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Influence of the number of layers on the equilibrium of a granular packing
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This paper reports an experimental study on avalanches in a granular material contained in a confined
geometry. The granular packing is made of monosize glass beads initially poured into a box that is slowly
inclined until an avalanche takes place at a critical arigje(maximum angle of stability The avalanche
involves a decrease of the surface slope until a second critical #ndkngle of reposeis reached. Both
angles and the mass displaced out of the box during the avalanche are studied as a function of the height of the
granular packing. In order to avoid cohesion effects, experiments are carried out in a humidity controlled
environment. For small packings, up to approximately ten layers, the stability of the system is significantly
affected by the rough surface at the bottom. In contrast, for thicker systems, critical angles do not depend on
the height.

PACS numbgs): 45.70.Ht, 45.70.Mg, 05.45.a

[. INTRODUCTION a neutral angled,,, defined as the angle at which erosion
balances accretion and is uniquely defin@éddoes not de-
Granular flows are very important in different industrial pend on the type of experiment performed; for example, if
processes, like handling, transport, storage, mixing, and thée avalanche takes place in an open cell, the angle of repose
packing of powders, pebbles, sand, gravel, flour, salt, grainés equal tod,, whereas in a closed cell the angle is not
and seeds in pharmaceutical, building, and food industried/,, but 6,=6,—d=6y—26). They also distinguish thin
for example. On another scale, some geological processé®ws from thick flows, where saturation effects are present,
also involve granular systems: avalanches, dune formatiorgnd analyze downhill and uphill waves due to the convection
earth-plate displacements, etc. velocity of the grains within the rolling phase. We observed
Surface flows on a sand heap have been the subject ofthose uphill and downhill waves in our experiments, but the
tremendous number of scientific works], particularly in  difference between thin and thick flows turned out to be
the last ten years following the paper by Bak, Tang, andnuch more dramatic than predictions.
Wiesenfeld(BTW) [2], which related the surface instability ~ Pouliquen and Renadl7] have recently studied the onset
of a sand heapi.e., avalanchesto self-organized-criticality ~0f a flow of two granular materials resting on a rough bed.
(SOQ. These works have shown that a sand heap is not &he critical angle at which the particles start to flow is found
good experimental system to test the pertinence of SOC, e0 increase when the initial depth of the pile decreases, show-
sentially because the equilibrium of the heap does not deng that the cohesion of the material is greater near the bed
pend on only one “critical” angle, as in the cellular automa- than in the bulk. This result is partially confirmed by these
ton described by BTW, but on two angléat least: (i) the  experiments because the thickness of the systems used in the
maximum angle of stability,,, which is here defined as the €xperiments herein reported covers a larger range.
angle at which, on the average, the avalanche starts(@and, Some authors have tried to lirk, to a stability criterion
the angle of reposé,, which is the angle at which, on the starting from one ball in equilibrium on a triangle of three
average, it stops. Fauve and co-work8} performing ex-  balls [8]. We shall see that these predictions are not con-
periments in a rotating drum, found different avalanche refirmed by our experiments.
gimes depending on the rotation speed of the drum: a chaotic This work analyzes the dependence of the stability of a
regime at small velocities and a periodic regime at largegranular packing on its sizewumber of layers We are es-
ones. They proposed a simple model for avalanches based &gntially concerned with the dependencedgf, 6, , and the
an analogy with the stick-slip motion observed in the case ofiverage avalanche maston the thickness of the granular
solid friction. This model fits their experimental results very system.
well. More recently, Bouchauelt al. ([4,5]) have proposed a
new theoretical model for continued surface fl@ather than
avalanche-type floyvbased on a set of coupled equations
relating the moving grain densifg(x,t) and the local height Experiments are carried out in a box 32-cm long and
h(x,t) (wherex is the spatial coordinate artdis time). A 26-cm wide. The box is made of transparent glass that allows
dispersion constar is introduced to take into account ve- the observer to visualize the heap inside.
locity fluctuations. De Gennes and collaboratfé$ have To obtain a disordered packing, the box is filled up with
proposed a modified version of this model, without the dif-glass bead€2.2+0.2mm in diameter which are poured
fusion term(assumed as negligibleThese authors introduce over a rough bottom surface. This bottom bed is made by

Il. EXPERIMENTAL SYSTEM
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air, which is filtered to avoid any contamination. The air
comes from a closed container with distilled water that is
plugged into a thermal bath at a temperattlirbelow room
FIG. 1. Experimental setup. temperatureT,. In this container, water is in equilibrium
with its vapor and, when the air at temperattlireeaches the
gluing the same glass beads that fill both systems over a flgjgx at a higher temperatuf®, , it lowers its humidity. Hu-

piece of glass. _ _ midity is measured inside the box by means of a thermohy-
Taking into account bead density, the diameter, and thgrometer.

bottom area of the SyStem, the amount of mass needed to For a System with a given number of |aye‘sten experi_
form one granular layer with a two-dimension@D) pack-  ments are performed at a fixed humidity value. The number
ing fraction of 0.7 is determined, a procedure widely used inpf layers varies between 1 and 34.

previous workg[9,10]). The addition of this quantity230 g The box is secured on a heavy plane apt to be inclined at
of granular material to the system is counted as adding ongifferent angles and initially tilted at an angle with respect to
layer onto it. This ensures a regular increase in the height ahe horizontal that is increased at a rate of 5° per minute,
the system. Experimentally, it was found that the packingfrom 0° to 20°, quite far from the value at which avalanches

heighth is a function of the number of layefs: start. When the critical anglé,, is approachedafter 209,
the angle variation rate is slowed down to 1° per minute until
h~ ﬁdN B a large avalanche is detected.
2 ’ The avalanche magd is measured using an electronic

scale connected to a PC computer. The maximum angle of
whered is the bead diameter, and the approximation holdstability, 6y, is measured with a goniometer fixed to the
for N>1. The factor of proportionality in Eq1) is close to  plane[Fig. 2@]. To calculate the angle of repose we mea-
the value found for a high closed packitigCP). sure the angleS [Fig. 2(b)] between the plane and the final

One of the most important experimental problems lies infree surface®, = 6y — 6.

adjusting the height of the blocking bar at the outlet of the When the number of layers of the system is large enough,
box (see Fig. L If the bar is a few centimeters higher than the angles can be determined in two way§) by decreasing
the granular medium, it stops the avalanche, the mass dhe angle of the plane till the final free surface of the pile is
which cannot then be measured. This may modify both théorizontal and then measuring it directly with a goniometer;
angle of repos®, and the regime of avalanchgkl). If the (i) by using the avalanche mass and the final geometry
blocking bar is removed, the slope of the system at this leveichieved by the systefirig. 2(b)]: tan()=M.
corresponds to the angle of repose, and the avalanche always For systems with a fewer number of layers, the final free
starts at this place. Thus the decision was made to place ®drface of the packing is not always flat. The way in which
wall, the upper side of which was leveled with the center ofwe determines in this case will be explained in Sec. IV A.
the balls, in the upper layer of the system. With such arfinally, mean valuegdy), (6,), (6), and(M) are computed
arrangement, the wall cannot stop an avalanche, but it stabpver the ten measurements with fixid
lizes the packing and decreases the probability that an ava-

!anche may s_tart at a small distance frorhlig]. The block- IIl. EXPERIMENTAL OBSERVATIONS
ing bar may influence and modify—weakly—the results of
the experiments. Before a large avalanche is produced, small and large

From experimental observations, it is clear that the relasurface rearrangements are observed. These rearrangements
tive humidity of the room air in which the experiment is take place at random locations on the free surface of the
performed has a great influence. For a relative humiditypacking and may involve from less than 1% of the surface
larger than 60%, capillary forces give cohesion to the me{small rearrangementsto almost the whole free surface
dium, and for a relative humidity smaller than 45%, electro-(large rearrangementsA detailed study is being carried out
static forces are at least of the order of the weight of theon the latter, and results will soon be reported. Preliminary
grains[1]. The most significant experiments were carried outresults widely found in the literature show that small rear-
under a controlled humidity of 50% and will be compared torangements occur before the angle of repose, and that size
the ones performed at higher room humidity. distribution follows an exponential law with an exponent

To keep humidity at a constant value of 50%, the box thaaround—1.5 ([13,14]). Large rearrangements occur between
contains the granular material is connected to a slow flow ofthe angle of repos#®, and the maximum angle of stability
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Oy, and they may be detected at a regular stepthat =
seems to depend on the number of layers of the packing. &
Their size distribution follows an exponential behavior de-
pending oné.

As for large avalanches, they may also start at any place
on the free surface, but very quickly their size increases and
becomes of the order of the size of the system. This behavior g, 3. Lateral view of the final free surface in a 34-layer sys-

is comparable to the one reported by Bretzl. [15]. De-  tem after the avalanche stopped. The inclinable plane is horizontal

pending on the thickness of the packing, two kinds of pro-and the avalanche took place to the left side of the box.
cesses may be observed.

(v) Finally, the metastable zone, between the angle of
A. Avalanches in thin granular packings reposed, and the maximum angle of stabili, , reported
in several workg[4,5]), was not found in the system herein
reported. In order to study the stability of the packing in this
directly with the fixed rough bed. zone, a set of experimen.ts was performed: the plane Waos
raised at a constant velocity and smoothly stopped every 5

(iii ) All layers are involved in the process. fore th le of ps hed. and 10
(iv) Once the avalanche stops, the retained grains form Ee ore thé angle of reposé,, was reached, and every

wedge close to the blocking bar, and sometimes a small po seyond. Each time, the system was exposed to both weak

tion gets randomly trapped in the rough bottom. In thoseand strong perturbations: blocks of two different weights

cases,d is not well defined and it cannot be directly mea- "Ere thrown from a constant height on the table that held the

sured with the goniometer. However, an effective angj granular packing. Three different behaviors were found:
can be estimated using the avalanch’e nisss. IV A (a) For < 6,, small rearrangements were observed fol-
' ' lowing the external perturbation.

(b) For 6,<6#<24.5°, the system still remained very
stable with respect to external perturbations, which triggered

(i) Avalanches also start anywhere on the free surface. Alarge surface rearrangements that did not evolve into an ava-
the onset of the avalanche, a few grains start to roll downlanche.
but very quickly the movement is amplified because rolling (c) For 24.5<<6<#6), large surface rearrangements
grains destabilize some other grains. Depending on the starbriginated by an external perturbation led to an avalanche.
ing location of the avalanche, two kinds of amplification pro-
cesses are observed: IV. EXPERIMENTAL RESULTS

(a) The avalanche starts near the top of the free surface. ] . .
Grains start to roll downhill from this location, and a desta-  In this section, experimental results are reported. In Sec.
bilizing wave propagates downward until it reaches the bot!V A, the behavior ofy, and 6 for a fixed number of layers
tom. is studied. Later on, the variation of mean val{is, (6y),

(b) The avalanche starts somewhere in the middle or ir@nd (6 with the number of layer&\ is discussed. In Sec.
the lowest part of the box. Grains also start to roll down andV C, the influence of humidity is analyzed.
flow out of the box but, in addition, an uphill wave may be
observed, involving new grains that start to roll. A. Determination of ,, and &in a system

(i) Not all layers are involved in the process. In fact, the with a fixed number of layers
most remarkable experimental observation is that only grains ) ) )
belonging to a fixed number of superficial layers are set intg AS Stated above for a packing with a certain number of
motion. That is, independently of the height of the packing, 42Y€rsN, several experiments were performed under identical
constant number of superficial layers contribute to the avaconditions. In each experiment, the maximum angle of sta-
lanche process. This critical number of layers is herein calle@!ly O, the mass of the avalancihé and the angles or
N, . Oeff WEre measured. In order to make a good determlnatlgn of

(iii) In particular, it is very interesting to remark the way these typical values, ten experiments performed under iden-
in which theseN., layers are set into motion. As stated above, ic@l conditions turned out to be enough. Very interesting
the process begins at the free surface. Almost immediately€Sults were obtained from the analysis of these ten measure-
the second layer begins to move, then the third one, and dJyents. The results obtained for _thlck and thl_q packings are
on, up to approximately the fifth one. At this point, the first described und_er separate_ headings. The critical number of
layer has already flown out of the box. Propagation proceed@Yers separating both regimesNg~ 13.
inside the bulk while superficial layers are removed from the
system. In this way, one can always observe a creeping band
of approximately five layers in motion. When the perturba- Figure 4 shows the ten measurements obtained in a 20-
tion reaches layeN., the avalanche stops. layer system. The maximum angle of stability, and 6 are

(iv) Once the avalanche stops, the final free surface of thplotted as a function of the avalanche mass.
system becomes flat and extends over the full length and Avalanches do not start exactly at the same a#dgle the
width of the box leaving an empty volume that is almost avalues fluctuate within a certain range, typically 3°, with
perfect wedge of anglé. Figure 3 shows a lateral view of corresponding fluctuations of the avalanche mass. Similar
the free surface after the avalanche stopped. results were obtained by Pouliquen and Eves{uelf)),

(i) The avalanche starts anywhere on the free surface.
(i) A bouncing flow takes place where grains interact

B. Avalanches in thick granular packings

1. Thick packings(N>N_)
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FIG. 5. 6y, (open squargsand é (filled circles as a function of
the avalanche madd obtained in a six-layer packing and fitting
curve (filled line).

FIG. 4. 6y, (open squaresand & (filled circles as a function of
the avalanche madgl obtained in a 20-layer packing and fitting
curve (filled lines).

who ascribe the dispersion to the initial random packing. The SV~ s _\/§dm N? 3
same fluctuation is found fa¥values. However, within these tan der) ~ Jeft= 4L (mMN—-M)’ )
fluctuations a strong correlation is found between the mass of

a given avalanche and the corresponding valug&,oand 6. In Fig. 5, 5 values computed from Eq3) are plotted,

ected becauss both variables are representative of the sijifl N=6 and measured mass values. A may be seen, both
gf the avalanchFig. 2(b) and Eq.(1)]: P EGrves display the same trend, the difference between them
9- a-(Hk being a constant value which, as shown in Fig. 64,is
V3d In short, for a packing with a given number of layéts
tan 8)=~ 6= L M, (2 an avalanche is observed for different valueggfwithin a
m certain range. This range spreads over approximately 3°.
_ ; ; _ However, despite this dispersion, the larger the arigjeat
where d=(2.2+0.2) mm is the bead diametem= (230 ; .
( ) m=( which the avalanche starts, the larger the mdsdisplaced

+1) g is the mass of one layer, ahd=(320+2) mm is the t of the b that the final f : | h
box length. These values lead to a factor of proportionalityinOu of the box, So that the ninal frée surtace always reaches

Eq. (2) of (52x10 3+6x10 %) kg™%, while the slope of the same angl®, . Section IV B reports on the variation of
thé linear regressio; shown in F'ig. 4 is 5530 3+8 M, 6y, 0,, and 5 mean values with the number of layers of

x 10 3kg L. A similar agreement is obtained for all the sys- the packing.
tems under study having>N,.

As may be seen in Fig. 4, also displays a linear be- B. Influence of the number of layers
havior with respect to the avalanche mass, and both straight
lines have roughly the same slope. Considernhg= 6, + &
and Eq.(2), this result shows that once the avalanche starts at Figure 7 displays variations of the mean avalanche mass
some angle,, , the process evolves, displacing a quantity (M) with the number of layers of the packing. The plot cor-
out of the packing of mass such that the free surface alwayborates the existence of a critical number of laydyghat
reaches the same angle, whatever the values ofy, and  separate two different behaviors of the avalanche mass.

M. The same behavior is obtained for the valuesNof N, (i) Up to N=N ~13, the mean mass of the avalanche
considered in this work. In other wordg, appears to be an increases with the number of layers of the system.

intrinsic parameter of the granular medium, as generally ex-
&
~Q

1. Avalanche mass

pected in the literaturgl8].

2. Thin packings(N<N,)

Systems with less thaN. layers are analyzed in this sec-
tion. Figure 5 shows the variation @f, with M for a series
of ten measurements performed on a six-layer packing.
Again, 8y, fluctuates within a range of 3°, but in this case the
dependence oM is not linear.

It should be remembered that flk<<N., & is sometimes
not defined, and it cannot be directly measured with a goni-
ometer. However, an effective angb; can be computed if SRS
one supposes that the retained mass always accumulates
close to the blocking bar, forming a wedge of anglg as
shown in Fig. 6. Then the following geometrical relation
betweensg; and the avalanche mabs holds: FIG. 6. Scheme of the final packing configuration fFo< N, .




742 AGUIRRE, NERONE, CALVO, IPPOLITO, AND BIDEAU PRE 62

does not vary withN. It reaches instead a constant value
(6)=25.9°+0.2°.
O 2 4 6 8 10 12 14 16 15 20 22 24 26 28 30 32 34 3 One curious feature is the fact that the individual static
N angled,, defined as the average angle at which a ball located
: on the rough surface loses its equilibrium, is significantly
FIG. 7. Mean avalanche mass as a function of the number Oifarger thandy . 6. is easily measured by placing a row of
layers of the system. beads on the fixed rough bed and increasing the angle of the
plane until they get destabilized. Under the conditions of the
current experiment, it was found thé#s)=35°*+7°. This
result shows that this stability criteria cannot be used to cal-

200 ¢+

2000 the system gets larger and denser, the significance and influ-

1800 i ence of this dilatancy effect decreadés “shielded”) and

1600 4+ E § {: % * the following regime holds.

1400 4 i % (i) Between roughly four and six layers, the slope of the
1200 1 E curve changes. This change may be due to an increase in the
X 1000 + o ! granular system packing fraction, which leads to an increase
2 w0l @ : in the dilatancy required to destabilize the systgf6,17).

600 4 o INe Thicker systems are more packed and therefore more stable.

wod s E (i) If the number of layers becomes larger than( @)

0 3 N N } N N " N N N 1 n 1 N 1 1 N
T 4 Y T t T T T y y T

(ii) For N>N,, the mass of the avalanche is almost con-
stant(M)=(1524+70) g and the final free surface of the

system is flatthe wedge is reachgdlt should be recalled culate 6, as was suggested by Albef8]. Moreover, it

:Eat n ﬂl"s rﬁg'm_l?ﬁ Oril")Nc sugerﬁmlal ||a¥eés are |_r(;vollvedtr|]n i clearly shows that the surface equilibriu@nd the loss of
€ avaianche. ThelY; can be caiculated considering tha ?_quilibrium) of a heap is a collective effect.

the avalanche mass is the one contained in half the paralle
epiped formed by thesi.. layers: 3. Angle of repose

(M)=3mN;. (4) For both regimes the angle of repose was defined,as
=@y — 0. It should be remembered that fof<<N. some-
Using experimental values fdM) and m=230g, the fol- timesé was not defined and in such cas®g was used, the
lowing value is obtainedN.=13*+ 1, which agrees with vi- angle that the free surface would form assuming the mass

sual observation. retained in the box filled a wedge close to the blocking bar.
Under this assumption, boi¥y) and(#6,) were plotted in
2. Maximum angle of stability Fig. 8.

Figure 8 displays values of the mean maximum angle of It can be seen thd®,) decreases withl up toN=10. For
stability, (6y), and the angle of reposé,), for different N>1°0, it remains almost constant and roughly equal to
number of layers. Fof,,), three regimes are observed de- 21-1°+0.4°. This result may be compared to the one ob-
pending on the number of layers of the granular packing: t@ined by Pouliquen and Renaliff in a quite different situ-

(i) For packings with less than four layers, when the num-2tion: a constant flow of material is poured over a rough
ber of layers increaseffrom one to fou the system be- Plane while it is tilted down until the flow stops. They also
comes more unstable, entailing a decreas@ip). This fact found that the angle_ of repose decreases with increasing
is related to the dilatancy of the packing: for systems withdranular layers untiN is approximately equal to 10.
few layers the rigidity of the fixed rough bed imposes a_ It is interesting to compare both curvedy and 6.
greater level of dilatancy, leading to a more stable system/Vhereas, for packings with few layersy decreases and
As the number of layers is larger, this constraint gets weakel€N increases due to the influence of the rough bed and the

allowing an easier displacement of grains. Nevertheless, d%cking fraction, 6, decreases monotonically. Therefore
once the system is set into motion, it evolves toward an angle

27 that is only affected by the fixed rough bed. As the number

2 | i i P of layers increases, the influence of the rough bed diminishes
g i ;i i I and becomes negligible for systems with more than ten lay-
3251 1 ers.
/\_ 24 4
v 4.(6) angle

23 +
E L Figure 9 shows the variation §6) ({ S¢¢)) With the num-

ber of layers. It can be seen that i 10, ( o) iNncreases

A2l T { } { with N, while for N> 10, {(5) reaches a constant value.
& I
V201

19 : : : , : : : : C. Influence of humidity

0 4 8 12 16N 20 24 28 32 36 Finally, and in order to evidence the importance of per-

forming these experiments in a humidity controlled atmo-

FIG. 8. Mean maximum angle of stabiliffiled squaresand  sphere, the same experiments were performed using an open
mean angle of repos@pen circley as a function of the number of box under air humidity ranging from 67% to 74%. In Fig. 10,
layers of the granular system. the mean maximum angles of stability for controlled and
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FIG. 9. Avalanche sizé) as a function of the number of layers. FIG. 10. Mean maximum angle of stability as a function of the

number of layers for systems with different degrees of humidity,
variable humidity experiments are shown. Experiments peraround 70%filled squaresand 50%(open circles
formed at two different approximate humidities show the . . . .
same qualitative behavior. Nevertheless, an important differ? SyStem with constant height, a strong correlation with the
ence in the stability of the packing is shown. The humidavalanche mass is found fdy, and 4.

system displays larger variations and remarkably larger As observed by Pouliquen and Renddl} the roughness

) of the bottom strongly influences the critical angles. In fact,
angles due to the more cohesive nature of the system. Oré%(periments are in progress to study this effect.

curious result is that for systems with more than ten layers, (6y) values depend on humidity, but the same qualitative
the angles turned out to be the samed)705,=4.7°0.8°  1oq 1t due to dilatancy effects, were observed for all the
and (J)soy,=4.7°+0.5°. It is not the aim of this work to packings under study, independent of humidity. Al¢6)
study the influence of humidity on critical angles. However, seems to be independent of humidity.
in this particular case, the cohesive effect due to humidity ~ one of the most relevant results is that the parameters apt
affects bothdy, and 6, in such a way thabis the same. In 4 characterize the system in terms of avalanchegatec.
qrder to obtain a conclusive result a larger range of humldlwA) and the geometrical parameters. This angle of repose
ties should be explored. appears to be essential to characterizing surface flow proper-
ties of a granular medium.
V. CONCLUSIONS Experiments are in progress to study the influence of the

Our experiments have clearly shown that surface flow amljength .Of the granular packing. Preliminary results show that
avalanches depend strongly on the height of the packing: the critical number of layerl. depends on its Iength.'On the

(i) There is a given heightor a given number of layers contrary, the angle of repogg does not depend on it.

N.) above which avalanche characteristics are independent
of the packing height.

(i) Avalanche dynamics develops according to two dif- The authors are grateful for the most valuable collabora-
ferent regimes corresponding to thin and thick grain packtion of J. P. Hulin. This work was supported by Ecos-Sud
ings. The thin packing regime shows an avalanche process97-E03, PICS CNRS-CONICET 561, and TI-07 SECyT
that behaves like a bouncing flow, while the other regime i9JUBA. One of the authoréD. B.) also received financial sup-
that of creeping flow. A transition zone is also observed. Foport from FIUBA.
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