the occurrence of the maximal valu
of the SNR~black circles! as a function ofVrms and f s ~error bars
indicate the experimental uncertainty in the determination of
maximal SNR with~ii ! the experimental values of half of the Kram
ers rater k/2 observed in the same system in the absence of
modulating signal. In all the SR measurements the amplitude of
modulating signal is set to 0.067 V. The stochastic synchroniza
at the SR between half of the Kramers rate and the frequency o
modulating signal is experimentally observed in a frequency in
val spanning six orders of magnitude.
1-4
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The SNR is customary given in dB and it is obtained
dividing the output signal power levelP1 to the noise level
signalN1. Both quantities are measured at the frequency
the modulating signal.

We investigate both the effect of varying the amplitu
and the frequency of the modulating signal onh and SNR.
We first consider the role of the frequency of the modulat
signal. Specifically we investigate the SR phenomenon a
function of Vrms by keepingVs constant~we chooseVs
50.067 V) and by varyingf s from 1 to 106 Hz. For each
pair of the control parametersVs and f s , we varyVrms from
0.67 to 5.33 V. The measured values of the power amp
cation h are collected in Fig. 4, where we showh as a
function of Vrms up to 7 different values off s , which are 1,
10, 100, 103, 104, 105 and 106 Hz. The classical profile of
the SR phenomenon@2# is observed for the lowest values o
f s . For higher values off s , h deviates from the canonica
SR profile by lowering and broadening its maximum. The
results are in qualitative agreement with the explicit resu
theoretically obtained for the signal power amplification in
model bistable system@17#.

The next investigation of the power amplificationh con-
cerns the study performed by keepingf s constant, whereas
Vs is varied. We setf s510 Hz and we varyVs from 0.0067
to 1.00 V. For all the selected values ofVs we check that the
amount of the amplitude of the modulating signal is not s
ficient to induce deterministic jumps between the two we
In Fig. 5 we show the experimental values ofh versusVrms

FIG. 4. The signal power amplificationh of the output signal
vd(t) at the frequency of the modulating signal as a function of
noise amplitude. The amplitude of the modulating signalVs is kept
constant at the valueVs50.067 V, whereas the frequency takes
different values: 1~circles!, 10 ~squares!, 100 ~diamonds!, 1000
~triangles up!, and 10 000~triangles down! Hz. The profile ofh
becomes progressively more sharp as the frequency decreas
the inset we show the result of the same kind of measurem
performed in the nonlinear regime (Vs50.33 V). In this case,
higher values of the modulating frequency are investigated. Spe
cally the curves shown refer to values 1, 10, 100, 1000, 10 0
100 000, and 1 000 000 Hz, from top to bottom, respectively. A
in this case the profile ofh becomes progressively more sharp
the frequency decreases but the low-frequency limit is affected
the saturation of the output signal level and it is less sharp t
expected from the linear-response theory.
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obtained for 8 different values ofVs . The selected values ar
0.0067, 0.017, 0.033, 0.067, 0.167, 0.333, 0.667, and 1.0
In the three dimensional figure the top line corresponds
Vs50.0067 V, whereas the bottom line refers to the va
Vs51.00 V. TheZ shift is kept constant for the sake o
simplicity. In the figure we also show the functional predi
tion h}Vrms

24 of the linear-response theory@17# expected for
a quartic bistable model potential for large values ofVrms as
a dashed line. From the figure one notes that the profile oh
becomes progressively closer to the asymptotic behavior
dicted by the linear-response theory for intermediate val
of Vrms as Vrms50.067 andVrms50.167 V. In the same
figure, the curves measured for highest values ofVs show a
significant deviation from the behavior predicted by t
linear-response theory for large values ofVrms . This is due
to the presence of a saturation of the output signal obse
for large values of the amplitude of the modulating signal.
difference from the theoretical behavior expected in a mo
system is is also detected when one considers the low
values ofVs . These deviations are observed in our expe
ment because for these values ofVs ~0.0067, 0.017, and
0.033 V! the signalP1 becomes of the same level of th
noise levelN1 and it is therefore mixed and difficult to dis
tinguish from it. Another difference is observed for low va
ues ofVrms . In particular, in this region,h shows a sharpe
peak for the lowest values ofVs . We do not have a simple

e
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ts

fi-
0,
o

y
n

FIG. 5. The signal power amplificationh of the output signal
vd(t) at the frequency of the modulating signal as a function of
noise amplitude. The frequency of the modulating signalf s is kept
constant at the valuef s510 Hz, whereas the amplitude takes
different values 0.0067, 0.017, 0.033, 0.067, 0.167, 0.333, 0.6
and 1.00 V, which correspond to the lines shown from top to b
tom, respectively. ForVs,1.00 V, different lines are each shifte
of 0.5 Vrms along thex axis and of 5 dB along they axis for the
sake of clearness. For example the fifth line from the top (Vs

50.067 V) is shifted by 1.5 Vrms alongx and by 15 dB alongy.
By diminishing the amplitudeVs the value ofh progressively ap-
proaches the limit predicted by the linear-response theory~dashed
lines shown in the figure! for intermediate values ofVs . The best
approximation of the system in terms of the linear-response the
is observed forVs50.067 V and 0.167 V~fourth and fifth lines
starting from top!. The convergence breaks down again for lowe
values ofVs because for values ofVs,0.033 V the presence of a
finite noise level makes it difficult to single out the small sign
present.
1-5
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MANTEGNA, SPAGNOLO, AND TRAPANESE PHYSICAL REVIEW E63 011101
explanation for this behavior observed near the maximu
One possibility is that it could be due to the specific shape
the generalized potential of our system, which is differe
from the model quartic bistable potential used in theoret
calculation. Another way to assess the role of the presenc
noise in the above measurements at low values ofVs is ob-
tained by inspecting Fig. 6, where we present the SNR m
sured under the same conditions of Fig. 5. In Fig. 6
bottom curve refers to the caseVs50.0067 V, whereas the
top curve is obtained by settingVs51.00 V. From the figure
it is evident that forVs equal to 0.0067, 0.017, and 0.033 V
the SNR becomes zero within the experimental errors fo
wide range of values ofVrms . This effect is the counterpar
in the SNR plot of the deviation ofh from the asymptotic
theoretical curve observed in Fig. 5 for large values ofVrms .

A simultaneous inspection of Figs. 5 and 6 shows that
results obtained with the highest values ofVs are associated
with high values of the SNR but are at the same time s
ously affected by nonlinear distortion. This nonlinear dist
tion manifests itself in the broadening of the SNR curve.
other words, by using high values ofVs it is possible to
detect a wide interval ofVrms where the SR phenomeno
occurs, however this interval is not well described in ter
of linear-response theory. On the other hand by using
values ofVs one observe experimentally SR on a more li
ited interval ofVrms but the experimental results are in th
interval well described by a linear-response theory. He
from an experimental point of view the more straightforwa
investigation of the SR phenomenon requires the selectio

FIG. 6. SNR ratio of the output signalvd(t) at the frequency of
the modulating signal as a function of the noise amplitude. T
frequency of the modulating signalf s is kept constant at the valu
f s510 Hz, whereas the amplitudeVs takes 8 different values
0.0067, 0.017, 0.033, 0.067, 0.167, 0.333, 0.667, and 1.00 V, w
correspond to the lines shown from bottom to top, respectively.
customary general profile of the stochastic resonance is obse
However shape differences are observed by investigating the
nomenon at different values ofVs . Specifically, high values ofVs

~top curves! are characterized by distortions introduced by the
tive nonlinearities, whereas at low values ofVs ~bottom curves! the
SNR becomes negligible. As expressed in the caption of Fig. 5,
experimental conditions better interpreted in terms of the line
response theory are the one observed forVs50.067 and 0.167 V
~fourth and fifth lines from bottom!.
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a value of the amplitude of the modulating signal that allo
the detection of a large but undistorted signal. In our c
this condition is attained whenVs'0.067 V.

The experimental investigations previously discussed
low us to detect when we are under experimental conditi
that are well described by the predictions of the line
response theory or conversely when we are in the nonlin
regime. In the nonlinear regime the investigation of the no
power level presents some interesting features. In Fig. 7
show the output noise power levelN1 measured at the fre
quency of the modulating signal as a function ofVrms for
several values ofVs ranging from 0.0067 to 1.00 V. In thes
investigationsf s is kept constant at the value of 10 Hz. Th
noise levelN1 sharply increases at the onset of the SR p
nomenon, reaches a maximum, and then decreases. Dep
ing on the value ofVs , the noise level may decrease mon
tonically to the asymptotic value observed for high values
Vrms or reach a minimum value and then increases u
reaching the same asymptotic value. In other words, we
tect a dip in the noise level for a finite value ofVrms for high
values ofVs of the nonlinear regime. The dip is shown in th
inset of Fig. 7 for the measurements done by settingf s
510 Hz. The noise dip is more pronounced for high valu
of the signal amplitude. A similar behavior is also observ
for values off s satisfying the conditionf s,1 kHz. By tak-
ing into account the results previously obtained concern

e

ch
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FIG. 7. Noise power level present in the output signalvd(t) at
the frequency of the modulating signal as a function of the no
amplitude. The frequency of the modulating signalf s is kept con-
stant at the valuef s510 Hz, whereas the amplitudeVs takes eight
different values 0.0067, 0.017, 0.033, 0.067, 0.167, 0.333, 0.6
and 1.00 V, which correspond to the lines shown from top to b
tom, respectively. By diminishing the amplitudeVs the noise power
level progressively approaches the curve observed in the absen
a modulating signal~indeed the four curves with lowest values
Vs are almost indistinguishable from theVs50 V observation!.
For the highest values ofVs the presence of a dip is observed. Th
dip is more pronounced for higher values ofVs . WhenVs50.667
andVs51.00 V detailed structures emerge in the vicinity of the d
~see the inset for a blow-up of the region!. These structures are
responsible for the structure observed in the SNR near the m
mum for highest values ofVs .
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the deviation from the behavior predicted in terms of line
response theory, we conclude that this behavior belong
the nonlinear response regime of stochastic resonance. In
regime, sometimes called weak-noise limit, the product
the amplitude of the periodic signal times the maximu
value of the output signal is not much less than the no
intensity and the linear-response theory or the perturba
theory is no longer valid@2,18,19#.

In the nonlinear-response regime we experimentally
tect the phenomenon of phase and frequency locking. S
cifically by increasing the value of the amplitude of th
modulating signal one observes jumps between the
stable states occurring at phases that are progressively
synchronized with the phases of the modulating sign
Moreover a locking between the period of the output sig
and the period of the input signal is also observed for giv
values of the noise amplitude. We address this last phen
enon as frequency locking. An example of phases and
quency locking is shown in Fig. 8, where we show the di
tized time series ofvd(t) recorded by settingVrms51.33,
2.00, and 4.67 V for the top, middle, and bottom time ser
of Fig. 8, respectively. The parameters of the modulat
signal are set in this investigation asf s510 Hz andVs
50.667 V. A signal proportional to thevs time series,
shifted to a higher average voltage level for the sake of cle
ness, is also shown in each panel as a dashed line to eva
the phase differences when jumps occurs. By inspecting
8 one notes that for low levels of noise amplitude (Vrms
51.33 V, top time series! the system jumps randomly from

FIG. 8. Time evolution ofvd(t) measured in the nonlinear re
gime for three different values of the noise amplitudeVrms . All the
time evolutions ~top Vrms51.33 V, middle Vrms52.00 V, and
bottom Vrms54.67 V graph! are synchronously recorded with re
spect to the modulating signal~a sinusoidal time evolution with the
same phase and proportional to the modulating signal is shown
dashed line for reference in each panel too!. By settingt50 when
the maximum of the modulating signal occurs, phase synchron
tion is observed forVrms51.33 V ~in the top panel jumps occu
randomly at timest5nT/2) and phase and frequency synchroniz
tion is observed forVrms52.00 V ~in the middle panel jumps occu
almost deterministically at timest5T/41nT/2).
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one state to the other but the jumps are statistically sync
nized in phases. In fact they occur preferentially at timet
5nT/2, whereT is the period of the modulating signal,n is
an integer, and att50 the modulating signal has the max
mum value. When the noise amplitude is increased (Vrms

52.00 V, middle time series! we still observe a phase syn
chronization, but in this case jumps occurs preferentially
times t5nT/21T/4. Moreover, for the present value of th
noise amplitude, jumps occurs with probability almost one
each period. This means that in addition to the phase s
chronization we also observe frequency synchronization
similar effect has been theoretically considered in the lite
ture @20# recently. It is worth pointing out that the nois
amplitude at which we observe phase and frequency s
chronization is always detected in the region of the dip o
served in the noise level of Fig. 7. In other words the dip
the noise may be interpreted as a manifestation of the
that phases and frequency locking are simultaneou
present. By increasing the noise amplitude (Vrms54.67 V,
bottom time series! jumps becomes very frequent inside
single period of the modulation signal so that phase and
quency synchronization is progressively lost.

IV. CONCLUSIONS

We report an experimental study of stochastic resona
in a physical system. Our physical system, which is char
terized by versatility and high stability, allows us to inves
gate with high precision the SR phenomenon in a wide ra
of parameters, such as the frequency and the amplitude o
modulating signal and the noise amplitude. In the expe
ments presented here, the frequency range is spanning
seven orders of magnitude whereas the amplitude ra
spans more than two orders of magnitude.

Theoretical and experimental investigations have b
mainly focused on the linear regime of SR. However for
complete description of the SR phenomenon it is also imp
tant to investigate the nonlinear-response regime of SR.
experimentally investigate the degree of consistence of
experimental results with the results expected in terms of
linear-response theory. We find a range of experimental
rameters within which the linear-response theory descri
quite well the investigated dynamics. However, outside th
intervals, nonlinear deviations from the prediction of t
linear-response theory are clearly detected. These devia
primarily manifest themselves~i! in a saturation of the outpu
power spectral density signal and of the signal amplificat
and~ii ! in a nonmonotonic behavior of the output noise lev
associated with a high degree of phase and frequency
chronization.
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