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Internal waves excited by the Marangoni effect
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Traveling periodic internal wave trains are generated in liquid layers during the absorption process of a
miscible surface-active substance out of the vapor phase. In our nonstationary experimental runs, internal
waves are excited by surface waves, which had been previously generated by a surface-tension-gradient-driven
instability. The internal wave trains adjust their wave number by an Eckhaus instability. Close to the instability
threshold narrow and extended pulses are observed. Furthermore, the wave trains can alter their traveling
direction, i.e., one wave train traveling in one direction yields to another train, in general of different wave
number, traveling in the opposite direction.

PACS number~s!: 47.20.2k, 47.35.1i, 47.55.Hd
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I. INTRODUCTION

Internal waves are observed in many geophysical syst
like ocean currents, the atmosphere, or magma flows. T
are usually generated by a shear-flow instability in the b
@1–9#. Internal waves can also be generated in an initia
motionless fluid by surface shear. This shear, for exam
could be produced by a wind blowing over the surface t
first generates surface waves@10#. Then these surface wave
can transfer their energy to the internal waves. Ball@11#
investigated the resonant energy transfer between a pa
surface waves and an internal one, which is likely to b
powerful mechanism. Recently, Rednikovet al.showed pos-
sible excitation of internal waves due to a Rayleig
Marangoni instability@12#.

Here we report on the generation and evolution of inter
waves during the absorption of a miscible surfactant ou
the vapor phase by a liquid. There is neither a finite, loc
ized perturbation nor an imposed flow. Along an annul
ring channel these internal waves travel as wave trains o
narrow or extended pulses. They show a short-wave insta
ity and they adjust their wave number by an Eckhaus in
bility. They may also alter their traveling direction.

II. EXPERIMENTAL SYSTEM AND SETUP

A side view of the setup is sketched in Fig. 1. It consi
of a cylindrical glass container in which two quartz rings a
placed concentrically. The two rings are concentric with
1%. Besides that shown in Fig. 1, another container with
inner ring of 54.2560.05 mm diameter was used. Its out
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diameter is 74.6060.05 mm and the height of the quartz
glass rings is 8.8560.1 mm. The rings are concentric withi
3%. They are fixed with the two-component adhes
Araldit® from Ciba-Geigy. Contamination of the liquid b
the adhesive or dissolution and aging of the adhesive po
has not been observed. The annular gap between the
quartz rings is filled with toluene. The rest of the container
covered with liquid pentane, which has a high vapor press
at room temperature and a surface tension much lower
toluene. Because the surface level rises due to the abso
pentane the annular container is not filled brimful. The e
periment begins by covering the reservoir with a quartz-gl
plate. To maintain atmospheric pressure this plate is
tightly fixed and the enclosure is thus slightly open to t
ambient air. The experimental runs are carried out at amb
temperatures between 297.65 and 298.85 K. In addition,
have carried out some experimental runs in the containe
50 mm inner diameter with the reservoir open to the ambi
air at temperatures between 299.75 and 300.05 K.

We have chosen toluene as the liquid and pentane as
absorbable and completely miscible surfactant. Property
ues for the pure substances at atmospheric pressure are
in Table I @13#. The surface tension and viscosity of liqu
pentane are much lower than those of liquid toluene. T
same holds for the density. This is the key feature for
generation of internal waves as the liquid layer becomes
bly stratified due to the absorption of pentane. We also g
the refractive index of the fluids in the table. The refracti
index of pentane vapor is almost the same as that of
Accordingly, we expect that optical rays traversing the vap
phase are not deflected. Furthermore, the boiling point
p:
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h
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n
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FIG. 1. Side view of the experimental setu
two quartz-glass rings form an annular contain
which is placed concentrically in a circular rese
voir made of glass. The annular ring is filled wit
toluene and the bottom of the reservoir is cover
with liquid pentane. The experiment starts whe
the reservoir is covered with a quartz-glass pla
6522 ©2000 The American Physical Society



PRE 62 6523INTERNAL WAVES EXCITED BY THE MARANGONI EFFECT
TABLE I. Properties of liquid toluene and liquid pentane@13#.

Property
Liquid
toluene

Liquid
pentane

Pentane
gas

Molecular weightu ~g/mol! 92.15 72.15 72.15
Boiling point TB ~K! 383.75 309.22
Densityr at 293.15 K~g/cm3! 0.8669 0.6262
Refraction indexn at sodiumD line 1.4961 1.3575 1.001 711
Surface tensions at 298.15 K~mN/m! 27.93 15.49
Viscosity h at 298.15 K~mPa s! 0.560 0.224 0.006 76
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pentane is about 11 K above room temperature at at
spheric pressure. For toluene the corresponding valu
higher. Within the range of the experimental runs the eff
of temperature on the parameters is low and can be
glected.

A literature value for the diffusion of pentane in air and
liquid toluene has not been found. However, an estimate
its magnitude can be obtained from other data in the lite
ture. The diffusion coefficient for a system of two simp
gases is usually about 1025 m2/s. For pentane in air, the
model of Wilke and Lee@14# gives 4.231026 m2/s with a
factor 2 as the expected error. The diffusivity of pentane
toluene can be approximated from the known values of
toluene-heptane and toluene-hexane systems. These sy
have diffusion coefficients of 3.7231029 and 4.21
31029 m2/s, respectively@13#. Thus, by extrapolation the
coefficient of pentane in toluene is taken to be abou
31029 m2/s. The values of the vapor pressure of penta
and toluene have been taken from@13# and@15#. In the tem-
perature range between 296 and 301 K the vapor pressu
pentane increases linearly from 63.0 to 76.1 kPa, taking
form CPV527.065 (mol)10.025 968 (mol K21)T, while
that of toluene grows from 3.36 to 4.37 kPa.

As the two components do not react, the density chan
linearly with concentration. The viscosity of miscible liqu
mixturesh is usually well described by the Kendall-Monro
equation@16#, which in our case reads

h~CP!5@hP
1/3CP1hT

1/3~12CP!#3, ~1!

whereCP denotes the pentane concentration, andhP andhT
are the viscosities of pure pentane and pure toluene, res
tively. The surface tension as a function of the concentra
at T5298.15 K has been measured semiautomatically wi
TE 1 C tensiometer by Lauda, using a platinum ring for t
stirrup method @17#. The data can be fitted with a
exponential-decay functions5s01s1 exp(2CP /CP0), with
s0511.8160.21 mN m21, s1516.2460.20 mN m21, and
CP050.68260.018 mol. Further details can be found
@17#.

The internal waves have been visualized by applying
shadowgraph method. The light coming from a monoch
matic light source of 1 mm diameter is collimated to a p
allel beam of 100 mm diameter. After traversing the hyd
dynamic system from underneath the collimated beam
focused by a lens. Together with a zoom it adjusts the siz
the beam arriving at the charge-coupled device~CCD! chip
of the camera that records the image. The camera works
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video frequency of 25 Hz. The images are stored on vid
tape and subsequently processed by computer.

The surface deformation caused by the waves is dete
with a laser beam reflected at the liquid surface. The
flected part of the beam is detected on a recording plane
the surface at the irradiation spot is deformed, the position
the reflected beam on the recording plane moves. The p
tion of the spot on the plane is recorded by a CCD came
stored on video tape, and evaluated subsequently by c
puter. The surface deformation gradienthx is calculated from
the shift of the laser spot on the recording plane and in
grated with the phase velocity of the waves that travel
derneath the laser beam.

The convective flow has been detected by photochro
flow visualization. It has the advantage over visualizati
with tracer particles that it does not alter the liquid para
eters locally. Unlike use of dyes, the method is suitable
investigations in closed hydrodynamic systems due to
reversible transition. An overview of the method is found
@18#. As photochromic substance we use 1,3
trimethylindolino-6-nitrobenzopyrylospiran ~TMINBPS!
which is completely soluble in toluene. We have mix
amounts of the order of 1:10 000 by volume so that the liq
parameters are barely altered. A small slot is irradiated b
nitrogen laser with a beam diameter in the liquid of abou
mm. Thereby the photochromic substance in this slot is
cited and becomes visible. The diameter of the irradiat
column does not change significantly in time. Hence, dif
sion of the colored column can be neglected during the m
surement. Experiments are conducted with the laser b
traversing the liquid from the side and from above. The d
placement of the irradiated line, which corresponds to
Lagrangian flow trajectory, is recorded from the side a
also from above in the shadowgraph mode. The meas
ments are correlated with the shadowgraph visualizat
Further details of the experimental methods are given
@17#.

III. EXPERIMENTS

A. Temporal evolution

The experiments start by covering the reservoir with
glass plate. Then the vapor concentration of pentane r
rapidly until its stationary value determined by the vap
pressure is achieved. Thus, a strong concentration differe
between the vapor phase and the liquid is created. This
ference decreases with time due to the absorption of pen
in the liquid, until the pentane surface concentration in
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liquid is the same as in the vapor. At the beginning of t
equilibration process surface waves are observed. Since
pentane that is absorbed by the liquid toluene remains in
liquid, the experiment is nonstationary by its nature. The
fore, we first give a survey of the temporal evolution of
typical experimental run, as it is observed with the shado
graph technique.

During the experimental runs, parameters like the dens
the viscosity, and the surface tension change with time. T
all depend on the pentane concentration within the liqu
The absolute amount of absorbed pentane is obtained
measuring the height of the surface level as a function
time. We neglect the evaporation of toluene due to its m
lower vapor pressure with respect to pentane. The temp
evolution of the pentane absorption rate can be fitted to
exponential-association fit. In the range where internal wa
are observed, the vapor has already reached its satur
value and the fit of the absorption rateAP through the surface
of the annular ring simplifies to

AP~ t !5
rP

uP
p~r o

22r i
2!

h1

t
expS 2

t

t D , ~2!

whererP and uP are the density of liquid pentane and i
molecular mass, respectively.r o and r i denote the radii of
the outer and inner container walls, andt means time. The fit
parametersh1 and t represent the increment of the surfa
level and the time scale of the absorption of the pent
vapor by the liquid toluene, respectively. We foundh1
53.0360.0231023 m andt5895.067.3 s.

A typical example for the time evolution of a wave tra
and the number of its wave crests is depicted in Fig. 2.
first, surface waves are generated. They are shown as a
line in the diagram and were discussed in detail in@17#.
From about 100 to 200 s there exists a periodic wave tr
Its contrast in the shadowgraph image decreases until it fa
away completely. At about 170 s appear very regular sh
waves, which can be considered as internal rather than
face waves as we shall clarify below. They are represente
the diagram by a thick line. From about 210 to 260 s th
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exists a wave train of constant wave number. As time p
ceeds further, the number of crests increases and the con
gets weaker until, finally, they are no longer observable.

B. Excitation of internal waves

The transition from surface to internal waves is shown
space-time diagrams in Fig. 3. The crests are visible as br
lines. Due to the periodic boundary condition, waves leav
the system on one side enter it on the other. Image~a! shows
the transition from surface waves@19# to internal waves in an
experimental run with the reservoir open to air. Here,
surface waves yield to internal waves of shorter waveleng
Later the gaps of low amplitude are filled with intern
waves. Image~b! shows that the internal waves are genera
behind the strong crests of three-dimensional surface wa
@17#. At the beginning they experience strong damping bu
time proceeds they survive while the surface waves dis

FIG. 2. Total number of waves in an experimental run as
function of time. The surface waves that are excited at the be
ning are shown here as a thin line. At about 170 s, internal wa
are generated as very regular short waves, represented in the
gram by a thick line. From about 210 to 260 s there exists a w
train of constant wave number. Finally, the contrast gets weaker
the number of crests increases until they are no longer observ
Inner diameter of the container 50 mm;T5298.55 K.
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FIG. 3. Spatiotemporal diagrams of the ge
eration of internal waves~a! by two-dimensional
surface waves as reported in@19#, ~b! by three-
dimensional surface waves discussed in@17#, and
~c! by a source of three-dimensional surfa
waves, also considered in@17#. ~b! and~c! show
experimental runs with a covered reservoir,~a! is
with the reservoir open to the ambient air. Th
small internal waves in~b! are excited behind the
strong crests of the surface waves. In~a!, the in-
ternal waves are generated by contraction of
surface waves. Then they fill the gaps of low am
plitude. In ~c!, the surface waves coming from
source change into internal waves on the way
the sink. In all cases, the strongest internal wav
travel in the same azimuth direction as the su
face waves. The inner diameter of~a! and ~b! is
50 mm and of ~c! 54 mm. Temperature~a!:
299.75 K,~b! 298.55 K,~c! 297.95 K.
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PRE 62 6525INTERNAL WAVES EXCITED BY THE MARANGONI EFFECT
pear. The first internal waves observed in both situati
@Figs. 3~a! and 3~b!# travel in the same direction as the su
face waves. Later counter-rotating trains may also be exc
Surface waves coming from a ‘‘source’’ can also yield
internal waves. Image~c! of Fig. 3 displays this case. At th
source, the surface waves slosh back and forth between
container walls. From there they invade the rest of the c
tainer and become radially aligned. While traveling, the s
face waves slowly change their character, converting th
selves into internal waves, which collide at the side oppo
to the source.

C. Wave trains

The generated internal waves form trains that may ro
clockwise or counterclockwise. As expected due to symm
try, in a series of experiments both directions are obser
with almost the same frequency. Two counter-rotating tra
of different wave number have also been observed. The
quencyf and wavelengthl are determined from spatiotem
poral diagrams. The wavelength of the internal waves at
intermediate radius of the annular container with 54 mm
ner diameter varies between 5.3 and 10.1 mm, which co
spond to 38 and 20 wave crests, respectively. In the c
tainer with 50 mm inner diameter, trains consisting of 29–
internal waves have been observed with a covered reser
During the experimental runs with the reservoir left open
detected trains of 20–32 waves. Thus, in the container o
mm inner diameter lower wave numbers are observed w
an open reservoir and higher ones with a covered reser
while the entire wave number spectrum is excited in the c
tainer with 54 mm inner diameter. The mean frequency
determined as the number of wave crests divided by the t
period of one complete cycle of a wave crest. The freque
of unmodulated wave trains increases linearly with time
ranges between 1.6 and 2.6 Hz in the container of 54
inner diameter. In the other container the observed frequ
cies are generally higher and vary between 2.5 and 3.0
When left open to the ambient air the frequencies are
tween 1.5 and 2.1 Hz. The frequency of the internal wa
increases significantly with the wave mode.

The internal waves cause a harmonic deformation at
surface in the azimuthal direction. The surface elevation
detected with the reflected laser beam, can be fitted wi
sinusoidal function as shown in Fig. 4. The surface deform

FIG. 4. Surface elevation of a train consisting of 20 intern
waves with a sinusoidal fit to the data.T5297.95 K.
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tion induced by the internal waves amounts to only a f
micrometers. The maximum surface amplitude as measu
for the wave trains decreases with decreasing waveleng

The flow visualization reveals that the internal waves p
duce a convective flow with only very small displacemen
of the colored column. Figure 5~a! shows a side view of the
displaced column 3.68 s after irradiation. The image is ta
while a train of 22 internal waves travels to the left. Th
dislocation of the colored column is undulated but the d
placement is very small throughout the bulk. Only at t
surface is there a strong drag in the direction of travel of
waves. A superposition of an image taken 21.00 s after i
diation on its original position is presented in Fig. 5~b!. The
signal close to the surface is no longer visible. But this ima
clearly reveals the net flow due to the internal waves. T
gether with the information from Fig. 5~a! we conclude that
a slight surface layer moves in the travel direction of t
waves while in the bulk the flow moves slowly in the opp
site direction with a zone of almost zero horizontal veloc
in the center region of the liquid layer. The horizontal velo
ity in the upper half of the layer is stronger than in the low
part.

l

FIG. 5. Side view of the displaced column due to a train of
internal waves that travels to the left. Image~a! is taken 3.68 s after
the exposure. In image~b! the column position 21.00 s after expo
sure has been overlaid with the column directly after exposure.
height of the side views is 9.3 mm and the widths are 9.3 and
mm, respectively. T5299.75 K.

FIG. 6. Frequency of a modulated train of 30 waves as a fu
tion of time. The frequency is determined at a fixed position in
annular container as the mean frequency of one wave during
complete loop. Besides the long-time increase of frequency, it
cillates between extreme values. The oscillation travels with h
the phase velocity. T5298.05 K.
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FIG. 7. Space-time diagram of a modulate
train ~a!, its amplitude~b!, and its wave number
~b!. The modulation, which is in the right half o
the image, moves in the same direction as t
waves. The intensity in the gray scale images~b!
and ~c! corresponds to the magnitude of the am
plitude and wave number, respectively. The da
line in ~c! corresponds to the low amplitude o
the waves at the localized modulation. At the b
ginning there is a much higher wave number
the location of low amplitude than in the rest o
the container. Later, this ‘‘quenched’’ wave dis
appears. This space-time point appears in~c! as a
sharp intensity reversal.T5297.85 K.
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D. Modulations of wave trains

The internal wave trains show modulations. Figure
gives an example of the frequency oscillation in an inter
wave train. At a fixed position in the annular container t
modulations of the internal waves are apparently
damped. Besides its long-time increase, the frequency o
lates with an amplitude of up to 4% of the mean value. T
modulations travel through the container with half the ph
velocity.

Localizedmodulations lead to the disappearance or
creation of a single crest in a wave train. Figure 7~a! gives an
example. A wave train with 31 crests shows a modulat
that leads to the extinction of a single crest. Figures 7~b! and
7~c! display the amplitude of the shadowgraph contrast
the local wave number obtained from demodulation based
the method proposed in@20#. Their relative magnitudes ar
coded in gray values. Dark corresponds to low and ligh
high values. The amplitude is very low at the location of t
modulation. At the beginning, the wave number is mu
higher at the location of low amplitude than in the rest of t
container. It increases until one wave crest disappears.
space-time point appears in Fig. 7~c! as a sharp change of th
gray value. When the wave disappears the amplitude
creases to noise level in the center of the modulation.

In addition to single localized modulations, we have o
served several others of equal strength that coexist at
same time. Figure 8~a! displays a spatiotemporal diagram
a wave train with three pronounced modulations. Anot
example is shown in Fig. 8~b!. In this case, two modulate
wave trains counter-rotate at the same time. The train
l
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travels to the right has three low-amplitude regions and
left-traveling train has one. An interaction between the cro
ing modulations has not been observed.

Since the modulations are due to contributions in a n
row band of frequencies and thus move with the group
locity, they offer the possibility of determining the dispersio
relation directly from single experimental runs, irrespecti
of the changes in absolute value from one experimental
to another with the change of the control parameter. Letn be
the ratio of phase and group velocity,

n5
vP

vG
5

v/k

dv/dk
, ~3!

wherev is the angular frequency,k the wave number, and
vP and vG are the phase and group velocity, respective
Then integration yields

vn}k. ~4!

Figure 9 shows that the ratio of the wave’s phase veloc
and the velocity of the modulations is 2, independent of
wave number. Hence, the angular frequency is proportio
to the square root of the wave number.

E. Pulses

As well as wave trains, we also observed narrow a
extended pulses traveling through the container. They oc
when a wave train dies out. The narrow pulses are made
of 5–7 waves and travel with a velocity about the gro
in
FIG. 8. Space-time diagrams of a wave tra
with several modulations. ~a! shows one wave
train with three modulations and~b! depicts two
counter-rotating modulated wave trains.T
5(a) 297.75 K,~b! 297.65 K.
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PRE 62 6527INTERNAL WAVES EXCITED BY THE MARANGONI EFFECT
velocity of the underlying internal waves. They always occ
at the end of an experimental run and are the last sign
convection. Figure 10~a! shows an example.

The extended pulses are observed earlier in the exp
mental runs, when the amplitude of the internal waves is
close to its maximum value. They usually come along w
the generation of wave trains that travel in the opposite
rection. As the amplitude of the wave train decreases, a s
zone appears with increasing amplitude. Figure 10~b! shows
an example of such a well developed region. A left-travel
wave train existed before and is disappearing. Outsid
high-amplitude region the train has almost vanished wh
the high-amplitude domain travels through the container
a pulse. Its full width at half maximum~FWHM! is almost a
quarter of the container circumference. Figure 10~c! depicts
the amplitude for the time interval of image~b!. As time
goes on the high-amplitude region broadens and its am
tude slowly decreases. Finally, low-amplitude modulatio
set in and the pulse vanishes.

F. Oscillations between wave trains

The overall behavior of the amplitude and the wave nu
ber of an entire experimental run is given in Fig. 11. T

FIG. 9. Ratio between phase velocity and group velocity of
internal waves as a function of the wave mode. The ratio is de
mined for the modulations of the wave trains.
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experimental run was carried out after five minutes from
former run. Surface waves are observed only during the
few seconds of the experimental run and are not depicte
Fig. 11. It shows the case where one wave train disappea
favor of a counter-rotating one. Figure 11~a! displays the
amplitude and Fig. 11~b! the wave number. In both diagram
both right-traveling and left-traveling waves clearly appe
The noise level of the amplitude is about 2 units. For t
reason only the wave numbers of waves with amplitud
above this threshold are shown.

At the beginning of the experimental run, waves traveli
in both directions are excited. Their interaction pattern is
stationary since the counter-rotating trains have differ
wave numbers@see also Fig. 8~b!#. As time proceeds the
left-traveling wave train, which has a higher wave numb
dies out. Simultaneously, the amplitude of the right-travel
one increases although its wave number, which correspo
to 28 waves, remains unchanged. This holds also for the
period of amplitude decay. But in the final stage at wea
amplitude, modulations appear leading to an increase of
wave number. Then, in these modulations of weaker am
tude, left-traveling waves are generated. This results in
amplitude increase of the left-moving waves. The rig
traveling train yields to the left-traveling one. After som
modulations, the wave number of the new train remains c
stant, corresponding to 38 waves. Finally, the amplitude
the left-traveling train diminishes and the whole train disa
pears. At the end of this period, modulations appear and a
the wave number. During the coexistence of two count
rotating wave trains at the beginning of the experimen
runs, we have always observed energy transfer between
trains as the maximum amplitude oscillates between
wave trains.

IV. DISCUSSION

The internal waves are generated when the surface wa
which are generated at high surface stresses due to the
rangoni effect@17,19# during the absorption of pentane vap
by toluene, are already very weak and disappearing. F
visualization reveals that the shear flow at the surface po
in the travel direction of the waves and is stronger than

e
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of
FIG. 10. Narrow and extended pulses. Th
contrast in~a! has been enhanced by about a fa
tor of 4.5. ~c! shows the amplitude of the left
moving waves train in~b!. During the time inter-
val presented here, the zone of high amplitu
has a full width at half maximum~FWHM! of
49.560.8 mm, which corresponds to a quarter
the container. T5297.95 K.
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convective flow in the liquid bulk beneath. It is apparen
the driving shear of the internal waves. In the bulk the ho
zontal flow goes down to zero in the center of the bulk. T
convection is asymmetric and stronger in the upper par
the liquid.

Even though there is still a strong shear flow at the s
face, the waves are indeed internal waves. First of all,
convection profile in the bulk is typical for internal wave
Second, we found a dispersion relation typical for grav
waves. The amplitude of the sinusoidal surface deformat
however, is about 3mm at most. The dispersion relation fo
gravity waves with a sharp interface reads

v5S r12r2

r11r2
gkD 1/2

5S ~rT2rP!~C22C1!

2rT2~rT2rP!~C21C1!
gkD 1/2

,

~5!

wherev, k, andg denote angular frequency, wave numb
and gravitational acceleration, respectively.r1 andr2 and
C1 andC2 are the densities and pentane concentrations in
lower and upper liquid layers, respectively, andrT and rP
are the densities of toluene and pentane. We remark that
dispersion relation is also the limiting case for surface sh

FIG. 11. Amplitude~a! and wave number~b! of internal waves
during an experimental run. Surface waves that are excited du
the first second are not shown. The thick and thin lines indicate
right-traveling and left-going trains, respectively. The noise leve
the amplitude is about 2 units. The wave number is only shown
amplitudes beyond this threshold. At the beginning of the exp
mental run, waves that travel in both directions are excited. Afte
time of coexistence the left-traveling wave train dies out and
amplitude of the remaining right-moving train increases. Later
its amplitude decreases again until it disappears in favor of a
traveling one of higher wave number.T5297.85 K.
-
e
f

r-
e

n,

,

e

his
ar

induced by surface-tension changes. Comparing the m
sured frequencies to those expected for surface and inte
waves reveals that the angular frequency of pure surf
waves varies between 78 and 103 s21. For internal waves in
a two-layer system of pure pentane over pure toluene
angular frequency is in the interval between 31 and 43 s21.
The experimental values, however, range between 11 an
s21. This is clearly below the values for pure liquid layer
For the exact density values one needs to know the con
tration distribution within the liquid. Since in the lower pa
of the liquid @17# there is hardly any convection accompan
ing the earlier generated surface waves, we may assume
the pentane concentration is very low if not zero in the low
layer, when the internal waves are generated. Thus, we
set the pentane concentration in the lower layerC1 equal to
zero and solve Eq.~5! for the upper concentration. For th
measured frequencies and wave numbers we obtain a
tane concentration in the upper half of the liquid that var
from 0.125 to 0.180 in the container with 54 mm inner d
ameter, and concentrations between 0.170 and 0.211 in
container with 50 mm inner diameter. Calculating the av
age pentane concentration for the upper half of the liquid
the annular container with 50 mm inner diameter from t
surface-level measurements, we get values of about 0.1
0.138 for the onset of internal waves. Even though the
sumption of averaging over the strong stratification in t
upper layer may seem very rough at first glance, this sho
that the internal waves can be interpreted in a first appro
mation as those appearing in a two-layer system.

To maintain a constant frequency the concentration in
upper layer must increase like the density ratio of the la
with respect to the concentration in the lower layer:

DC2

DC1
5

r2

r1
. ~6!

For the internal waves this lies in the narrow range betw
0.95 and 0.96. The experimental data with increasing
quency is fitted well with a ratio slightly larger than unity
Figure 12 presents an example. The linear fit to the f
quency is in very good agreement with the fit from the d

g
e
f
r
i-
a
e
,
t-

FIG. 12. Increase of angular frequency of a wave train. T
linear fit to the experimental data is shown in black and a fit fro
the dispersion relation~5! is presented in white. The parameters a
C1(t50)50, C2(t50)50.152, andDC2 /DC151.12.
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persion relation at a ratio of 1.12 between the incremen
the upper concentration and that of the lower one.

The shear flow at the surface is caused by surface stre
due to the absorption of the pentane~Marangoni effect!. It
works apparently in the same way as a shear flow withi
two-layer liquid, a case long ago considered by Taylor@1#
and Goldstein@2#. They described the instability of invisci
fluids which can be characterized by the Richardson num
Ri, Ri5r(dv/dz)2@(dr/dz)g#21, with r the density,v the
horizontal velocity, and derivatives taken along the verti
coordinate. It is the ratio of the destabilizing shear to
stabilizing effect of the stable stratification~negative buoy-
ancy!. Here the adequate ratio of surface-tension-gradie
driven stresses to~negative! buoyancy is the parameter th
should describe our experimental findings of internal wav
Actually, it can be interpreted as an~inverse! dynamic Bond
number Bo* 5(Dr)gd2/(Ds) with ~Dr! and~Ds! denoting,
respectively, the variations of density and surface tens
due to the surfactant concentration gradient. In the langu
of Bénard-like convection@12#, this quantity Bo* 5Ra/Ma,
where Ra is the Rayleigh number for buoyancy-driven c
vection~here negative! and Ma is the Marangoni number fo
surface-tension-gradient-driven convection~which also takes
on negative values!.

In a simplified two-layer model, the density variation c
be taken as the difference between the average densitie
the respective layers, and the height would be the liq
depth. The corresponding Marangoni number, whose exp
expression is not needed here, is determined in the same
as in@17# for surface waves. The Rayleigh number@12# here
can be constructed in two ways. One may take the value
the concentration as determined from the dispersion rela
~5! with the pentane concentration equal to zero in the low
layer at the beginning and the increment as fitted to data a
Fig. 12. In this case the buoyancy reads (rT2rP)(C2
2C1)gh3. The other possibility consists in taking as th
starting value the mean concentration obtained by measu
the surface level and then taking the increment from the
Taking into account the absolute uncertainties in determin
all the parameters, we aim only for the order of magnitude
the characteristic number and its temporal evolution. Th
Bo* is about 1028 and decreases by a factor of 1.5 while t
internal waves are still observable.

The internal waves show all the ingredients of a sho
wave instability. As time goes on, Bo* decreases and th
wave number increases, showing that there exists a fi
wave number at bifurcation. During the experimental ru
the number of waves in a train usually increases as t
proceeds. The wave number changes always happen b
calized modulations that travel through the container w
the phase velocity. Only frequencies in a very narrow ba
contribute to these modulations. This is typical for the Ec
haus instability, where one wave number becomes unst
and yields to a neighboring wave number. An experimen
observation of the Eckhaus instability in traveling-wave s
tems has been reported by Janiaudet al. @21# in a Rayleigh-
Bénard experiment with an additional lateral temperature
ference. Later on it was further investigated by Kolodner
wave trains occurring in buoyancy-driven convection w
binary fluid mixtures@22#. In both cases the wave amplitud
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was found to decrease strongly in the center of the locali
modulation, as we have observed it for our internal wave

Using a Ginzburg-Landau framework, Janiaudet al. @21#
found numerically that various modulations should be o
servable in extended systems, i.e., where the length of
system is much longer than the wavelength. However, th
experimental system with 6–12 waves in the annular c
tainer was too small to observe this. The waves in Kolo
ner’s experiment have a nonmonotonic dispersion rela
@22#. Therefore, he could observe forward and backw
traveling modulations in his extended system with 38–
waves. We have observed several wave train modulation
the same time, as predicted in@21#. Because of their disper
sion relation they all travel in the forward direction. Counte
rotating modulations also exist during the coexistence
counter-rotating wave trains. As in Kolodner’s experime
@22#, our experiment also showed that counter-rotat
modulations do not cancel each other, but a mutual influe
could not be found.

Further evidence of the Eckhaus instability is the fr
quency modulation, as shown in Fig. 6. At a fixed positio
the frequency of the wave train oscillates around the slo
increasing mean frequency. This oscillation moves throu
the container at half the phase velocity. Thus, it is a bea
two frequencies that correspond to two neighboring wa
numbers. The same kind of oscillation, although for a co
stant control parameter, were observed for traveling wa
by Kolodner@22#. In that experiment the oscillations set
for a certain wave number after exceeding a suitable valu
the control parameter. Decreasing the control paramete
sulted in a decrease of the growth rate of the oscillation. T
growth rate could be set to zero at a certain value of
control parameter when decreasing the control parame
while there was no oscillation when the control parame
was increased to the same value. This fact revealed the
criticality of the bifurcation. Although we cannot control th
inverse Bond number in our experiment, the frequency os
lations suggest that the bifurcation into internal waves is s
critical.

Evidence of this subcritical bifurcation is obtained fro
the observation of pulses. Pulses indeed exist in the bist
range of systems with a subcritical bifurcation. In this regim
a part of the system is in the lower, generally the homo
neous state and another part, the pulse, is on the bifurc
branch. We have observed narrow and extended pulse
accordance with pulses found in binary fluid mixtur
@23,24#, the narrow pulses occur at the end of the experim
tal runs, when the inverse Bond number is lowest. The
tended pulses are observed at an earlier stage of the
indicating that the subcriticality of the bifurcation into inte
nal waves is quite pronounced.

We have often observed the coexistence of two coun
rotating wave trains. In general, these trains have differ
wave numbers. The wave pattern indicates that they inte
with each other in a weakly nonlinear manner. Even thou
there is only one wave train excited at the beginning, anot
counter-rotating one may be generated thereafter. The am
tude maxima usually oscillate between the two count
rotating trains. The reversal of the travel direction may
due to a detuning between the bulk motion governed by
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dispersion relation of the internal waves and the surf
shear governed by the Marangoni effect. Although
shorter waves are excited by surface-tension stresses,
travel according totheir dispersion relation. Note that wher
the pentane is absorbed the surface tension decreases a
surface is stretched. The absorbed pentane, on the o
hand, lowers the actual absorption rate. When it is not c
ried away fast enough from the place where it was adsor
it hinders the surface there from absorbing. This may lea
an asymmetry of the surface tension along each wave c
which accumulates as time proceeds. Then surface stre
~the Marangoni effect! tend to reverse and surface motio
tends to develop more and more in the direction opposit
that of the traveling wave and may, finally, provoke its ov
s

e
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ey

the
er

r-
d

to
st,
ses

to
-

turn and, consequently, a counter-traveling train develop
full.
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@24# W. Barten, M. Lücke, and M. Kamps, Phys. Rev. Lett.66,

2621 ~1991!.


