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Absolute and convective instabilities of the natural convection in a vertical heated slot

Jianjun Tao
Levich Institute, City College, CUNY, New York, New York 10031

Fenggan Zhuang
The Research Institute of Fluid Mechanics, Beijing University of Aeronautics and Astronautics, Beijing 100083, People’s Republic of
China
(Received 29 February 200

The spatiotemporal instability of a natural convection flow in vertical heated slot is studied theoretically. The
two unstable modes, secondary cell and traveling wave, are illustrated to be absolute and convective instabili-
ties, respectively. Using a model to simulate the temperature gradient in the center of the slot, we propose an
interpretation of the mechanism controlling the reverse transition of flow patterns, and explain the temperature
fluctuation observed after the reverse transition in terms of the traveling wave mode.

PACS numbeps): 47.54+r, 47.20.Bp

Natural convection in a closed cavity provides a rich systance[5—11]. Numerical researches have provided enough
tem for the study of pattern-forming instabilities and transi-results of such convection flow in laminar manner, especially
tion phenomena from laminar flow to turbulence. One of theon the flow patterns of the secondary cells near the core of
best-studied examples is the flow in vertical slot heated sidethe slot. The flow remains to be unicellular when the Grashof
walls, the convection in a vertical fluid layer with a horizon- humber is smaller than a critical value. As the Grashof num-
tal temperature gradient. When the slot is tall enough and thBer increases larger than the value the convection flow be-
Prandtl number is small, the flow in the center portion of the0mes substantially unsteady and then the unicellular con-
slot is almost parallel and the horizontal temperature gradien{ection breaks down into a multicellular convection arranged

is nearly constant, so heat is transferred by conduction frorl? @ Series of secondary cells. When the Grashof number
hot to cold wall. Batchelof1] first analyzed the flow in a slot further increases, the number of cells decreases in the center

with infinite aspect ratio and named it the conduction regime®9ion and the flow becomes unsteady again and retumns to a
The instability of the conduction regime was studied theo-uUnicellular structure. Thl§ is called reverse transition, ar!d has
retically and experimentallj2,3] and a temporal mode was been observed in eXperlmental researdies13. In agd|-
used in all instability analyses. The main interests of botHion, when the aspect ratio is too small, only the unicellular
experiments and theoretical researches were centered on tRattern can be observed, so in fact there is a critical aspect
critical values, and two neutral curves or two unstable mode&ati0 for a given Prandtl number. To summarize, though we
were found in the first stage of transition to turbulence: sech@ve obtained comparatively abundant data about the flow
ondary cell and traveling wave. However, one of the simplesPattern during the reverse transition, the insight into the con-
theoretical questions has not yet been addressed clearl{folling mechanism is still quite rudimentary. The present
whether the temporal mode is a proper choice in the instaP@Per represents an attempt to determine the absolute and
bility analysis for both unstable modes. convective properties of the unstable.modes and interpret the

Generally, a velocity profile is called absolute unstable ifPh€nomena during the reverse transition. .
localized disturbances can spread both upstream and down- 1h€ convection flow considered here is located in a nar-
stream and contaminate the entire flow eventually; in confOW vertical slot with two isothermal ve_rt|cal waII_s at differ-
trast, the profile will be called convective unstable if the €Nt temperatures- 6 and — 6. A Cartesian coordinate sys-
disturbances are swept away from the source. Therefore, {M is fixed at the midplane of the slot in such a way that the
we study the instability characteristics of an unstable mod®0sitive Z direction is vertical, opposite in direction to the
not only in the neutral condition but also in the amplifying 9ravity g. The sidewalls are a¢= =h, where 2 is the width
state, it becomes necessary to determine the properties of tQé&the slot. If the Boussinesq and parallel approximations are
unstable mode, absolute instability or convective instability Made, the governing equations can be resolved in terms of
then the temporal mode or spatial mode would be used in thé1€ velocity U, temperaturel,, coordinate distanc, and
corresponding analysis. In closed flows, such as Rayleighime 7, nondimensionalized byy¢h?/v, 6, h, andv/ghye,
Bernard convection or Taylor-Couette flow, the critical Rey-espectively. For the infinite aspect ratio case, the base flow
nolds numbers of convective and absolute instability coiniakes the form as below, which was first presented by Batch-
cide because of the reflection symmef#). For the above elor:

reasons, it becomes attractive to study the ms;ablllty chayac— U=1/60X3-X), To=—X, (1)
teristics of the unstable modes in the convection of vertical
heated slot. wherey and v is the volumetric coefficient of thermal ex-

Recently, emphasis has been placed on the convectiquansion and kinematic viscosity. The stream function and
flow in the vertical isothermal heated slot with a finite aspecttemperature of disturbance components are taken to be in the
ratio because of its geophysical and technological imporform

1063-651X/2000/6@)/79574)/$15.00 PRE 62 7957 ©2000 The American Physical Society



7958

(o)

FIG. 1. The\; surface according to th& plane for infinite
aspect ratio Pr12.5. (a) The traveling wave mode fo®=2000.
(b) The secondary cell mode f& =494, which is larger slightly
than the critical value. Th&; surface is symmetrical abokt=0,
and at the saddle poilki=0, k,=1.38.

PX,Z,7)=p(X)e NI, )

)

Here N and k are both taken as complexes. The Orr-

T(X,Z,7)=0(X)e N tikz,
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FIG. 2. The largest amplifying rat®; of the secondary cell
mode as a function of the Grashof number for=Pt71 in the core
of a vertical slot with different aspect ratigsolid lineg and with
infinite aspect ratiqthick dash ling. The vertical dash lines indi-
cate the positions of the unicellular flow pattern observed in nu-
merical studie$10,11].

—oo and fixedX, the response is ultimately dominated by the
mode with zero group velocitj4]

)

where\ andk are both complexes, the subscript O denotes
the saddle point of the complex functiafk). Ag=\ (k) is
commonly called the absolute frequency. According to the
Briggs criterion: if the correspondingy;>0, the flow is
absolutely unstable; otherwise, it is convectively unstable.
The saddle points in the compléxplane for P=12.5 at

Sommerfield equation coupled with energy equation can b&=2000 and 494 are shown in Fig. 1. TReat the saddle

obtained according to stability theory:

AAp+ikG(He+cAp)+0'=0, (4
PrlA®+ikG(Tie—UO+cO®)=0. (5

Boundary conditions
O=p=¢'=0, X==*1, (6)

where A=3%/0X>—k?, He=U"¢—UA¢, and Grashof
number G=gy#h%/ 1?2, c=\/k, Pr=v/a, the Rayleigh
number is defined as Ral6G Pr, a is the molecular thermal
diffusivity. The six-order eigensystem defined by E@b—

(6) is resolved by a fourth-order finite-difference scheme. In

the present work, the criterion of decision is

|)\n+1_7\n|<10_8-

A step size ofAX=0.04 was used and checked by recom-

puting several points on the neutral curve witiX=0.02,

points are —0.0036 and 2.78810 °, respectively. It is
shown clearly that the secondary cell mode is absolute insta-
bility even at the initial unstable stage. Therefore, the tem-
poral mode is suitable for its stability analysis i taken as
rea). Whereas the traveling wave mode is convective insta-
bility even at large Grashof number, the spatial mode should
be a more satisfactory choice than temporal mode. Appar-
ently, unlike the Rayleigh-Benard convection, the absolute
and convective instabilities of such closed flow have their
own critical Grashof numbers.

Eckert and Calsorj2] studied experimentally the tem-
perature distribution in air with an interferometer at different
aspect ratioA (height of the slotL/width 2h). They found
that when the Grashof number increased to a critical value
(G,), a vertical temperature gradie@t(nondimensionalized
by 6 andh) developed in the core of the vertical slot, and
then maintained at a constant value after the Grashof number
exceeded another on&f). This phenomenon has been con-
firmed by later researdti4,15. In Elder’s experimentfl4],
it was found that after a nearly logarithmic increase, the

the new value agreed with the old one to better than 0.1 %value of BA in the core became independent of Grashof

As a result, the step size afX=0.04 was used in all calcu-
lations.
According to the stability theory, the distinction between

number and just a weak function of Prandtl number. In his
studies,BA— 0.5 for paraffin, 0.55 for silicone, and the re-
sults of Eckert and Calson for air give 0.6. To our knowl-

absolute and convective instabilities can be made by studyedge, most of the detailed numerical research was centered

ing the long-time §) evolution of the response of the flow at

on the slot of air with aspect ratio 26,11] and 16[9,10]. It

a fixed spatial location to an impulsive excitation applied atshould be meaningful to study the influence of the tempera-
the origin. Based on the method of steepest descentr for ture gradient on the flow patterns during the reverse transi-
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FIG. 3. The wave number of the secondary cell mode with the | Arl/ir

largest amplifying rate as a function of the Grashof numbei(dipr (b)

A=20 and(b) A=16, Pr=0.71. The solid and the dash lines cor-

respond to the flow in the core of a slot with finite aspect ratio and  FIG. 4. (8 The amplifying rate of the traveling wave mode as a

infinite aspect ratio respectivelf] denotes the critical value ob- function of the nondimensional frequency at different Grashof num-

served experimentally by Vest and Arp#8],®, O, >, <l denote  bers;(b) characteristics of the traveling wave modeGat 2500. @

the results of numerical simulatiofi§,9—-11, respectively. and O indicate the positions of the traveling wave mode with the
largest amplifying rate and the temperature fluctuation found in the

tion, so based on the experimental res{ffs a model was humerical simulations of Lee and Korpela, respectively. Both nu-
built for air to simulate the temperature gradient at the cordnerical and theoretical analyses aimed at a slot of water with an

of the slot: aspect raticA=25, Pr=6.7.
0G<G,, n==+1.

BA= 0-61n(G) ~In(Ga) V[In(Gp) ~In(Ga) ], ®) The temperature stratification paramekér= (SRa/4)"*.
Ga<G<Gp, Since the secondary cell unstable mode is absolute instabil-
0.6G>G,, ity, temporal mode is used in the following corresponding

analysis.
where  InG,)=4.456+0.376In@d) and InG,)=7.15 As shown in Fig. 2, the largest amplifying rate of the

+0.376In@). When the Grashof number is larger th@g secondary cell unstable mode for the infinite aspect ratio case
the base flow in the center of the vertical slot takes the folhas a monotone increase along with the Grashof number, so
lowing forms which were first suggested by Eldgi4], the multicellular structure would always exist as long as the
whereU and T, are the real parts of Grashof number is larger than the critical value. Whereas in
the core of the slot with finite aspect ratio the largest ampli-
fying rate reaches a maximum then decreases to be less than
U=- W[fl(x) —f1(X)], zero, this result predicts definitely that there is a reverse tran-
) sition of flow patterns from multicellular structure to a uni-
cellular one. The critical Grashof numbers corresponding to
1 the end of the reverse transition agree well with numerical
To=—5[f2(X)+T_2(X)], results. It can also be concluded from Fig. 2 that the smaller
the aspect ratié is, the earlier the reverse transition happens
where and the smaller the maximum is. When the aspect ratio
=10, unstable mode almost disappears. This value is smaller
f,(X) slightly than the critical aspect ratios obtained from numeri-
) ) _ ) cal simulations 11-195], 10-12.5[6], and 11.511].
sinf(1+ni)M(1+X)/2]=sinH (1+ni)M(1—X)/2] The primary character of the reverse transition is the de-
B sinf (1+ni)M] " crease of the wave number or the increase of the wavelength.
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This trend coincides with the results of instability analysisperature fluctuation in the center of the slot are 0.0176 and
(Fig. 3). On the contrary, for the infinite aspect ratio case thed.02092, respectively, the corresponding nondimensional
wave number of the secondary cell increases slightly after amaximum vertical velocity is 0.0184. Based on the maxi-
initial decrease. Except for the numerical data from Vest angnum vertical velocity and the model presented above, it can
Arpaci, others were calculated by measuring the wavelengthse determined that the temperature gradigris 0.473. As

of cells near the core of the slot. It can also be found that theyith the infinite aspect ratio case, it is easy to ascertain that

wave numbers show a comparatively larger variation in &ne traveling wave unstable mode in a slot with finite aspect
range of the Grashof number 10002500 for b&th16 and  (44i s also convective instability, so spatial mode is used in

20. This is connected with the fact that in this range theye following analysis X is treated as real

secondary cell solutions are time-periodic asymptotic ones, i is shown clearly in Fig. 4 that a6=2500 the nondi-

and depend heavily on the initial conditiofstarting from a  mensjonal frequency of the temperature fluctuation observed
motionless and isothermal state or gradually increasingf, nymerical simulations is very close to the value of travel-
decreasing the Grashof numbg6,10]. A better agreement j 4 \vave mode with the largest amplifying rate. According
can be expected if the model used to simulate the revolutiog, e present model, the nondimensional wave speed of the
of the temperature_gradlemi |s.closer to the COI’]dI.tIOHS N traveling wave mode with the largest amplifying rate is
the numerical studies. According to the above discussiongy 0179 “which agrees very well with the numerical simula-
we can get a basically comprehensive understanding of thg,, yajue 0.0176, so it can be concluded confidently that the

mechanism controlling the reverse transition. _ temperature fluctuation found after the reverse transition be-
Lee and Korpeld 6] calculated the transient solution of longs to the traveling wave mode.

the secondary cell during the reverse transition of an isother- y15re importantly, according to our instability analysis

mal vertical heated slot of water with an aspect ratio of 25 ajnere are a couple of traveling wave solutions at the center of
G=2500. According to their numerical results, the cellSihg gjot, which have the same values of wavelength and wave
moved upwards in the upper half of the slot and downwardgpeeqd but move oppositely in the vertical direction. Conse-
in the lower half, then a unicellular structure was left in thequently it is reasonable to consider that the cells’ up and
core of the slot. Shortly after that the transient was over angiown movements observed in Lee and Korpela’s numerical
a quasiperiodic solution for temperature field was left. Cor-gimy|ations are connected with the traveling wave solutions.
responding solutions have also been found in slot ofif.  ysyally, the convective instability mode is not considered so
The linear analysis of Bergholz was tried to interpret thisjnnortant as the absolute instability one in closed flows.
phenomenon qualitatively16]. But one must bear in mind oyever, as discussed above, in the natural convection of
the fact that the base flow solution investigated by Bergholz e tical isothermal heated slot, the absolute and convective
is characterized by a Im_ear increase of the wall temperaturgusiapilities may exist simultaneously, and especially, the
so the boundary conditions are different from those of Nu¢onyective unstable mode can dominate the flow patterns
merical researches. More importantly, in his theoreticaltier the absolute unstable mode-secondary cell disappears.

analysis the stratification parametér was looked as Con- Thege characteristics make such convection flow distinct
stant when the critical parameters were resolved. This treatom other closed flow systems.

ment means that the temperature gradi@ntould decrease

as the Grashof number increases. Apparently, this contradicts We wish to thank Dachun Yan and Aokui Xiong for their

the results of experiments. helpful and enlightening discussions. This work was sup-
According to the calculations of Lee and Korpela, theported by the National Fund of Natural Scien¢No.
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