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Absolute and convective instabilities of the natural convection in a vertical heated slot
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The spatiotemporal instability of a natural convection flow in vertical heated slot is studied theoretically. The
two unstable modes, secondary cell and traveling wave, are illustrated to be absolute and convective instabili-
ties, respectively. Using a model to simulate the temperature gradient in the center of the slot, we propose an
interpretation of the mechanism controlling the reverse transition of flow patterns, and explain the temperature
fluctuation observed after the reverse transition in terms of the traveling wave mode.

PACS number~s!: 47.54.1r, 47.20.Bp
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Natural convection in a closed cavity provides a rich s
tem for the study of pattern-forming instabilities and tran
tion phenomena from laminar flow to turbulence. One of
best-studied examples is the flow in vertical slot heated s
walls, the convection in a vertical fluid layer with a horizo
tal temperature gradient. When the slot is tall enough and
Prandtl number is small, the flow in the center portion of t
slot is almost parallel and the horizontal temperature grad
is nearly constant, so heat is transferred by conduction f
hot to cold wall. Batchelor@1# first analyzed the flow in a slo
with infinite aspect ratio and named it the conduction regim
The instability of the conduction regime was studied the
retically and experimentally@2,3# and a temporal mode wa
used in all instability analyses. The main interests of b
experiments and theoretical researches were centered o
critical values, and two neutral curves or two unstable mo
were found in the first stage of transition to turbulence: s
ondary cell and traveling wave. However, one of the simp
theoretical questions has not yet been addressed cle
whether the temporal mode is a proper choice in the in
bility analysis for both unstable modes.

Generally, a velocity profile is called absolute unstable
localized disturbances can spread both upstream and d
stream and contaminate the entire flow eventually; in c
trast, the profile will be called convective unstable if t
disturbances are swept away from the source. Therefor
we study the instability characteristics of an unstable m
not only in the neutral condition but also in the amplifyin
state, it becomes necessary to determine the properties o
unstable mode, absolute instability or convective instabil
then the temporal mode or spatial mode would be used in
corresponding analysis. In closed flows, such as Rayle
Bernard convection or Taylor-Couette flow, the critical Re
nolds numbers of convective and absolute instability co
cide because of the reflection symmetry@4#. For the above
reasons, it becomes attractive to study the instability cha
teristics of the unstable modes in the convection of vert
heated slot.

Recently, emphasis has been placed on the convec
flow in the vertical isothermal heated slot with a finite asp
ratio because of its geophysical and technological imp
PRE 621063-651X/2000/62~6!/7957~4!/$15.00
-
-
e
e-

e
e
nt
m

.
-

h
the
s
-
t
ly:

a-

f
n-
-

if
e

the
,
e

h-
-
-

c-
l

on
t
r-

tance @5–11#. Numerical researches have provided enou
results of such convection flow in laminar manner, especia
on the flow patterns of the secondary cells near the core
the slot. The flow remains to be unicellular when the Gras
number is smaller than a critical value. As the Grashof nu
ber increases larger than the value the convection flow
comes substantially unsteady and then the unicellular c
vection breaks down into a multicellular convection arrang
in a series of secondary cells. When the Grashof num
further increases, the number of cells decreases in the ce
region and the flow becomes unsteady again and returns
unicellular structure. This is called reverse transition, and
been observed in experimental researches@12,13#. In addi-
tion, when the aspect ratio is too small, only the unicellu
pattern can be observed, so in fact there is a critical as
ratio for a given Prandtl number. To summarize, though
have obtained comparatively abundant data about the
pattern during the reverse transition, the insight into the c
trolling mechanism is still quite rudimentary. The prese
paper represents an attempt to determine the absolute
convective properties of the unstable modes and interpre
phenomena during the reverse transition.

The convection flow considered here is located in a n
row vertical slot with two isothermal vertical walls at differ
ent temperatures1u and 2u. A Cartesian coordinate sys
tem is fixed at the midplane of the slot in such a way that
positive Z direction is vertical, opposite in direction to th
gravity g. The sidewalls are atx56h, where 2h is the width
of the slot. If the Boussinesq and parallel approximations
made, the governing equations can be resolved in term
the velocityU, temperatureT0, coordinate distanceX, and
time t, nondimensionalized bygguh2/n, u, h, andn/ghgu,
respectively. For the infinite aspect ratio case, the base
takes the form as below, which was first presented by Ba
elor:

U51/6~X32X!, T052X, ~1!

whereg and n is the volumetric coefficient of thermal ex
pansion and kinematic viscosity. The stream function a
temperature of disturbance components are taken to be in
form
7957 ©2000 The American Physical Society
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c~X,Z,t!5w~X!e2 ilt1 ikZ, ~2!

T~X,Z,t!5Q~X!e2 ilt1 ikZ. ~3!

Here l and k are both taken as complexes. The O
Sommerfield equation coupled with energy equation can
obtained according to stability theory:

DDw1 ikG~Hw1cDw!1Q850, ~4!

Pr21DQ1 ikG~T08w2UQ1cQ!50. ~5!

Boundary conditions

Q5w5w850, X561, ~6!

where D5]2/]X22k2, Hw5U9w2UDw, and Grashof
number G5gguh3/n2, c5l/k, Pr5n/a, the Rayleigh
number is defined as Ra516G Pr, a is the molecular therma
diffusivity. The six-order eigensystem defined by Eqs.~4!–
~6! is resolved by a fourth-order finite-difference scheme.
the present work, the criterion of decision is

uln112lnu,1028.

A step size ofDX50.04 was used and checked by reco
puting several points on the neutral curve withDX50.02,
the new value agreed with the old one to better than 0.1
As a result, the step size ofDX50.04 was used in all calcu
lations.

According to the stability theory, the distinction betwe
absolute and convective instabilities can be made by stu
ing the long-time (t) evolution of the response of the flow a
a fixed spatial location to an impulsive excitation applied
the origin. Based on the method of steepest descent, ft

FIG. 1. The l i surface according to thek plane for infinite
aspect ratio Pr512.5. ~a! The traveling wave mode forG52000.
~b! The secondary cell mode forG5494, which is larger slightly
than the critical value. Thel i surface is symmetrical aboutki50,
and at the saddle pointki50, kr51.38.
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→` and fixedX, the response is ultimately dominated by t
mode with zero group velocity@4#

dl

dk U
k5k0

50, ~7!

wherel and k are both complexes, the subscript 0 deno
the saddle point of the complex functionl(k). l05l(k0) is
commonly called the absolute frequency. According to
Briggs criterion: if the correspondingl0,i.0, the flow is
absolutely unstable; otherwise, it is convectively unstable

The saddle points in the complexk plane for Pr512.5 at
G52000 and 494 are shown in Fig. 1. Thel i at the saddle
points are20.0036 and 2.78531025, respectively. It is
shown clearly that the secondary cell mode is absolute in
bility even at the initial unstable stage. Therefore, the te
poral mode is suitable for its stability analysis (k is taken as
real!. Whereas the traveling wave mode is convective ins
bility even at large Grashof number, the spatial mode sho
be a more satisfactory choice than temporal mode. App
ently, unlike the Rayleigh-Benard convection, the absol
and convective instabilities of such closed flow have th
own critical Grashof numbers.

Eckert and Calson@2# studied experimentally the tem
perature distribution in air with an interferometer at differe
aspect ratioA ~height of the slotL/width 2h). They found
that when the Grashof number increased to a critical va
(Ga), a vertical temperature gradientb ~nondimensionalized
by u and h) developed in the core of the vertical slot, an
then maintained at a constant value after the Grashof num
exceeded another one (Gb). This phenomenon has been co
firmed by later research@14,15#. In Elder’s experiments@14#,
it was found that after a nearly logarithmic increase, t
value of bA in the core became independent of Grash
number and just a weak function of Prandtl number. In
studies,bA→0.5 for paraffin, 0.55 for silicone, and the re
sults of Eckert and Calson for air give 0.6. To our know
edge, most of the detailed numerical research was cent
on the slot of air with aspect ratio 20@6,11# and 16@9,10#. It
should be meaningful to study the influence of the tempe
ture gradient on the flow patterns during the reverse tra

FIG. 2. The largest amplifying ratel i of the secondary cell
mode as a function of the Grashof number for Pr50.71 in the core
of a vertical slot with different aspect ratios~solid lines! and with
infinite aspect ratio~thick dash line!. The vertical dash lines indi-
cate the positions of the unicellular flow pattern observed in
merical studies@10,11#.
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tion, so based on the experimental results@2#, a model was
built for air to simulate the temperature gradient at the c
of the slot:

bA55
0,G,Ga,

0.6@ ln~G!2 ln~Ga!#/@ ln~Gb!2 ln~Ga!#,

Ga,G,Gb ,

0.6,G.Gb ,

~8!

where ln(Ga)54.45610.376 ln(A) and ln(Gb)57.15
10.376 ln(A). When the Grashof number is larger thanGa
the base flow in the center of the vertical slot takes the
lowing forms which were first suggested by Elder@14#,
whereU andT0 are the real parts of

U52
i

M2 @ f 1~X!2 f 21~X!#,

~9!

T052
1

2
@ f 1~X!1 f 21~X!#,

where

f n~X!

5
sinh@~11ni !M ~11X!/2#2sinh@~11ni !M ~12X!/2#

sinh@~11ni !M #
,

FIG. 3. The wave number of the secondary cell mode with
largest amplifying rate as a function of the Grashof number for~a!
A520 and~b! A516, Pr50.71. The solid and the dash lines co
respond to the flow in the core of a slot with finite aspect ratio a
infinite aspect ratio respectively.h denotes the critical value ob
served experimentally by Vest and Arpaci@3#,d, s, x, v denote
the results of numerical simulations@6,9–11#, respectively.
e

l-

n561.

The temperature stratification parameterM5(bRa/4)1/4.
Since the secondary cell unstable mode is absolute inst
ity, temporal mode is used in the following correspondi
analysis.

As shown in Fig. 2, the largest amplifying rate of th
secondary cell unstable mode for the infinite aspect ratio c
has a monotone increase along with the Grashof numbe
the multicellular structure would always exist as long as
Grashof number is larger than the critical value. Whereas
the core of the slot with finite aspect ratio the largest am
fying rate reaches a maximum then decreases to be less
zero, this result predicts definitely that there is a reverse tr
sition of flow patterns from multicellular structure to a un
cellular one. The critical Grashof numbers corresponding
the end of the reverse transition agree well with numeri
results. It can also be concluded from Fig. 2 that the sma
the aspect ratioA is, the earlier the reverse transition happe
and the smaller the maximum is. When the aspect ratioA
510, unstable mode almost disappears. This value is sm
slightly than the critical aspect ratios obtained from nume
cal simulations 11–12@5#, 10–12.5@6#, and 11.5@11#.

The primary character of the reverse transition is the
crease of the wave number or the increase of the wavelen

e

d FIG. 4. ~a! The amplifying rate of the traveling wave mode as
function of the nondimensional frequency at different Grashof nu
bers;~b! characteristics of the traveling wave mode atG52500.d

and s indicate the positions of the traveling wave mode with t
largest amplifying rate and the temperature fluctuation found in
numerical simulations of Lee and Korpela, respectively. Both
merical and theoretical analyses aimed at a slot of water with
aspect ratioA525, Pr56.7.
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This trend coincides with the results of instability analy
~Fig. 3!. On the contrary, for the infinite aspect ratio case
wave number of the secondary cell increases slightly afte
initial decrease. Except for the numerical data from Vest a
Arpaci, others were calculated by measuring the wavelen
of cells near the core of the slot. It can also be found that
wave numbers show a comparatively larger variation in
range of the Grashof number 1000–2500 for bothA516 and
20. This is connected with the fact that in this range
secondary cell solutions are time-periodic asymptotic on
and depend heavily on the initial conditions~starting from a
motionless and isothermal state or gradually increas
decreasing the Grashof number! @6,10#. A better agreemen
can be expected if the model used to simulate the revolu
of the temperature gradientb is closer to the conditions in
the numerical studies. According to the above discussio
we can get a basically comprehensive understanding of
mechanism controlling the reverse transition.

Lee and Korpela@6# calculated the transient solution o
the secondary cell during the reverse transition of an isot
mal vertical heated slot of water with an aspect ratio of 25
G52500. According to their numerical results, the ce
moved upwards in the upper half of the slot and downwa
in the lower half, then a unicellular structure was left in t
core of the slot. Shortly after that the transient was over
a quasiperiodic solution for temperature field was left. C
responding solutions have also been found in slot of air@11#.
The linear analysis of Bergholz was tried to interpret t
phenomenon qualitatively@16#. But one must bear in mind
the fact that the base flow solution investigated by Bergh
is characterized by a linear increase of the wall temperat
so the boundary conditions are different from those of
merical researches. More importantly, in his theoreti
analysis the stratification parameterM was looked as con
stant when the critical parameters were resolved. This tr
ment means that the temperature gradientb would decrease
as the Grashof number increases. Apparently, this contra
the results of experiments.

According to the calculations of Lee and Korpela, t
nondimensional wave speed and frequencyl r of the tem-
r
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perature fluctuation in the center of the slot are 0.0176
0.02092, respectively, the corresponding nondimensio
maximum vertical velocity is 0.0184. Based on the ma
mum vertical velocity and the model presented above, it
be determined that the temperature gradientb is 0.473. As
with the infinite aspect ratio case, it is easy to ascertain
the traveling wave unstable mode in a slot with finite asp
ratio is also convective instability, so spatial mode is used
the following analysis (l is treated as real!.

It is shown clearly in Fig. 4 that atG52500 the nondi-
mensional frequency of the temperature fluctuation obser
in numerical simulations is very close to the value of trav
ing wave mode with the largest amplifying rate. Accordin
to the present model, the nondimensional wave speed o
traveling wave mode with the largest amplifying rate
0.0179, which agrees very well with the numerical simu
tion value 0.0176, so it can be concluded confidently that
temperature fluctuation found after the reverse transition
longs to the traveling wave mode.

More importantly, according to our instability analysi
there are a couple of traveling wave solutions at the cente
the slot, which have the same values of wavelength and w
speed but move oppositely in the vertical direction. Con
quently it is reasonable to consider that the cells’ up a
down movements observed in Lee and Korpela’s numer
simulations are connected with the traveling wave solutio
Usually, the convective instability mode is not considered
important as the absolute instability one in closed flow
However, as discussed above, in the natural convection
vertical isothermal heated slot, the absolute and convec
instabilities may exist simultaneously, and especially,
convective unstable mode can dominate the flow patte
after the absolute unstable mode-secondary cell disapp
These characteristics make such convection flow dist
from other closed flow systems.
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