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Structure and dynamics of concentrated dispersions of polystyrene latex spheres in glycerol:
Static and dynamic x-ray scattering

D. Lumma, L. B. Lurio, M. A. Borthwick, P. Falus, and S. G. J. Mochrie*
Department of Physics and Center for Materials Science and Engineering, Massachusetts Institute of Technology,

Cambridge, Massachusetts 02139-4307
~Received 7 February 2000!

X-ray photon correlation spectroscopy and small-angle x-ray scattering measurements are applied to char-
acterize the dynamics and structure of concentrated suspensions of charge-stabilized polystyrene latex spheres
dispersed in glycerol, for volume fractions between 2.7% and 52%. The static structures of the suspensions
show essentially hard-sphere behavior. The short-time dynamics shows good agreement with predictions for
the wave-vector-dependent collective diffusion coefficient, which are based on a hard-sphere model@C. W. J.
Beenakker and P. Mazur, Physica A126, 349 ~1984!#. However, the intermediate scattering function is found
to violate a scaling behavior found previously for a sterically stabilized hard-sphere suspension@P. N. Segre
and P. N. Pusey, Phys. Rev. Lett.77, 771~1996!#. Our measurements are parametrized in terms of a viscoelas-
tic model for the intermediate scattering function@W. Hess and R. Klein, Adv. Phys.32, 173 ~1983!#. Within
this framework, two relaxation modes are predicted to contribute to the decay of the dynamic structure factor,
with mode amplitudes depending on both wave vector and volume fraction. Our measurements indicate that,
for particle volume fractions smaller than about 0.30, the intermediate scattering function is well described in
terms of single-exponential decays, whereas a double-mode structure becomes apparent for more concentrated
systems.

PACS number~s!: 82.70.Dd, 05.40.2a, 83.10.Pp
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I. INTRODUCTION

Dispersions of spherical particles with effectively har
sphere interactions are the simplest complex fluids. Inde
one may hope to build understanding of more complica
soft matter on the behavior of colloidal dispersions. It
therefore notable that after more than 20 years of rese
@1–4# the dynamics of colloidal particles with hard-sphe
interactions are still not fully understood. The ability to pr
pare colloidal suspensions, composed of nearly perfe
spherical, highly monodisperse nanoscale particles dispe
in a liquid @5–7#, enables experiments on accurate reali
tions of hard spheres. Moreover, because colloidal parti
are much larger than atoms and molecules, a variety of
perimental methods can be applied, which permit deta
studies of the structure and dynamics on the length and
scales relevant to individual particles@8–13#.

In this article, we present static and dynamic x-ray sc
tering measurements of the structure and dynamics of c
centrated colloidal suspensions of charge-stabilized poly
rene~PS! spheres dispersed in glycerol for volume fractio
from a few percent up to the crystallization limit. Our goal
to elucidate how particle diffusion is modified as the motio
of the particles become increasingly constrained by the p
ence of neighbors, as necessarily occurs at large volume
tions. Insofar as their static structure and phase behavio
concerned, these dispersions show essentially hard-sphe
teractions. However, their dynamics appear to present
nificant differences from the dynamical behavior observ

*Present address: Departments of Physics and Applied Phy
Yale University, New Haven, CT 06520.
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experimentally@8,14# for the prototypical hard-sphere sys
tem of poly~methyl methacrylate! ~PMMA! spheres, steri-
cally stabilized with a grafted layer of poly~hydroxy steric
acid! ~PHSA!, and suspended in decalin/tetralin mixtur
@15#.

Because of the refractive index differencenPS2nGl be-
tween polystyrene (nPS.1.59) and glycerol (nGl.1.47),
our suspensions are milky in appearance, as a result of st
multiple scattering of light. Consequently, it would be ve
difficult to carry out light scattering studies of the dynam
mode structure and static correlations in any of the hig
concentrated samples considered, even using the two-c
technique@8#. Instead, we have applied the emerging tec
nique of x-ray photon correlation spectroscopy~XPCS!,
which employs the principles of dynamic light scattering, b
uses x-ray photons from a high-brilliance synchrotron rat
than laser light@16–23#. To characterize the system’s stat
structure, simultaneous small-angle x-ray scattering~SAXS!
measurements were performed. Multiple scattering of x r
occurs only for unusually strong scatterers, and was of
concern for the present study.

A. Interactions and phase behavior

PS spheres in glycerol, a polar solvent, constitute a p
totypical colloidal system. Their interactions, the so-call
Derjaguin-Landau-Verwey-Overbeek~DLVO! interactions,
are representative of a large class of colloids, consisting
screened electrostatic repulsion between charges at
spheres’ surfaces, plus a longer-ranged, attractive van
Waals component@5–7#. Frequently, colloidal particles in
teracting via DLVO interactions are taken to have effective
hard-sphere interactions@10#. This hypothesis has found re
cent support in elegant experiments demonstrating

cs,
8258 ©2000 The American Physical Society
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screened, charged polystyrene colloids behave accordin
the hard-sphere equation of state@24#. For PS spheres in
glycerol, SAXS measurements, described below, dem
strate that the interactions between spheres are indisting
able from those of hard spheres.

In hard-sphere systems, temperature plays no role for
static properties, and the phase behavior depends onl
volume fraction@25#. For volume fractions up to 0.494, th
equilibrium phase is a colloidal fluid, while above volum
fractions of 0.545 one finds a colloidal crystal@4#. Between
volume fractions of 0.494 and 0.545, one expects coex
ence of the liquid phase at the freezing density of 0.494
the solid phase at the melting density of 0.545. Within t
range, it has been found experimentally that the liquid ph
is metastable for volume fractions up to 0.58; beyond ab
0.58, large-scale diffusion ceases, corresponding to the
pearance of a colloidal glass phase@9#. The effect of a size
distribution, i.e., polydispersity, on the fluid-solid transitio
of hard spheres has been considered in Refs.@26–28#, for
example. For polydispersities up to about 0.025, correspo
ing to the system studied here, there is little effect. For lar
polydispersities, however, both the freezing and melting d
sities increase while the difference in their densities
creases.

B. Dynamical behavior

In a dilute colloidal suspension, the diffusion equation c
be expected to provide a good description of the lo
frequency dynamics, predicting that density fluctuations
lax exponentially in time. Similarly, the normalized interm
diate scattering function may be described by a sing
exponential decay with a relaxation rateG5D0Q2, where
D0 is the free-particle Stokes-Einstein diffusion coefficie
and Q the scattering wave vector. In denser colloidal s
tems, the wave-vector dependence ofG is modified through
the effect of interparticle correlations, and the intermedi
scattering function may not retain its single-exponen
form. For such cases it is sensible to define a time-
wave-vector-dependent diffusion coefficientD(Q,t). All dy-
namical information of the system is then contained in t
quantity, which simplifies to a constant in the dilute lim
@14#. For PS spheres in glycerol, our measurements ind
show that density relaxation via a single-exponential de
persists up to volume fractions of about 0.30. At higher v
ume fractions, we observe a more complex decay chara
ized, however, by different exponential behavior at short a
long times. It is convenient, then, to introduce short-time a
long-time diffusion coefficients DS(Q)5D(Q,0) and
DL(Q)5D(Q,`).

In this regard, our results are qualitatively similar to tho
of Ref. @14#. One simple model giving rise to a double
exponential relaxation supposes that neighboring parti
may form a ‘‘cage’’ about a given particle. For sufficient
short times, the system would then appear to be in a trans
equilibrium state, in which every particle would occupy
potential minimum formed via the interactions with i
neighbors. On this time scale, whose upper limit is given
the configurational relaxation time, the fluid would exhibit
certain degree of rigidity. Accordingly, one might expect
fast relaxation mode due to collective diffusive behav
to
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within a transient equilibrium state, as well as a long-tim
relaxation mode due to the decay of these large-scale
figurations.

In a colloidal dispersion, each particle experiences
effects of the fluid flow caused by neighboring particles,
addition to random thermal motions. This hydrodynamic
teraction plays an important role in the particle’s diffusio
although it does not affect the static structure. The princi
obstacle preventing a detailed theoretical understanding
diffusion in hard-sphere colloidal suspensions remains
difficulty of fully treating near-field many-body hydrody
namic interactions, which are especially relevant to the
namics of particles that may approach each other clos
such as sterically stabilized colloids and charge-stabili
colloids with short screening lengths. Beenakker and Ma
evaluatedDS(Q) for hard-sphere diffusion, taking into ac
count many-body hydrodyamic interactions@29#. Recently,
Segre and co-workers carried out simulations of hard-sph
diffusion based on a fluctuating lattice Boltzmann meth
@8#. For charged suspensions, where the particles are
separated, an effective hydrodynamic pair interaction s
fices @30,31#.

In Ref. @8#, Segre and co-workers presented compreh
sive measurements ofDS(Q) for hard-sphere colloidal par
ticles: PMMA spheres of 178 nm radius, sterically stabiliz
with PHSA in decalin/tetralin. They report excellent agre
ment between these measurements of the short-time d
sion coefficient and their own simulations, both presented
Ref. @8#. The most striking feature of these and earlier resu
@32–34# is the strong wave-vector dependence about
wave vector corresponding to the peak of the static struc
factor. Specifically, the inverse of the diffusion coefficie
displays a peak that mimics the peak in the static struc
factor. This informs us that low-free-energy configuration
signaled by a peak in the static structure factor, are also l
lived, signaled by the corresponding peak in the inverse
the diffusion coefficient. This link between structure and d
namics is well known@35–39#. In fact, our results for the
short-time wave-vector-dependent diffusion coefficient
similar to those of Ref.@8#. They agree quite well with the
predictions of Ref.@29#, especially for low and intermediat
volume fractions. Measurements ofDS(Q) in several other
concentrated dispersions are described in Refs.@40–42#.

We do not know of any theoretical prediction for the fu
time dependence ofD(Q,t). Tokuyama and Oppenheim@43#
have presented calculations of the short-time and long-t
self-diffusion coefficients, including hydrodynamic intera
tions, which can be expected to be comparable to our m
surements at wave vectors where the static structure fact
unity. We are, however, unaware of any calculations
simulations ofDL(Q) for concentrated hard spheres. F
well-separated, charged colloids, the effective hydrodyna
pair interaction can be sensibly employed to predictDL(Q)
@44#. Long-time diffusion in systems of the latter sort wa
studied experimentally in Refs.@45,46#.

C. Proposed scaling forms

The first detailed experimental study of the wave-vect
dependence of long-time diffusion of hard-sphere collo
was carried out for PMMA particles of 178 nm radius, st
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bilized with PHSA by Segre and Pusey@14#. They suggested
a remarkable scaling property obeyed byD(Q,t), offering
the promise that the dynamics of strongly interacting h
spheres could be tremendously simplified. Specifically, t
found that the wave-vector-dependent short-time diffus
coefficientDS(Q) was accurately proportional to the long
time diffusion coefficientDL(Q) over the entire range o
wave vectors studied fromQR.1 to QR.7. For wave vec-
tors greater than aboutQR.2.5, they also observed that th
ratio of the time- and wave-vector-dependent diffusion co
ficient D(Q,t) to the short-time diffusion coefficientDS(Q)
displays no significant wave-vector dependence. Con
quently, the functional formD(Q,t)/DS(Q), plotted versus
time at different wave vectors, will collapse onto a tim
dependent master curve. A similar collapse, or ‘‘scaling,’’
observed for the normalized intermediate scattering func
itself if the formQ22DS

21(Q)ln f(Q,t) is plotted versus delay
time t. Even more remarkably, Segre and Pusey were ab
show that the quantity @D(Q,t)2DL(Q)#/@DS(Q)
2DL(Q)# is a scaling form that appeared to be invaria
under change of both wave vector and volume fraction
plotted versus delay time for wave vectors larger thanQR
.2.7 and volume fractions in the range 0.38<f<0.494,
this functional form collapses onto a time-dependent ma
curve. It should be noted that at a fixed wave vector the r
DS(Q)/DL(Q) varies considerably over this range of volum
fractions.

In the present article, however, we will show that t
proposed scaling appears to be quite delicate, even in os
sibly hard-sphere suspensions. Specifically, we do not
serve proportionality between the wave-vector-depend
short- and long-time diffusion coefficients. Consequen
the intermediate scattering function cannot exhibit the s
ing observed by Segre and Pusey. The discrepancies bet
the earlier measurements on PMMA spheres in deca
tetralin and our measurements on PS spheres in glycero
dicate that the dynamical behavior in sterically stabiliz
systems is distinct from that of charge-stabilized syste
even though differences in the static structure are negligi
In this regard, it may be pertinent to recall the observat
@15# that the low-shear-rate viscosities of ‘‘hard-sphere d
persions’’ appear to fall into two bands. The higher-viscos
band includes the results of several measurements perfo
on PMMA-PHSA dispersions; the lower-viscosity band i
cludes measurements on PS and silica suspensions in
aqueous and nonaqueous liquids@47#.

This article is organized as follows. In Sec. II A, we d
scribe the experimental setup employed for the meas
ments presented in this article, the synchrotron beam
8-ID at the Advanced Photon Source in Argonne, IL. Sect
II B details how time-resolved x-ray scattering data are
duced to intensity time autocorrelation functions. The sam
preparation is described in Sec. II C. In Secs. III A and III
we present the theory for and the measurements of the s
x-ray scattering cross section, respectively. A theoret
framework for interpreting measurements of the intensity
tocorrelation function of concentrated suspensions is
scribed in Sec. IV A. The dynamic measurements themse
are described in Sec. IV B. In Sec. V, we summarize
results.
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II. EXPERIMENTAL METHODS

The technique of XPCS applies the well-known principl
of dynamic light scattering to x-ray scattering patterns.
general, a dynamic sample illuminated by partially coher
light gives rise to a time-varying speckle pattern. Time au
correlation of the speckle pattern then yields the characte
tic relaxation times of the sample. Specifically, the intensi
intensity time autocorrelation functiong2(t) is defined by

g2~ t !5
^I ~ t !I ~0!&E

^I &E
2

, ~1!

where I (t) is the detected photon count rate at timet, and
^•••&E denotes an ensemble average. This quantity can
related to the intermediate scattering function of the sam
S(Q,t) via

g2~ t !511A@ f ~Q,t !#2, ~2!

where f (Q,t)5S(Q,t)/S(Q) is the normalized intermediat
scattering function. The quantityS(Q)5S(Q,0) denotes the
static structure factor, andA refers to the speckle contras
For a colloidal suspension,

S~Q,t !5
1

N (
i 51

N

(
j 51

N

^e2 iQ•[ r i (0)2r j (t)]&E , ~3!

wherer i(t) is the position of particlei at time t.
Performing XPCS measurements requires an experim

tal setup capable of producing speckled scattering ima
that is, a beamline allowing for a nonzero optical contrastA.
Moreover, one must devise a data analysis technique th
suitable for reducing sequences of speckled scattering
ages to correlation functions as defined in Eq.~1!.

A. Beamline layout

The measurements described in this article were car
out at beamline 8-ID of the Advanced Photon Source. D
tails of the setup are presented elsewhere@48#. Briefly, we
employed x rays of energy 7.66 keV produced by a 72-p
undulator. The undulator has effective Gaussian source s
of sh5350 mm andsv550 mm in the horizontal and ver-
tical directions, respectively. Radiation originating in the u
dulator subsequently passes through an aperture with a d
eter of 300 mm, followed by a set of adjustable slits. The
two elements minimize cooling requirements on the dow
stream optics without reducing the useful brilliance of t
source. In addition, they limit the effective horizontal sour
size as viewed from the sample.

A silicon mirror and a germanium monochromator th
select a relative full width at half maximum energy ban
width of 331024. A set of precision crossed slits, 55 m
from the undulator source and 40 cm upstream of the sam
determine the spatial dimensions of the beam illuminat
the sample. For the measurements reported here, we
ployed two different slit sizes, 20mm350 mm and
40 mm350 mm in the horizontal3 vertical dimensions.
With the smaller slit setting, the partially coherent x-ra
beam delivered to the sample at 8-ID contains ab
231010 x rays per second at a synchrotron ring current
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100 mA. Scattered x rays are detected 4.85 m further do
stream using a two-dimensional charge-coupled dev
~CCD! detector.

The quantity measured in XPCS experiments is the n
malized intensity autocorrelation function, triangularly ave
aged over the accumulation time, and coarse-grained
the pixel area. The effects of both averages, as well as
coherence properties of the beamline, are modeled in
@48#. For the parameters appropriate to the present exp
ment, we expect a contrast of orderA.0.10–0.20, depend
ing on the settings determining the effective source size
the illuminated sample area.

B. Data reduction

Dynamical properties of the suspensions were charac
ized via autocorrelation of sequences of CCD images. A
detectors can expedite the study of slow dynamics in
regime of short data batches, defined as measurements w
total duration does not significantly exceed the cohere
time of the sample under study. The latter is the regime
which our XPCS measurements are carried out. The de
tion scheme by means of a two-dimensional CCD allo
data to be acquired from many speckles simultaneously,
offers the possibility of mitigating the difficulty posed by th
small photon count rates encountered in XPCS meas
ments@18,21,22#. Combining this advantage with the be
efits of the azimuthal information afforded by a tw
dimensional detector, it becomes clear that the use of an
detector in XPCS measurements enables a fundamenta
provement in data quality over what would be possible
use of a single detector channel.

Employing a data reduction procedure described in R
@48#, we were able to probe intensity autocorrelation fun
tions for delay times from 30 ms to more than 100 s. T
calculational procedures for reducing sequences of spec
scattering images to correlation functions, as defined in
~1!, have been implemented in a code written in the int
pretedYORICK language@49#. The code provides a simulta
neous evaluation of the correlation functiong2(Q̄i ,t) on a
set of detector subregions with mean scattering wave ve
Q̄i . For an isotropic sample, such as the colloidal suspen
discussed in the present case, the azimuthal degree of
dom in reciprocal space allows one to determine an abso
value for the normalized correlation function from data s
that cover only a fraction of the coherence time of t
sample. Similarly, this detection scheme provides a dir
measure of the statistical uncertainties in the measured
relation functions. All error bars on the dynamic measu
ments presented in this article are ultimately based on
experimental determination of statistical uncertainty. T
statistical noise performance of different estimators for E
~1!, as well as the bias occurring in estimating the correlat
function mean, are discussed in Ref.@48#.

C. Suspensions of polystyrene spheres in glycerol

Polystyrene latex spheres suspended in glycerol, whic
a polar solvent, constitute a prototypical system for wh
the DLVO interactions are representative of a large clas
colloids @5#. Glycerol was chosen as the suspending med
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to slow down the dynamics, permitting time-resolved me
surements of the x-ray speckle pattern using the CCD de
tor @18,50#. A further benefit of choosing to study PS spher
in glycerol is that the density difference between polystyre
and glycerol is close to 0.2 g cm23, corresponding to an
electron number density difference of 6 electrons nm23.
This electron number density difference is about four tim
larger than that between polystyrene and water, making
scattered intensity for a PS-glycerol system 16 times lar
than that for a comparable PS-water system. We may
note that, because the refractive index of glycerol is close
that of PS than to that of water, the van der Waals attrac
between particles is expected to be three times smaller fo
spheres in glycerol than for identical spheres in water.

To prepare the samples, an aqueous suspension conta
PS latex particles with a nominal radius of 71 nm was p
chased from Duke Scientific. The nominal colloidal volum
fraction was 0.10. The relative standard deviation in rad
was quoted to be 0.025, which was found to be consis
with dynamic light scattering measurements performed
MIT on a very dilute sample. By using colloidal particle
with this relatively small polydispersity, we may hope
avoid complications due to a size distribution of finite widt
Known weights of the as-received suspension were mi
with known weights of glycerol. The water was then r
moved by evaporation, under vacuum, leaving the
spheres suspended in glycerol. Samples were manufact
with sphere volume fractions off50.027, 0.13, 0.28, 0.34
0.49, and 0.52, determined on the basis of the nominal
ume fraction of the as-received suspension. For the x-
measurements, the samples were mounted in the evacu
temperature-controlled sample chamber and cooled to a
perature of25 °C. We estimated the temperature stability
be better than60.03 °C, and the absolute precision to
60.2 °C.

III. STATIC STRUCTURE

This section will present the static characterization of o
colloidal system by means of SAXS. We will introduce th
topic by summarizing the most relevant theoretical expec
tions, and will continue with a description of our experime
tal data. The section will close with a discussion of the sta
data.

A. X-ray scattering cross section: Theoretical background

The scattering cross section per unit volumeS(Q) is de-
fined in terms of the rate of incident x rays,ni , and the rate
of scattered x rays,ns , via

ns

ni
5SWDV, ~4!

whereW denotes the sample thickness along the beam
DV the solid angle over which the ratens is detected. We
may focus on the case pertinent to the present arti
namely, a collection ofN nearly identical spherical particle
suspended in a fluid. If all of the particles are treated
identical, then the cross section may be expressed as

S5dr2r 0
2vfP~Q!S~Q!, ~5!
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where dr is the difference in electron number density b
tween the particles and the fluid. Moreover,r 0 denotes the
Thomson radius,v the volume of a colloidal particle,f
5Nv/V the overall particle volume fraction,P(Q) the par-
ticle form factor, and

S~Q!5
1

N (
i 51

N

(
j 51

N

^e2 iQ•(r i2r j )&E

511
4pf

v E
0

`

drr 2@g~r !21#
sinQr

Qr
~6!

the static structure factor. The quantityg(r ) refers to the
radial pair correlation function.

A closed-form expression for the static structure factor
a system of spheres interacting via hard-sphere interacti
S0(Q), is available based on Percus-Yevick@1# closure rela-
tions:

1

S0~Q!
511

24f

u3 H a~sinu2u cosu!

1bF S 2

u2 21Du cosu12 sinu2
2

uG1
fa

2 F24

u3

14S 12
6

u2D sinu2S 12
12

u2 1
24

u4Du cosuG J ,

~7!

with u52QR. The quantityR denotes the hard-sphere r
dius, a5(112f)2(12f)24, and b52 3

2 f(f12)2(1
2f)24. In fact, using a Percus-Yevick closure, it is possib
to calculate the cross section for a collection of spheres w
radii distributed according to a generalized exponential d
tribution @51,52#. However, the structure factors of monodi
perse spheres and spheres with a relative polydispersit
0.025 in radius are very similar.

The small-wave-vector limit of the static structure fact
of a suspension of monodisperse particles is related to
osmotic compressibilitykT via

S~0!5fkBTkT . ~8!

For monodisperse hard spheres in the Percus-Yevick
proximation, it follows from Eq. ~7! that S0(0)5(1
2f)4/(112f)2.

B. X-ray scattering cross section: Experiment

Static x-ray scattering measurements are carried ou
collecting scattering patterns with a two-dimensional CC
area detector. Figure 1 shows a typical gray-scale image
tained at 8-ID of the scattering from PS particles with
diameter of 66.5 nm, suspended in glycerol. The region
reciprocal space probed covers only a quadrant of
scattering—the direct beam would occur just beyond the
left corner of the image. The smallest wave vector measu
(0.02 nm21) corresponds to the top left corner of the ima
and the largest one (0.2 nm21) to the bottom right corner
The intensity varies smoothly everywhere and shows circ
symmetry about the direct beam position, in accordance w
-

f
s,

th
-

of

he

p-

y

b-

f
e
p
d

r
th

the expected isotropy of the sample. In particular, there
apparently no streaks of scattering that could be associ
with parasitic scattering from the slits. Several broad rings
high intensity may be seen in the image, concentric with
direct beam position. The rings at larger wave vectors are
intensity oscillations that are characteristic of uniform,
nearly uniform, spheres. The innermost ring, however, or
nates in interparticle correlations.

To determine the scattering profiles as accurately as p
sible, we measured the scattered intensity with the samp
the scattering position and also with the sample removed
minimize subtraction errors, any localized regions of hi
parasitic scattering on the CCD were eliminated from co
sideration. Next, the background scattering patterns—th
for which the sample was absent—were appropriately sca
to account for the absorption of the sample and, finally, s
tracted from the intensity obtained with the sample in t
scattering position. The resulting circularly averaged x-r
scattering cross sections are displayed in Fig. 2 for sam

FIG. 1. CCD image showing the scattered intensity from
latex particles in glycerol at a particle volume fraction off
50.49.

FIG. 2. Circularly averaged scattering cross section per unit v
umeS(QR,f) for several different volume fractionsf of PS latex
particles in glycerol. The cross sections are plotted versusQR on a
logarithmic scale.
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of different volume fractions and for wave vectors fro
QR51 to QR.15. The resolution of our setup correspon
to the separation between neighboring data points in Fig

At large wave vectors, the shape of the scattering cur
appears independent of volume fraction and, as noted ab
shows the intensity oscillations that are characteristic of u
form spheres. The solid line in Fig. 2 shows the best fit o
model function to the data at a particle volume fraction
f50.027. The model describes the scattering of h
spheres with a volume fraction of 0.027 and a relative po
dispersity in radius of 0.025. The sole fitting parameter w
the mean particle radius, resulting in a best-fit value of 6
nm, in fair agreement with the manufacturer’s value. T
model provides a good description of the data for wave v
tors below about 0.06 nm21. However, it evidently fails to
properly describe the behavior at the minima of the cr
section. We ascribe the discrepancy to small departure
the colloidal particles from spherical symmetry. Similar b
havior was observed in Ref.@53#.

At smaller wave vectors, a pronounced peak develop
the volume fraction increases, corresponding to increas
interparticle correlations. This behavior is illustrated in F
3. The figure shows the static structure factor, obtained
dividing the measured scattering for different volume fra
tions by the particle form factor. The latter was determin
from the data atf50.027, after applying a small structur
factor correction. To make clear the behavior at small wa
vectors, where the structure factor is small, Fig. 4 sho
these data on a logarithmic scale. They are analogous to
liquid structure factor of an atomic fluid. The principal pe
of the structure factor approachesQR.3.5 at large volume
fractions, consistent with what may be expected for h

FIG. 3. Interparticle structure factorS(QR,f) for PS latex
spheres in glycerol for the particle volume fractions indicated. T
solid line is the expected static structure factor for particles wit
mean radius of 66.5 nm and a relative polydispersity in radius
0.025, distributed according to a Schultz-Zimm distribution. T
structure factors are plotted versusQR on a linear scale.
2.
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spheres. By contrast, colloidal particles with significant lon
ranged Coulomb repulsions can be expected to exhib
larger mean separation, so that the first peak of the struc
factor would occur at smaller wave vectors, with a grea
degree of ordering at lower volume fractions. The solid lin
in Figs. 3 and 4 correspond to the model structure factor
particles with a mean radius of 66.5 nm and a polydisper
in radius of 0.025, distributed according to a Schultz-Zim
distribution @52#. This model was fitted to the measure
structure factor, varying only the volume fraction for ea
data set.

Evidently, the hard-sphere model provides a good
scription of the experimental structure factors at all volum
fractions, in particular reproducing the position of the pri
cipal peak accurately. Gratifyingly, the best-fit values for t
volume fractions of the different samples are indistinguis
able from the nominal volume fractions. It is, in additio
especially notable that the behavior of the measured struc
factor at small wave vectors is reproduced well by the mod
This informs us that the osmotic compressibility of PS lat
spheres in glycerol is well described by the hard-sph
equation of state. In this regard, two remarks are pertin
First, if there were significant attractive interactions betwe
particles, we would expect increased scattering at small w
vectors @54#, especially for the samples of lower volum
fraction. Second, according to Ref.@52#, a relative polydis-
persity of 0.025 can be expected to increase the scatterin
a hard-sphere suspension at small wave vectors by less
2%, compared to the scattering from monodisperse sphe

We view the agreement between the model and meas
structure factors at small wave vectors, as well as the ag
ment between the measured and predicted positions of

e
a
f

FIG. 4. Interparticle structure factorS(QR,f) for PS latex
spheres in glycerol for the particle volume fractions indicated. T
solid line is the expected static structure factor for particles wit
mean radius of 66.5 nm and a relative polydispersity in radius
0.025, distributed according to a Schultz-Zimm distribution. T
structure factors are plotted versusQR on a logarithmic scale.
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principal peak in the structure factor, as convincing evide
that PS spheres in glycerol behave as hard spheres.
apparent, however, that the structure factors measured
particle volume fractions of 0.49 and 0.52 differ somewh
from the model. We believe that this may reflect shortco
ings of the analytic model for the structure factor of ha
spheres at high volume fractions. Simulations of ha
spheres at high volume fractions do reveal discrepan
with the Percus-Yevick form@55,56#.

Apart from the discrepancy between the data and
model for f50.34 at the first peak of the structure facto
which we do not understand, the most noticeable other
ference is that the measurements exhibit a broader se
peak than the model. The broader peak may plausibly
interpreted as two broad, closely spaced peaks, occurin
QR.6.0 andQR.6.7. The ‘‘fourth’’ peak occurs atQR
.9.2, which is at a somewhat smaller value ofQR than
predicted by the model. The observed ratios of these p
positions to the position of the principal peak, which is l
cated atQR.3.5, are 1.7, 1.9, and 2.7, respectively. Simi
ratios are observed for the structure factor of amorphous
emental metallic glasses, prepared by vacuum evapora
onto cooled surfaces@57,58#, although it should be empha
sized that the metallic glass peaks are narrower and m
intense than those found here. In the case of metallic glas
it has been suggested that these peak position ratios
indicate locally icosahedral structure@59#. Alternatively, ran-
dom close packing yields similar peak position ratios@57#.

IV. DYNAMICS

In the following, the dynamical characterization of o
system will be discussed. After a theoretical introduction
the expected phenomena, our experimental findings will
presented. Specifically, the data will be discussed in ligh
Refs.@8,14#, where the dynamical properties of a prototyp
cal hard-sphere system were found to exhibit the spec
scaling behavior already described in the introduction. A
cording to Segre and co-workers@8,14#, the ratio of the time-
and wave-vector-dependent diffusion coefficient to the sh
time diffusion coefficient,D(Q,t)/DS(Q), is independent of
wave vector, for wave vectors larger than aboutQR.2.5. In
addition, their data suggest that the functional fo
@D(Q,t)2DL(Q)#/@DS(Q)2DL(Q)# not only collapses
over a similar wave-vector range, but also falls onto the sa
master curve for a finite range of volume fractions. The
findings require that the ratio between short-time and lo
time diffusion coefficient,DS(Q)/DL(Q), be constant over
at least the same wave-vector range. This prerequisite fo
proposed scaling behavior could not be confirmed with
measurements.

A. Intensity autocorrelations: Theory

This section aims to present the theoretical framew
within which the results of our dynamical measurements w
be discussed. At high particle volume fractions, the interm
diate scattering functions we observe exhibit sing
exponential behavior both at short and at long delay tim
The functions are thus naturally characterized by mean
least-squares fits to a weighted double-exponential de
with wave-vector-dependent relaxation ratesGF and GL as
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well as wave-vector-dependent mode amplitudesaF andaL .
A theoretical treatment applicable to the system conside
here is provided by Hess and Klein in Ref.@60#. We show
below how in the context of this theory the parameters
tracted from a double-exponential decay can be related
more physically defined hydrodynamic properties of the flu
such as the friction coefficient and the rigidity.

Some insight may be obtained by calculating the Lapla
transform of the intermediate scattering function,f̃ (Q,z).
Supposing thatf̃ (Q,z) exhibits simple poles at values ofz
given byz52G i , it follows that the intermediate scatterin
function in the time domain is given by

f ~Q,t !5(
i

aie
2G i t. ~9!

The mode amplitudesai can be derived from the residues
the poles atz52G i , via ai5G i

21 Resz52G i
f̃ (Q,z).

In particular, for concentrated colloidal suspensions, H
and Klein have shown that the Laplace transform of the
termediate scattering function is of the form

f̃ ~Q,z!5
1

z1
Q2kBT/mS~Q!

z1 z̃~Q,z!/m

, ~10!

where z̃(Q,z) is a wave-vector- and Laplace-frequenc
dependent friction coefficient@60#. The difference between a
simple liquid and the colloidal suspension considered in
present case enters into Eq.~10! through the quantity
z̃(Q,z). Colloidal suspensions differ from simple fluids i
that neither the momentum nor the energy of the colloi
particles is conserved, because of the coupling to the
pending fluid. As a result, the friction coefficient in Eq.~10!
approaches a constant value at small wave vectors, and
the diffusional processes of interest we may neglectz com-
pared toz̃(Q,z) in the second denominator of Eq.~10!. In a
simple fluid, by contrast, the friction coefficient varies asQ2

for small wave vectors, and thez dependence in the secon
denominator cannot be neglected.

The equilibrium position of each particle in a colloid
fluid is not fixed, so that application of a steady force cau
viscous flow. However, for a given particle in a concentra
suspension, one may envisage a transient ‘‘cage’’ of nei
bors, limiting, as it were, the particle’s motional degree
freedom, and thus imposing partial spatial confinement. D
namically, such a cage structure would be characterized
length-scale-dependent configurational relaxation time. O
time scales shorter than such a typical configurational re
ation time, an equilibrium position of these partially confin
particles is established temporarily. If a force is rapidly a
plied in this situation, the suspension behaves transiently
an elastic solid, exhibiting an instantaneous rigidity. To d
scribe approximately the response to an applied force,
coelastic theory interpolates in a simple fashion betwe
fluid-like, viscous flow behavior at low frequencies and s
idlike, elastic behavior at high frequencies. Specifically, t
friction coefficient is taken to be of the form

z̃~Q,z!5 z̃~Q,`!1Dz̃~Q,z!. ~11!
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Here we use

Dz̃~Q,z!5
R`~Q!2Q2kBT/S~Q!

z1G3
~12!

and

G35
R`~Q!2Q2kBT/S~Q!

z̃~Q,0!2 z̃~Q,`!
. ~13!

Equation~10! may then be written

f̃ ~Q,z!5
1

z1
GS

11
G2

z1G3

, ~14!

with GS5Q2kBT/S(Q) z̃(Q,`) and G25@R`(Q)
2Q2kBT/S(Q)#/ z̃(Q,`), where R`(Q) is the high-
frequency rigidity. Physically, the variableG3 denotes the
strain relaxation rate, whileG2 quantifies the extent of cou
pling between stress and compositional fluctuations. Conv
tionally, one introducesD05Q2kBT/6phR, which is the
diffusion coefficient of identical particles in a dilute suspe
sion, and H(Q), which is given by z̃(Q,`)
56phR/H(Q), and which accounts for hydrodynamic in
teractions between the particles. In their absence,H(Q)
would take the value unity. Combining these expressio
one obtainsGS5H(Q)D0Q2/S(Q).

According to Eq.~9!, the normalized intermediate scatte
ing function corresponding to Eq.~14! is a weighted sum of
two exponential decays,

f ~Q,t !5aFe2GFt1aLe2GLt, ~15!

with

GF5
1

2
~GS1G21G3!1

1

2
A~GS1G21G3!224GSG3,

GL5
1

2
~GS1G21G3!2

1

2
A~GS1G21G3!224GSG3,

aF5
GF2~G21G3!

GF2GL
,

aL5
~G21G3!2GL

GF2GL
. ~16!

In writing this, we describe the overall decay of the dynam
structure factor as due to two contributions: a fast decay w
relaxation rateGF and mode amplitudeaF , as well as a
long-time decay with relaxation rateGL and mode amplitude
aL . As expected, we find that the mode amplitudes sum
unity. In addition, it follows thatGS5aFGF1aLGL , G2
5aFaL(GF2GL)2/GS , and G35GFGL /GS . It is also in-
structive to note that, for short times,

ln f ~Q,t !.GSS 2t1
1

2
G2t21••• D . ~17!
n-

-

s,

c
h

o

From Eq.~17!, it is apparent thatGS is the initial, short-time
decay rate, so that one may introduce a corresponding sh
time, wave-vector-dependent, collective diffusion coefficie
DS5GS /Q2. Moreover,G2 /GS is the normalized second cu
mulant of the decay rate distribution@61#. This indicates that
G2 is a measure of the width in the decay rate distributio

Equation~16! has a number of interesting limits. First,
G250, it follows that GL5GS , GF5G3 , aL51, and aF
50, i.e., one observes a single-exponential decay. This re
informs us thatGS is the relaxation rate of compositiona
fluctuations in the absence of coupling to stress. Second
GS1G21G3@GSG3 , one finds thatGF.GS1G21G3 , GL
.GSG3 /(GS1G21G3), aF.GS /(GS1G21G3), and aL
.(G21G3)/(GS1G21G3). Third, as noted in Ref.@46#, the
limit of G350 corresponds to an entirely elastic respon
i.e., a crystal, a glass, or a gel. In this case, it follo
that GF5GS1G2 , GL50, aF5GS /(GS1G2), and aL
5G2 /(GS1G2).

B. Intensity autocorrelations: Results

Representative intensity autocorrelations for delay tim
from 30 ms to 300 s, obtained for the samples withf
50.28 andf50.52, are shown atQR51.0, 3.5, and 6.0 in
Figs. 5 and 6, respectively. It is clear that the solid lines
Fig. 5, corresponding to single-exponential decays, desc
the data atf50.28 very well. More generally, for the
samples with volume fractions off50.027, 0.13, and 0.28
a single-exponential decay provides a good description of
intensity autocorrelations versus delay time, and hence of
intermediate scattering function, at all wave vectors stud

By contrast, atf50.52, a single-exponential form for th
intermediate scattering function does not provide a good
scription of the intensity autocorrelations, as can be see
Fig. 6. Nevertheless, we observe that, at both short and
times, lnf varies linearly with delay timet, in agreement
with Eq. ~15!. Accordingly, following Segre and Pusey, w

FIG. 5. Intensity autocorrelation functionsg2(QR,t) for PS
spheres in glycerol with a volume fraction off50.28, at a tem-
perature of25 °C, and for wave vectors given byQR51.5, 3.5,
and 6.0. Lines are the results of least-squares fits to a model fo
intermediate scattering function consisting of a single-exponen
decay.
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may introduce corresponding short-time and long-time dif
sion coefficientsDS and DL , respectively. We determine
DS and DL by linear least-squares fits over time ranges
short and long times, respectively, within which (lnf) versus
delay time t does not deviate significantly from a straig
line. In Fig. 6, the solid lines illustrate the correspondi
model autocorrelation functions over the time ranges
question, where they clearly describe the data well. The
tocorrelations for the samples with volume fractions off
50.34, 0.49, and 0.52 are not well described by a sing
exponential form forf (Q,t).

For each of the different samples, the open squares in
7 display as a function of wave vector our measurement
D0 /DS , which were obtained from the slope of lnf at small
times. The most striking feature of these and earlier res
@33,34,40,41# is that the inverse of the diffusion coefficien
displays a peak that mimics the peak in the static struc
factor, itself illustrated as the open circles in Fig. 7. Th
informs us that low-free-energy configurations, signaled b
peak in the static structure factor, are also long-lived, s
naled by the corresponding peak in the inverse of the di
sion coefficient. In the absence of hydrodynamic inter
tions, the wave-vector dependence of the inverse diffus
coefficient would result entirely from the static structure fa
tor @60#. Since it is clear from Fig. 7 thatD0 /DS andS(Q)
are not identical, significant hydrodynamic interactions
indicated. Moreover, sinceD0 /DS.S(Q), we may infer that
hydrodynamic interactions inhibit diffusion at all wave ve
tors.

Analytic calculations of the wave-vector dependence
D0 /DS for hard spheres, taking into account many-body h
drodynamic interactions, have been carried out by Beena
and Mazur@29#. Their predictions, shown as the solid line
are compared to the present measurements in Fig. 7, sho
quantitative agreement.

At long times, only the slow component of Eq.~15! sur-
vives, so that the intermediate scattering function decays

FIG. 6. Intensity autocorrelation functionsg2(QR,t) for PS
spheres in glycerol with a volume fraction off50.52, at a tem-
perature of25 °C, and for wave vectors given byQR51.5, 3.5,
and 6.0. Lines are the results of linear least-squares fits within
time ranges at short and long times for which the logarithm of
intermediate scattering function is accurately linear.
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ponentially at long times as well as at short times. As no
above, one of the principal results of Ref.@14# is thatDS /DL
is independent of wave vector. For example, forf50.465, a
ratio of DS /DL54.3 is reported. The scaling behavior foun
by Segre and Pusey requires the proportionality ofDS and
DL . Figure 8 shows the ratio of long-time to short-time d
fusion coefficients,DS /DL , for samples with particle vol-
ume fractions off50.28, 0.34, 0.49, and 0.52, plotted ve
susQR. For all samples with particle volume fractions larg
than 0.28, there is a significant wave-vector dependen

e
e

FIG. 7. The open squares display the fitted short-time inve
diffusion coefficient after normalization by the Einstein-Stokes d
fusion coefficientD0 /DS , plotted versusQR for several volume
fractionsf of PS spheres in glycerol. The solid lines represent
model discussed in the text. The open circles show the static s
ture factorS(QR,f).

FIG. 8. Ratio of short-time to long-time diffusion coefficient
DS /DL , plotted versusQR for several volume fractionsf of PS
spheres suspended in glycerol.
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Therefore, our results do not scale in the fashion discove
for sterically stabilized PMMA spheres in decalin/tetralin.

To further examine the extent to which the described s
ing behavior is violated for PS spheres in glycerol, we p
GS

21 ln f versus delay time and volume fraction in Fig. 9. F
f50.027 and 0.13, the data evidently collapse to a sin
straight line with a slope of21, as expected for the single
exponential form of the intermediate scattering function
these volume fractions. For the data obtained atf50.28,
there appears to be a slight deviation from linear beha
with a slope of21 at times beyond 5 s. For the samples w
volume fractions off50.34, 0.49, and 0.52, there is a cle
deviation from a slope of21. With increasing volume frac
tion, this deviation actually occurs at progressively ear
scaled timesDSQ2t. ~Data not shown.! At later times, at
each value ofQR, there is a crossover to a new linear b
havior. The long-time slopes differ from one value ofQR to
the next, corresponding to different values ofDL /DS at dif-
ferent values ofQR. It is apparent that the data do not redu
to a single curve, so that the proposed scaling behavio
violated.

For completeness, we collect in Fig. 10 the results
aF /aL , GF /GL , G2 , and G3 , deduced from least-square
fits to the measurements on our three most concentr

FIG. 9. Logarithm of the intermediate scattering function af
normalization by the short-time relaxation rateGS

21 ln f for PS
spheres in glycerol at the indicated volume fractionsf plotted ver-
sus delay time. The solid lines represent single-exponential fit
the long-time behavior.
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samples. Specifically, we show data for volume fractions
0.34, 0.49, and 0.52, plotted versusQR. Let us first consider
the ratio between the respective amplitudes of the two mo
contributing to the decay in Eq.~15!. The bottom row of
panels in Fig. 10 shows this ratioaF /aL . Across all three
volume fractions, we find a distinct drop at a value ofQR
close to that of the principal peak in the static structure f
tor. Accordingly, the locus of the minimum inaF /aL appar-
ently shifts toward slightly smaller values ofQR for smaller
volume fractions. The fact that we observe a minimum
aF /aL at those wave vectors signifies the dominance of
long-time decay for the long-lived, low-free-energy config
rations of the sample. In terms of the intuitive physical p
ture introduced earlier, one might reason that the slow c
figuration relaxation of a transient ‘‘cage’’ structur
dominates over faster relaxations due to viscous, locali
flow of particles partially confined by their neighbors.

The impact of such caging effects on the relaxation sp
trum of a sample would be expected to decrease for sma
particle volume fractions. For in less concentrated syste
the partial confinement of single particles imposed by th
neighbors should be less significant, and viscous flow p
cesses should gain more importance for the relaxation
equilibrium fluctuations. In fact, in the extreme limit of
dilute suspension, caging effects have no significance w
soever. We may qualitatively follow this behavior by consi
ering the ratioGF /GL between the two decay rates in E
~15!, as shown in Fig. 10. With decreasing volume fractio
the two decay rates become more commmensurate.
might be interpreted to imply that the distinction between
long-time decay corresponding to the relaxation of fluctu
tions in a transient cage structure on the one hand, and a
decay corresponding to processes of partially confined di
sion on the other hand, becomes less clearly defined. As
discussed earlier, for particle volume fractions smaller th
about 0.30, we observe a single-exponentional decay in

r

to

FIG. 10. Ratio of decay rates and mode amplitudes for
double-exponential model discussed in the text,GF /GL andaF /aL .
Also shown are the relaxation ratesG2 and G3 . All quantities are
plotted for the indicated volume fractionsf as a function ofQR.
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intermediate scattering function, and the above distinct
becomes meaningless. Interestingly, the data forGF /GL ex-
hibit a smooth decrease withQR for particle volume frac-
tions of 0.52 and 0.49. At a volume fraction of 0.34, b
contrast, the ratioGF /GL appears to reflect the local extre
mum in the static structure factor.

In the discussion of Eq.~16!, it was pointed out that the
limit of G350 describes the regime of an entirely elas
response. Considering the data onG3 presented in Fig. 10
we find that the measured values forG3 are largest at the
lowest volume fraction considered,f50.34, for all wave
vectors probed. We note that the limitG3→0 is most closely
resembled by the data from systems with larger particle v
ume fractions. This would agree with the expectation tha
solid-like, elastic response is most likely to be observed
dense colloidal suspensions, where partial, transient orde
can take place. Finally, in considering the behavior of
decay rateG2 shown in Fig. 10, we again observe a reflecti
of the broad first-order structure factor peak for a volu
fraction of f50.34, in contrast to the measurements for
other volume fractions. Overall, it seems as if the exten
which the decay rates are affected by the wave-vector de
dence of the liquid structure factor is least significant for
most concentrated sample, at a volume fraction off
50.52.

V. CONCLUSION

In conclusion, we have presented a detailed dynamic
static x-ray scattering study of diffusion and structure in
concentrated suspension of hard spheres, PS latex sphe
glycerol. We do not find a previously observed proportio
n
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ality between short- and long-time diffusion constants, n
scaling behavior. The discrepancies between the result
Ref. @14# and our measurements may be an indication t
the dynamical behavior in sterically stabilized systems is d
tinct from that of charge-stabilized systems, even though
ferences in the static structure are negligible. In this regar
may be pertinent to recall the observation@15# that the low-
shear-rate viscosities of ‘‘hard-sphere dispersions’’ appea
fall into two bands. The higher-viscosity band includes t
results of several measurements performed on PMM
PHSA dispersions; the lower-viscosity band includes m
surements on PS and silica suspensions in both aqueous
nonaqueous liquids.
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