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Avalanches in fine, cohesive powders
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We have investigated the onset of avalanches in fine, cohesive granular materials. In our experiments shear
stress is generated by tilting an initialized bed of powder and increasing the angle of tilt until the powder
avalanches. We find that the angleof the avalanche decreases with increasing bed width. The avalanche
depth increases with the bed width and, in all cases, is of the order of several millimeters, which is much
greater than the particle size. We carry out a macroscopic analysis of the avalanche process based on Cou-
lomb’s method of wedges. This analysis shows the fundamental role played by powder cohesion and boundary
conditions on avalanches in fine cohesive powders. This behavior contrasts with the behavior of noncohesive
grains, such as dry sand, where avalanches consist of superficial layers of about ten grains. The reason behind
this is that for our experimental powdgpsrticle diameter-10 wm) the van der Waals interparticle adhesive
force exceeds several orders of magnitude particle weight. Adhesive forces oppose gravity, and as a result fine
cohesive powders settle in very open structures as compared to noncohesive granular materials. Because of the
dominance of adhesive forces over particle weight, our materials behave more like wet sand.

PACS numbeps): 45.70.Ht, 83.70.Fn, 45.70.Mg, 81.05.Rm

[. INTRODUCTION rials are made of dry fine particles of diameter of the order of
0 um. Dispersion or van der Waals forces, electrostatic
been investigatefil—3]. A common characteristic of these orces, and capillary forces are rgggrded as the main forces in
studies is that granular motion occurs in a relatively thinpart_'cIe adheS|on..We have minimized ca_plllary and eIec_tro—
boundary layeraround ten grainsat the surfacd4], inde- static fo_rces, working with uncharged particles in an ambient
pendently of the size of the sample. The reason for this be?f dry nitrogen gas. Consequently, van der Waals forces are
havior is the lack of cohesion between grains. This allowsdominant between our dry fine particles. These forces arise
one to ana|yze the Stabmty of S|0pes' based on frictionaRS @& result of the interaction of molecules through ﬂUCtuatlng
forces between individual grains. Several studies are dedfipole-dipole fields. Summing up all the interactions be-
cated to understanding the effect of cohesion induced bjween two spherical and rigid particles with diametéysind
moisture in the angle of repose of the matefia-7]. In  dy leads to an attractive ford@]
these studies the particle size is larger than 1 mm, and the
cohesive force between grains is lower than or at most com-
parable to the weight of the particles. The importance of = :i
weight still allows one to analyze the stability of slopes by vdw 1223
means of the stability of two particles connected by a liquid
bridge independently of boundary conditiof®&. However,
when cohesive forces are much greater than the weight it izhereA is the Hamaker constant, azg is the distance of
no longer possible to describe the avalanches by analyzingosest approach between two molecules which is between
the behavior of individual grains. A familiar example of 3.0 A [10] and 4.0 A[11]. Most powder particles have a
moisture induced cohesion is wet sand. Typical diameters ofather rough surface, with many asperities of the radii of
sand particles range from 100 to 5@@n, and particle vol- curvature often not larger than Oudm. Thus the effective
ume can be reduced by three orders of magnitude with resontact area is given by the asperities at contact, and to cal-
spect to a particle volume of 1-mm-sized particles. Interpar<ulate the interparticle adhesion the diameter of the asperities
ticle capillary forces in wet sand can exceed the particled, should be inserted into Eql). For xerographic toners
weight in 2—3 orders of magnitud8]. As a consequence, typical values aréA~0.5x 10 *° J andd,~0.2 um, result-
cohesive effects are dominant in the bulk behavior. Wet santhg in a value for the interparticle cohesive forée gy
has internal slip surfaces, with macroscopic blocks of wet~10"° N. For a typical density valup,~ 1000 kg/ni, the
sand detaching from the bulk, and the sample size deteran der Waals force overcomes the particle weight for par-
mines the slope stabilityall of us know by experience that ticle diametersd, of less than about 10@m. For xero-
the higher the sand castle the greater the chances of failuregraphic tonersq,=10 um) the van der Waals force can be
Our mate- up to four orders of magnitude higher than the particle
weight[12—14]. Therefore, for these fine powders we expect
a behavior more similar to wet sand than to dry sand, and we
*Corresponding author. Email address: castella@cica.es must consider boundary conditions and macroscopic stresses
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T pum-volume average diamejerThe density of the Canon
CLC500 toner particles, determined by using an Accu-Pyc
1330 Pycnometer, ip,=1199 kg/mi, and they are rather
monodisperse. Measurements have also been made on three
model xerographic toners, designated RT5115, RT5116, and
RT5117. These toners are identical in particle $iZ&7-um
diametey, particle density g,= 1065 kg/mi), particle resin

o, type (styrene-butadieng and pigment concentration, but
¢ with concentrations of 0.1%, 0.2%, and 0.4% by weight of
FIG. 1. Typical yield locus for a cohesive powder. surface additive, respectively. This additi(l@erosil R812,

consists of agglomerates of nanoparticles of fumed silica.
on their yield. For this reason we choose a continuum apEFrom scanning electron microscopy pictures of the toner, we
proach to analyze the problem. have observed that the individual additive particle has a di-

In the continuum approach the onset of flow is characterameter of 7. nm, and that the additive particles are distributed
ized by an empirical limiting stress function, the yield locus, in agglomerates with estimated diameters from 40 to 60 nm.
such that stresses lower than this limit cause negligible delhe effect of Aerosil on the powder tensile strength and
formation, whereas at this limit there will be a combination packing fraction was described in our previous padet].
of shear and compression stresses that will trigger the ava-he addition of these nanoparticles results in a reduction in
lanche. At high stresses the yield locus can be approximateile powder tensile strength, because the additives are made
by a linear function known as Coulomb’s Ig@5] shown in  Of @ hard material, and therefore they increase the hardness
Fig. 1, of the contacts; they also reduce the powder tensile strength

by reducing the size of the contacts. A higher additive level

r=otang+c, 2) increases the ability of the particles to rearrange themselves

in more packed structures because of the reduction in powder
wherer ando are the tangential and normal stresses over th€ohesivity. In this paper we investigate the effect of surface
slip plane(i.e., the plane over which the yield condition is additive on the angle of avalanche of these fine cohesive
satisfied, and ¢ and ¢ are the cohesion and the angle of powders. The free volume of xerographic toners was mea-
internal friction. For many coarse materialds negligible. ~ sured elsewhergl2—14, and ranges from 0.6 to 0.8 depend-
Fine powders, however, are generally cohesive. The linedng on the consolidation stress and powder cohesivity. Par-
form of Coulomb’s law is applicable to granular materials atticles pack more closely as cohesion decreases and
relatively high stresses, but in many situations one is dealingonsolidation stress increases. It must be noted that these
with powders at low stresses. The yield locus of cohesivéowders form very open structures as compared to noncohe-
powders shows a marked curvature at negative values of Sive granular materials, for which the free volume is of the
[16], as depicted in Fig. 1. The point of the yield locus on theorder of 0.4[21]. In the case of noncohesive materials the
negatives axis is called the tensile strength, which is the ~ absence of cohesivity allows the particles to roll or slide
maximum tensile stress that the powder can withstand. Theasily over one another. However, interparticle adhesive
tensile strength of the powder is caused by interparticle coforces in fine cohesive powders oppose gravity and particle
hesive forces. Experimental measuremémf indicate that ~ restructuring, leading to large values of the free volume. In
the tensile strengtlo, and the cohesior are of the same the strong cohesive limit particles build up columnar struc-
order of magnitude. It is also known from experimentstures containing a large number of voids, giving a free vol-
[12,18 that the tensile strength increases with the stress urdme close to the random ballistic deposition limit (
der which the material was previously consolidategd: The ~ =0.87)[21].
angle of internal friction) has been related to the frictional ~ To make clear the fundamental role of particle size in the
behavior at interparticle contactgl9,20. Experimental avalanches of granular materials we have carried out experi-
works indicate that the angle of internal friction is a densityments with polymer beadéXP808 beadswhich is a low
dependent propertYsee Table 3.1 of Reﬂ:lg]) For ex- cohesive granular material. This material consists of a mix-
ample, it has been reported that the valuedofor wheat ture of spherical beads of styrene butadi¢seme resin as
raises from 15° for a powder bulk densjty=6.5 kN/n# up ~ toners, with 40% by weight in the size range of 500—300-
to 30° for p=9.0 kN/n®. pm diameter; 35% in the range 300—240n; 12% in the

The next sections are organized as follows. In Sec. Il wgange 210—-106:m; 8% in the range 106—5am; and the
describe our experimental materials. In Sec. Ill experimentalémainder, about 5%, below §3m.
results for large beads of the same material as our fine toner
particles are sh_own. In Sec. I\_/ the expe_rimentql technique IIl. AVALANCHES AND ANGLE OF REPOSE
and_results for fine powders will be described. Finally, con- OF NONCOHESIVE GRANULAR MATERIALS
clusions are drawn.

There is an upper limit to the slope that a granular mate-
rial can sustain, and beyond this limit a slip surface forms
and the material avalanches to produce a lower slope. The

We have carried out experiments using a commerciallynaximum stable angle is related to the angle of internal fric-
available xerographic tongiCanon CLC500 tonerwhich  tion ¢, but the relationship depends on the cohesivity of the
flows very well in spite of its small particle sizé8.5- material[see Eq.(2)]. In the noncohesive limit the force

Il. MATERIALS
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TABLE I. Angle of fracture® for XP808 beads as a function of bed diameter in cas@i) but not in casdii). Presumably the

bed widthD. reason for this behavior would be the effect of the walls on
the stress distribution within the dense packed bed. Summing
D (cm)  10.00 4.35 3.15 2.05 1.50  over all five bed diameters, the average value of the angle of

internal friction for the dense packed bed is 2739°; this

is about twice the nonrearranged angle of internal friction.
This result suggests that the angle of internal friction de-

i . ) . pends strongly on the packing fraction of the material as
acting on an incipient slip plane is simply= N, whereN 5 rea4y found in the literature for other granular materials
is the normal force ang is the coefficient of internal fric- [18]. On the other hand, the value for the angle of internal
tion, which is related to the angle of internal fricti@h by friction of the tapped bed is close to the measured angle of
tang=wn=F/N; it then follows that the maximum angle in repose of a poured, conical pile. This indicates that when
the absence of failure in an ideal cohesionless material iseads are poured, forming a cone, the partic|es are Subjected
equal to the angle of internal friction. The length of the slopetg collisions that eliminate relatively unstable configurations
does not enter into this calculation, so the maximum stabl@nd pack near the limit of complete restructuring, resulting in
angle in the noncohesive limit is independent of the length ofn angle of repose similar to the angle of internal friction of
the slope. The angle of repose of a conical pile of a noncothe rearranged bed. We conclude from these results that the
hesive material, and similarly the angle of a conical hollowrearrangement of granular materials plays an important role
formed in a bunker in the core flow, are slightly lower thanin determining the angle of internal friction, and that a self-
the maximum stable angle. Nevertheless, for noncohesivgonsistent theory of shear fracture of noncohesive materials

materials the angle of repose is very close to the angle ahust include the effect of rearrangement.
failure, and is commonly used as an estimate of the angle of

internal friction. Clearly, however, this cannot be applied to
fine cohesive powders such as xerographic toner. We con- V. AVALANCHES IN FINE COHESIVE POWDERS:
ducted experiments to measure the angle of internal friction EXPERIMENTAL TECHNIQUE AND RESULTS

of the mixture of noncohesive XP808 beads described in
Sec. I, but when we came to measure this angle the resul

0 (deg 13.7+0.6 15.1+1.0 14.4:0.6 16.6:2.3 22.9£1.7

s The yield locus of a fine cohesive powder is very sensitive
depended on the experiment %0 its degree of consolidation, and in order to obtain repro-
; gucible results it is necessary to achieve a consistent, initial

(i) Pouring the beads into a dish and measuring the angl . . -
of repose gave values in the interval from 24° to 27°. ThisState. To achieve this the powder was fluidized by a stream

) S of dry nitrogen, so that the material became quite uniform,
range fits _the range of values found in literature for smootr}he ﬂ)L/JidiZing aswas then turned off. and the qowder settled
noncohesive particlef]. g9 ; p

(i) Dry nitrogen was passed through the granular bed anHnder its own weight to a static height into a reproducible
the material expanded to an average free volume: 0149 " 7 'consolidated state. All our measurements began with this ini-

Then the gas flow was turned off and the material was aI:“"J‘“Z‘FJ‘t'.On step, so that the_ pa_rtlcles were dried and in a re-
lowed to settle. The settled free volume wa® 45. which producible state of consolidation. The next step was to tilt

corresponds to a loose packed bed of uniform, noncohesiv%1e bed, increasing the angle from zero until the powder

spheresi21]. We slowly tilted the initialized bed, and ob- /hched: Fo eliminaie vibrations in the tilt drive we in-
tained the results for the maximum stable angle shown i pie g ' y '

Table I. We note that with the exception of the 1.5-cm bed his enabled us to adjust the tilt speed in the range 0.2—1 rad

results, which are anomalously high due to wall effects, théI;] irrgggée’aaggeg:rglt?::: flr\::sv'b;ﬁgglt:dﬁi tt?fe arcl);clj\llgeorflglter
maximum stable angle fall within the range=14.9+1.6°; ' 9 P yer.

thus the angle of internal friction for this dilated bed is only ;rahzrreo?argvi daefg:Etmatg(vjht'gg;zes?géngfhf:'&%'rlrizei;%?:ma
60% of the angle of repose of the poured cone. th)e/:n wag to relate thepangle of avalanche to the. stresges in the
(iii) The material was initialized as ii), and then the skip plane. We then measured the thickness of the sheared

bed was tapped by hand to promote maximum rearrangeme . X
of the material. This leaded to a decrease in the free volum%‘yer (h) and the tilt angle at which powder avalanched (

down to=0.39, which corresponds to a dense packed bed d s functions of bed width and sample depth. We considered

uniform, noncohesive spheres. Then, agiin the bed was . e effect of the b_ed W'dth on avalanches_ n order to inves-
tigate the constraints imposed by the retaining walls.

ggggvaoirT?ZE?ﬁll.ts maximum stable angle giving the results The problem of estime}ting the av_alanche depth is related
In all cases the avalanches observed consisted of a supé?—thgJ probltfem of_;r;}eafunhng the proflée oflthe ﬁost-ivalanche f
ficial layer of several grains. As may be seen from Tables hOV\f[ erdsur aC?' Z ec nthllje \;VG dive oFe MAKes u?e 0_
and Il, the maximum stable angle depends significantly orn € tendency of powder particies to adhere fo a paper surface.
a piece of paper card of the same width as the bed diameter
] was lowered edgewise into the powder surface, so as to
TABLE_II. Angle c_)f fractured for XP808 beads as a function of cleave the powder; then, after carefully withdrawing the
the bed widthD previously tapped. card, the card was found to carry a replica of the powder
rofile. Examples of such profiles are shown in Figs. 2 and 3.
D (cm) 7 85 6.4 52 41 'FI)'hese profileg give the IOF::ation of the slip surfagce, though
0 (deg 21.8£2.0 27.6-2.3 28.8:15 30.2:0.6 31.0-1.3 some assumptions have to be made near the lower wall, as
will be shown. We have also used a video camera which
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FIG. 2. Example of the powder free surface profile after the
avalanche D=5.17 cm, toner Canon CLC5R0The free surface
before the avalanche (-) and the slip planes computed by using
the model of wedgeé— — -) are shown.
recorded the evolution of the material at a rate of 25 frames ~ %° ' | ' T
per second. The camera was connected to a computer fa 0 4 8 12 18
image processing. bed width (cm)
] ] FIG. 4. Experimental values of avalanche defpfvs bed width
A. Profile of the slip surface D for toner Canon CLC500. Computed theoretical curves according
In these experiments, we used cylindrical beds of severdP the two-slip-plane model—-) of Sec. V C and the three-slip-
diameters, and rectangular beds of several widths in order tg/ane model— — - of Sec. VD are shown.

investigate the importance of the wall effect in the onset of .. . .
g P L énmal powder surface and the lower retaining wgdbint O’

cohesive powders, we need to have accurate values of 8 Fig- 2); and(ii) the exppsed and bu'ried sec'tions of the .slip
avalanche angle and the location and shape of the slip supt/face must meet at poifs. The buried section of the slip
face. With the experimental techniques described above, réufface may therefore be approximated by line segments
liable values ofa were obtained, but information about the 5253 andS;0°, thqugh the exact location of the slip surface
slip surface has to be inferred from the post-avalanche suf$ "0t knowna priori. For large beds>8 cm) a small
face profile. In narrow beds, post-avalanche surface profile§urvature of the slip surface was observed in its upper cor-
(such as shown in Fig.)2o00k the form of pairs of intersect- ner, as shpwn In the expe_nmental post-avalanche surface
ing planes. In the case of rectangular beds it is then a mattd©file depicted in Fig. 3. It is remarkable that the depth of
of simple geometry to calculate the position of the initial avalanchegseveral millimetersis very large compared to

powder surface, designated’0@ Fig. 2. The slip surface the particle diameter, and depends on the separation of the

indicated in Fig. 2 is partly a matter of conjecture: one sec!€taining walls. This is an effect of the huge cohesion exist-

tion of the slip surface$,S,) was exposed when the surface ing between particles as compared to their weight. Defi-

layer slides away, but the remaining section lied hidden,nitely’ avalanches in fine cohesive powders are qualitatively

however we can locate the two terminal points of the hiddergifferent to avalanches in noncohesive or slight-cohesive

section:(i) the slip surface is pinned at the intersection of thegranulgr medl_a. . . .
An interesting observation to note is that analyzing the

avalanche by video camera and recorder we found that the
powder became fluidized during the avalanche. Fluidization
occurred if the velocity of the avalanche exceeded a certain
critical value depending on powder cohesivity. The fluidized
powder took the flow properties of a low viscosity fluid,
moving under the influence of gravity, so that, when the
layer came to rest and settled, its upper surface was horizon-
tal (as shown in Figs. 2 and.3As predicted 22], the inertial
regime did not exist for this fine powder.

B. Avalanche angle and avalanche depth

We measured the maximum depth of the slip pléme
(avalanche depjhand the angle of avalanche Results of
these tests for the Canon CLC toner are plotted in Figs. 4 and

FIG. 3. Example of the powder free surface profile after the5. We found an increase ims with bed width, as shown in
avalanche D=11.7 cm, toner Canon CLC500The free surface Fig. 4. Also the angle of avalanche decreased with increasing
before the avalanche () and the slip planes computed by using bed width, as shown in Fig. 5. We note that in the range of
the model of wedgeé- — - are shown. very narrow beds the variation of the avalanche angle is very
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avalanche angle (deg)

FIG. 6. Planar wedge model. The fracture surface is assumed to
T T T T T ] be a plane parallel to the free surface. Normal and tangential
0 4 8 12 stresses acting on the slip surface are represented.

centage, as we would expect for lower values of cohesivity,
though the trend is not marked. In contrast, the angle of
avalanche for the Canon toner is about 10° lower than for the
RT series over much of the range.

On the other hand, these tests showed that the avalanche
angle « and the characteristic avalanche depthwere not
affected by the sample depth, provided the bed height was
larger than the avalanche depth.

60 —

50

V. THEORETICAL ANALYSIS:
METHOD OF WEDGES

avalanche angle (deg)

40

We now turn to the theoretical analysis of the slip prob-
lem, based on Coulomb’s method of wed§#8,23,24. Sev-
eral models are considered, starting with a simple wedge that
30 corresponds to an ideal, long slope; we then build up to
' ' ' ' ' ' ' compound wedges to take account of the wall effect in beds
! z 3 4 of finite width.
bed width (cm) This method of analysis dates back to Coulomb’s pioneer-
ing work on soil mechanics in 177@8L5]. The underlying
assumptions in the method of wedges @jehat failure oc-
curs along a slip surface which is planér) that the stresses
at the slip surface are equal to the values specified by the
of the angle of avalanchey, vs bed widthD, for a series RT of ~ Yield locus, andiii) that the condition of critical equilibrium
model tonersA: 0.1% by weight of surface additive: 0.2% by ~ holds(i.e., just before the avalanche, we can assume a bal-
weight of surface additive+: 0.4% by weight of surface additive. ance of forces in the sliding wedgeThe method is com-
Computed theoretical curves from the two-slip-plane model formonly applicable to two-dimensional situations, such as the
each data series are shown. calculation of the force on an infinite retaining wall8].

One of the standard applications of the method of wedges
pronounced, while it decreases smoothly in the range of18] is the analysis by geologists of hill slope, as when to-
large beds. We made the experiment with a 40-cm-widttpographically induced gravitational shear stress exceeds the
bed, and the avalanche angle was 19° clearly below the vabtrength of the material and a landslide ocd®&3]. In this
ues obtained for slightly or noncohesive smooth partiféés  work we have considered four cases, increasing in complex-
and also below the angle of repose obtained for sphericaty, each depending on an assumed form of the slip surface.
noncohesive polymer beadsee Sec. l). In the limit D (i) A slab of uniform thickness where the slip surface is a
—oo it is expected that the angle of avalanche will approactplane, parallel to the top of a sample, as shown in Fig. 6. In
the angle of internal friction. Also, there is a critical value of this case the effect of the walls is not included in the analy-
the bed width(around 0.5 crhbelow which the powder can  sis.
sustain 90° slopes. In Fig(ly results of the angle of ava- (i) A simple wedge, as in Fig. 7. In this case the angle of
lanche for the model toners are shown in the range of bethe slip planeg and the width of the bed determine the
widths where the strongest variation occur. We note thageometry of the wedgégNote that the slip planes in Fig. 2
there is a small decrease inwith the surface additive per- are between casép and(ii).]

FIG. 5. (a) Experimental values of the angle of avalancheys
bed width D, for toner Canon CLC500. Computed theoretical
curves are shown: Triangular model- (), two-slip-plane model
(—-), and three-slip-plane modét — -). (b). Experimental values
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FIG. 7. Triangular wedge model. The fracture surface is as-
sumed to be a plane inclined at an angle.@. Normal and tan- FIG. 9. Composite wedge. The fracture surface is assumed to be
gential stresses acting on the slip surface are represented. composed of three planes. Normal and tangential stresses acting on

the slip surfaces are represented.

(i) and (iv) Composite wedges corresponding to inter-
secting slip planes, as shown in Figs. 8 and 9. The effect of
the lower retaining wall is implicit in the calculatiofii ), tang=
and both upper and lower walls are includedii).

7—c(hs) _ (1- G)Ppg hssina—a(hs)
(1—-e€)ppghscosa

®

To illustrate this method of analysis we use it to calculate
the angle of internal friction of Canon CLC500 cyan toner
In this, the simplest case, we assume that the slip surfagg, g range of bed widthsD. Values foro, and e versus

is plane, parallel to the initial, unperturbed surface of thedepth for this toner were already measuféd]. The calcu-
powder. The condition of critical equilibrium is given by Eq. |ation of ¢ then follows from equation 5 using the measured
(2). N_eglecting the effect of the walls, the shear and comy,g)es ofh and «. Note that as the model does not take
pressive stress are account of the wall effect we should therefore see a trend in
¢ with D. The results are summarized in Table Ill. Here we

A. Planar wedge model

7=[1~ e(ho)lppghssine, ©® see the expected variation ih with bed width. At large
A values of bed width, for which the wall effect are expected to
o=[1~e(hs)]ppghs cose. @ be less importanip=10°. This result is consistent with the

measured slope of the yield locus of this low cohesive toner
[17]. The reason for such a small valueddtan be attributed

to the high free volume of the toner-(0.7) which gives a
low value for powder bulk densityp(~360 kg/n?). The
anomalously high values of at small bed widths is the
result of neglecting the retaining effect of the walls. Clearly
the wall effect needs to be taken into account, and to do this
we introduce more elaborate wedge models.

Herea is the angle of tilth is the depth of the slip plane,
€(hy) is the free volume at the slip plane, apg is the
particle density. Tilted bed measuremehi$,17] indicate
that cohesion is close in magnitude to the tensile streagth
Therefore, we substitute;(hg) for c(hg) in Eqg. (2). Hence
the angle of internal friction is, approximately,

B. Triangular wedge model

The geometric arrangement of Fig. 7 shows a hypothetical
slip plane. From Fig. 7, wedge equilibrium equations

TcosB—Nsing=0, (6)

TsinB+NcosB=W, (7)

and a critical equilibrium equation

TABLE Ill. Apparent angle of internal friction of Canon
CLC500 toner according to the planar wedge model.
FIG. 8. Composite wedge. The fracture surface is assumed to (cm) 117 8.5 6.4 5.2 41
composed of two planes, one parallel to the free surface and the i i i : '
other inclined at an angl@<a«. Normal and tangential stresses ¢ (deg 10.3 12.2 12.4 17.6 19.1

acting on the slip surfaces are represented.
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D 07
T_Ntan¢+ccos(a—,8) (8)
follow, whereT andN are the tangential and normal forces,  ~
respectively, over the slip plan®y/= %pp(l—e)gD2 tan(a é’, |
— B) is the wedge weight, anD/cos(— g) is the length of s 2
the slip plane. Equation§), (7), and (8) must be satisfied g"
with two unknownsT andN. A slip plane appears when the & 1
set of three equations is compatible. The condition for com- o
patibility gives a functional relatiorr= «(8) between the §
angle of tilt «, and the anglgs. The functiona(B) has an 2 10
absolute minimun,,,;, at a given value of3y. Now, if we
slowly tilt the bed, a slip plane is not formed until the angle | c,~1+55h Pa
amin IS reached. Once this angle is reached the powder ava-
lanches, and the value gf, determines the avalanche depth.
Operating, we obtain 0 — T T T
0 1 2 3 4 5
a+ depth (cm
=222, © P (em)

FIG. 10. Measured tensile strength versus depth for toner Canon

. CLC500. The line represents the least squares fit to the experimen-
pp(l—€)gD=4Ccos¢[1—-coga—¢)] *. (100  tal data.

If we approximate + cosi— ¢)~(a— ¢)?/2, substitute in ppd(1l—€)D oo
Eqg. (10), and rearrange, we have 2cosé  sin(a—B)sinB— )
8c 1/2 N oD 13
a=g¢+ pp(l——e)gDCOSd) . (11 2cosa—B)sin(B—¢)
From Eq.(11) it is apparent the key role played by pow- The minimum ofa is found when
der cohesiort and bed widthD on the onset of avalanches. 20
In the noncohesive limitc—0 and a— ¢, as expected. 550=tar?(a—/3)cot(2/3—¢—a). (14

From Eq.(11) we see that avalanche angteshould be lin-

early related toD ~*2, with the intercepta=¢ at D—o,

where the wall effect is negligible. Also, there is a limi

value ofD for which «=90°; for narrower beds the powder

does not avalanche. Two important limitations to analyze ou )

experimental results are that cohesion and free volaraee % and,_ from Eqg. (13) a—>¢+_arcsniécos¢/(p_p(_l .
—€)g)]. This result would imply that in the asymptotic limit

not constant with depth for a fine cohesive powder. Experi- ) .
mental measurements on this torié@] show that powder of very wide beds the powder would avalanche at a given

free volume does not vary considerably in the range of val@ngle larger than the angle of internal friction. However, for

ues measured of the avalanche de{ffiy. 4), and based on  VerY large values oD and the avalanche depth, the average

this we can assume a constant average value of free volumgPnsolidation of the powder would be very large; experi-

Conversely, the variation rate of the tensile strength is very€nts show that for high consolidations the rate ofblncrease
large. In Fig. 10 we represent the measured tensile strengftf the tensile strength is sublinedl3,14, oi=ah” (b

o, for toner Canon CLC500 as a function of the powder< 1). It can be checked that, using this sublineal law for the
depthh measured from the free surface. These measuremert@€sion in the triangular wedge model— ¢ when D

were made using a powder bed technifg], and show a - ,
marked linear increase of the tensile strength with depth, e have used the triangular model results to analyze our

o=+ h. Clearly this variation has to be taken into ac- experimental measurements of the avalanche angle of the
count in the wedge model. Therefore, the average value dfanon CLCS00. The value ef, the tensile strength at zero

cohesion(c) along the slip plane has to be used in E8). depth, cannot be obtained dire(;tly by extrapolatioropto
As cohesion and tensile strength are comparable: zero depth, because the errors in our measurements are com-

parable to the magnitude of but o is about 1 Pa in order
of magnitude. In contrast to,q, the sloped is well charac-
(12)  terized for this tonerpg=1+5.5n Pa, whereh is in centi-
2 meters(see Fig. 1D In accordance with experimental mea-
surementg12], we have taken an average value of 0.7 for
Solving for T andN in Egs.(6) and(7), and substituting in  powder free volumes. The only property for which we do
Eq. (8), we obtain, not have prior information is the angle of internal frictiaf,

¢ In the case of constant cohesiofi=0) we recover Eq(9).
Equations(13) and (14) determine the theoretical angle of
avalanche. In the asymptotic limid — o, from Eq.(14), B

h D tan(a—
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We used the value ap=10° for the Canon CLC500 toner, TABLE IV. Measured average free volun{e) and rate of in-
resulting from calculations based on the planar wedge modeirease of the tensile strength with depth for the RT series of
in the limit of large beds and from direct measurements ofnodel toners.

the slope of the yield locugl7]. In Fig. 5 theoretical and

experimental results for the avalanche angle are shown. AEoner Aerosil(%) do/dh (Pa/cm (€)

can be seen, the prediction of the model is good only fol15115 0.1 92 0.674
narrow beds. This result makes sense, as the triangular\{Ts116 0.2 65 0642
wedge is not appropriate to model the slip plane for wideRT5117 04 26 0.624

beds, where the inferred profile of the slip surface is quite
distinct from what is assumed in the triangular model. In the

next two sections we will consider more realistic wedgeand N,;. The condition of compatibility of these equations
models according to slip surface profiles inferred from ex-yjelds a functional relatiom= a(3,d) between the angle of

perimental observations. tilt «, and the variable@ andd. The functiona(B,d) pre-
sents a minimum at given values gf andd,. Once the
C. Two-slip-plane model minimum angle, making possible critical equilibrium, is

As we have seen. for beds of width less than about 8 cri€ached, the powder avalanches. Then we must find the mini-

the post-avalanche surface profiles can be approximated by'8UM value ofa which is solution of critical equilibrium
pair of intersecting planes, and this leads to the conclusioffduations. The values @i, andd, for which this minimum
that the corresponding slip surfaces can also be approxRCcurs determlne'the theoret'lcal avalanche dapthn Figs.
mated by two intersecting planes, as shown in Fig. 2. In thié @nd 5 the resulting theoretical curvesmfversusD and a
section we summarize the steps taken in an alternative ayersusD are presented, together with the experimental re-

proach to the triangular wedge model, involving an ana|y$issults'for the Canon CLC500 toner. Again fpr theoretical'cal—
of a composite wedge. culations we used the value ¢@f=10° resulting from previ-

To apply the critical equilibrium condition the composite 9US calculations and measurements. As can be seen from Fig.
wedge is divided into two blocks, as shown in Fig. 8 whered: @ better agreement between experimental and theoretical

the wedge profile is specified by the anglend the distance "€Sults is obtained with this composite wedge model.

d. Stresses in the composite layer are such that when the !N agreement with experiments, the theory also indicates
wedge slips there must be a slip line propagating from thdhat there_ls a critical value of bed width of abogt 0_.5 cm,
corner between regions 1 and 2, shown as a dashed line RlowW which the bed cannot avalanche at any inclination.
Fig. 8[24]. There is no criterion to locate this slip line, but NS corresponds to the wall effect on cohesive powders in-
our final results are almost independent of the orientation oferred from our other measurements and calculations. Itis, of

the line, and we have therefore chosen to locate it in the mo&§PUrse, the wall effect that provides the reason for the com-
convenient position for our calculation. On each block of thePOSite wedge, as shown in Fig. 8. If now we take the various

wedge the condition of static equilibrium must applye., results from the analysis, compute the form of the wedge,

the sum of forces must equal zgrdlso, along each slip aqd compare it with a _typi_cal post-avalanche profile, we_ob-
surface the Coulomb limit equilibrium must be satisfied. &N the results shown in Fig. 2 for Canon CLC500 toner in a

From this we have a total of nine equations: 5.17—cm—diameter bed. As can be seen, the theoretical slip
plane is in reasonable agreement with the observed post-
T51c08a— N3 Sina+ Ny cosa— Ty sina=0, (15 avalanche profile.
We have used this wedge model to calculate the ava-
Ta;Sina+ Ng;cosa+ Ny sina+ T, cosa=W;, (16)  lanche characteristics and angle of internal friction for the
RT series of model xerographic tonegiR®@T5115, RT5116,
T3,c088—Ng,sinB—Nj,cosa+Tipsine=0, (17) and RT5117, with 0.1%, 0.2%, and 0.4% Aerosil, respec-
tively). For these calculations we need to know the tensile
T3,8in B+ Nz,c088—Nj,sinae—Ty,cosa=W,, (18)  strengthoy, the bulk density, and the dependence of free
volume, e, on depth in the bed. From our previous wi2]

T1,=T»1, (199 we can assume that is about 1 Pa for the three model
toners. In contrast to-,y, the slopegdo,;/dh are well char-
N1,=Nyy, (200  acterized for these toners, and the values taken from our
previous papefl12] are shown in Table IV, together with
T31=Njtand+{cLsy), (21)  values of mean free volumg) calculated for a consolida-
tion stress of 100 Pé.e., approximately 1 g/cfA). In Fig.
T3,=Njztand+{cLsy), (220 5(b) the resulting theoretical curves of versusD are pre-
sented, together with the experimental results. The best fits to
T1,=Nptang+{cL,y), (23)  the data are obtained using the valuespo$hown in Table

V. These results indicate that the higher percentage Aerosil
wherelL; is the length of the slip plane dividing blockand  (which is associated to a higher surface ruggsite higher
J; T;j andN;; represent tangential and normal forces, respecvalues of the angle of internal friction. Using the measured
tively, over the slip planes, as indicated in Fig. 8; aNfdis  values of the mean free volunde) and the particle density
the weight of blocki. Equations(15)—(23) must be satisfied p, for each toner, we have calculated the toner bulk density
with eight unknownsT 15, Toq, Nio, Noi, T3, Nio, Tay, p=pp(1—(e)), and represented the obtained angle of inter-
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TABLE V. Calculated values of the angle of internal friction for proved. On the other hand, the slip surface profiles are quali-
the RT series of model toners according to the two-slip-planetatively different. In Fig. 3 we present the computed theoret-
wedge model. ical wedge for the 11.7-cm-diameter bed superimposed on an
experimental profile of the powder surface after avalanche.

Toner RT5117 RT5116 RTS11S — Note that the pinning of the upper extreme of the powder is
% Aerosil 0.4 0.2 0.1 not perfect; this is due to the fact that as the bed is tilted the
¢ (°) 23 15 8 powder rearranges due to the shear stress. This may be the

origin of the minor discrepancy between the experimental
and theoretical values df; for this model.

nal friction as a function op (see Fig. 11 From this figure
it is clear the increase ap with the powder bulk density. VI. SUMMARY AND CONCLUSIONS

Experimental measurements of the angle of avalanrche
D. Three-slip-plane model of fine cohesive powders reveal that it depends strongly on
For large beds we need to take account of the upper walthe width of the bed, especially in the range of narrow beds
in addition to the lower; in Fig. 3, for example, there is awherea can attain even 90° for very narrow beds. Also, the
distinct curve to the slip surface originating from the upperavalanche depth depends on the bed width and is of the order
wall. In order to accommodate this in the theory we have toof several millimeters, very large compared to particle size.
add a third block to the wedge, so arranged that the upperhis observation is in contrast with the phenomenon ob-
corner remains pinned to the upper weee Fig. 9. Asin  served in noncohesive large grains, where motion occurs in
the case of two slip planes, sharp corners are included bgelatively thin boundary layers of about ten grains, and the
tween the slip planes, so that a new decomposition of thetability of slopes is analyzed based on frictional forces be-
wedge is needed and we have a total of three blocks comyeen individual grains. Typically, interparticle cohesive
posing the theoretical wedge on which critical equilibrium {gces in fine cohesive powders are very large compared to
condition must be applied. Note that we now have three inthe particle weight. This characteristic has an essential effect
dependent variablesp( d, and h) which determine the o, the stability of slopes, and makes fine powder more akin
wedge geometry for a givea. Proceeding in a similar way . \yet sand than to dry sand. The forces between particles at
tq _the previous calcu_l_au_on we arrive at a compatlblllty CON"the slip plane in fine cohesive powders depend on the
g;‘tlzna'][c?/\r/rﬁgﬂc';lisegglr:lcjbi::gnmiC; ;uclﬁ‘i(ltlge ’c(jj,iz)th-ergi fllrefta\t/?}\l/l;?ch stresses exerted by the rest of material and container walls.
gie at w Therefore, we must consider the influence of boundary con-
the powder avalanches. Therefore, we have to minimize thgitions and macrosconic stresses. and for this reason we
function «=«a(B,d,h) in order to find the angle of ava- . P '
chose a continuum approach to analyze the problem.
lanche.
From the post-avalanche surface profiles we have de-

The theoretical values ot and hg from the three-block . ) .
model are not very different from the corresponding tWO_duced that the slip surfaces can be approximated by pairs of
intersecting planes, and based on this we have used Cou-

block model resultgsee Fig. 5, but the fit to experimental :
results of the avalanche angle for very large beds is imlomb’s theory of wedges to analyze our results on a set of
fine cohesive powderxerographic tonejs A triangular

wedge analysis indicates that the tilt angleat which ava-
lanche occurs follows a simple relationship with respect to
1 bed width and sample cohesipa~ ¢+ a(c/D)*?], assum-
20 - ing a constant value for cohesion. We find experimentally
that cohesion increases with depth, and we have accommo-
1 dated this fact to the theory. Using this form of the theory to
analyze the results for the avalanche angle, we find a good fit
to the experimental data for narrow beds. We have developed
. further extensions to the method of wedges, including two-
and three-segment slip planes, partially pinned to the retain-
10 ing walls. The fit between theoretical results and the experi-
J mental results of the angle of avalanche and avalanche depth
for Canon CLC500 is quite good in the whole range of bed
3] widths for a value of the angle of internal friction of 10°. We
have also analyzed a series of model xerographic toners dif-
fering in the amount of surface additives and the values of
0 T T T T T T T | the angle of internal friction range from 8° to 23°. We have
340 360 380 400 420 found that the angle of internal friction increases with toner
toner bulk density (kg/m’) bulk density. These apgles are smaller than the ty_pical values
of smooth noncohesive grains. Although there is no clear
FIG. 11. Calculated values of the angle of internal frictipras ~ €xplanation for this result, the low density of fine cohesive
a function of the measured toner bulk density+: RT series of powders, due to the high values of their free volume, as
model toners.$ : Canon CLC500 toner. compared with the typical densities of smooth noncohesive

25 4

15

angle of internal friction (deg)
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grains may be the reason for such low values of the angle advalanche profiles of the xerographic toners in this study. We
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surements. We also thank Enrique Viturro for fruitful discus-
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