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Isotope effect of diffusion in a simple liquid

M. Kluge and H. R. Schober
Institut für Festkörperforschung, Forschungszentrum Ju¨lich, D-52425 Ju¨lich, Germany

~Received 27 October 1999!

The diffusional isotope effect of a monatomic Lennard-Jones liquid is calculated by molecular-dynamics
simulation. Mass differences of 10–40 % were used. At equilibrium density, with decreasing temperature a
strong reduction of the isotope effect is found that indicates a marked increase of the collectivity of motion.
Changing the density at constant temperature, the same effect is seen that shows that the density change is the
main driving force behind the reduction of the isotope effect.

PACS number~s!: 66.10.2x, 64.70.Pf, 82.20.Tr, 82.20.Wt
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The atomic nature of transport in liquids has been
subject of numerous studies, e.g.,@1–4#. Of particular inter-
est is the possible change of mechanism upon cooling
melting point and beyond to the glass transition. In a m
atomic liquid, the diffusion constant can be written

D5D0f ~T,r!5D0* f ~T,r!/Am, ~1!

whereT is the temperature,r the atomic density, andm is
the mass of the diffusing particle. The temperature dep
dence ofD can be described over a large temperature inte
down into the undercooled regime by a Vogel-Fulch
Tamman~VFT! law

D5D0expS E0

kB~T2T0! D , ~2!

where the phenomenological VFT temperatureT0 is well
below the glass transition temperatureTg . This law provides
an empirical description of the sharp drop ofD upon under-
cooling. The inverse proportionality to the root of the mass
quite general, independent of the molecular aggregation
long as only one species is present.

Already, in the simple case of different isotopes, cons
ered here, the situation is more complicated. At low densi
and high temperatures when diffusion is dominated by
nary collisions, the kinetic approximation should hold a
Eq. ~1! should apply approximately for each compone
Lowering the temperature or increasing the density effect
collective motion will gain importance. This cooperativi
can be accounted for simply by replacing the particle mas
Eq. ~1! by an effective mass for diffusion of isotopea,

meff
a 5ma1~ND21!m̄, ~3!

with m̄ the average particle mass andND the number of
particles moving cooperatively. Equation~1! is then modi-
fied to

D5F~T,r!/Ameff. ~4!

With this, one can define an isotope effect parameterE @5#,

Eab5
Da /Db21

Amb/ma21
'

1

ND
. ~5!
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The isotope effect can thus be used as a quantitative mea
of collectivity. Due to the small differences in isotop
masses, it necessitates, however, very accurate mea
ments of the diffusion. Early measurements, therefore, o
lead to conflicting evidence@1#. A substantial isotope effec
was measured in molten Li@6#.

Progress was made by simultaneously measuring the
fusion of the tracer atoms57Co and 60Co @7#. Using this
technique for diffusion of Co in amorphou
Co76.7Fe2Nb14.3B7, a valueE50.1 was found, indicating a
high degree of collectivity. In contrast, for self-diffusion i
crystalline Co one findsE50.7. There, diffusion is by a
vacancy mechanism that involves essentially single part
jumps with not too large displacements of the neighbors. T
technique was applied to a supercooled melt
Zr46.7Ti8.3Cu7.5Ni10Be27.5, and again a very low isotope ef
fect was observed@8#.

Early molecular-dynamics simulation for hard disks a
Lennard-Jones~LJ! systems found small isotope effects f
mass ratios from 0.1 to 10@9–11#. More recently, simula-
tions of LJ systems foundE50.2 @12# and E50.1 @13# for
mass ratios of 2 and 4, respectively. Collective motion w
also frequently observed in simulations of undercooling
ward the glass transition@14,15#. This collectivity was attrib-
uted to stringlike motions@16–19# that resemble the relax
ations in the amorphous material@20,21#.

The aim of the present paper is to present a system
study of the diffusional isotope effect in a simple liquid
function of temperature and pressure. In order for the
served isotope effect to reflect the motion in the pure ma
rial, we study the effect of small mass changes, 10–40 %

The calculations are done for a monatomic LJ system

V~R!54e@~s/R!122~s/R!61ALJR1BLJ#. ~6!

The potential cutoff was set atRc53s. Similar to the shifted
force potential@22#, the parametersALJ50.009 577 7 and
BLJ520.002 735 95 are introduced to ensure continuity
the potential and its first derivative at the cutoff. As usual,
the following, we will give all results in the appropriate uni
of energye, lengths, and atomic massm. The small shift is
not expected to cause large differences to the phase diag
calculated for the pure LJ potential. For example, the melt
temperature will be near the reported value,Tm'0.62 @23#.
597 ©2000 The American Physical Society
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The calculations were done with constant volume and
riodic boundary conditions. The time step wasDt50.005.
Control runs withDt50.0005 showed no significant devia
tion. A heat bath was simulated by comparing the tempe
ture averaged over 20 time steps with the nominal temp
ture. At each time step, 1% of the temperature difference
adjusted by random additions to the particle velocities. T
procedure assured that existing correlations between the
tion of atoms were only minimally affected. Again, contr
calculations were done with constant energy, and no sig
cant effect was observed.

We prepared 11 samples, each of 5488 atoms, by hea
amorphous samples toT50.88. The samples were the
equilibrated for 60 000 time steps. From these samples,
ones at the other temperatures were gained by quenchin
the appropriate volume followed by equilibration for 30 0
time steps. Two series of calculations were done. For the
set the equilibrium densitiesr(T) were determined and use
to calculate the zero pressure diffusion constants as func
of temperature in the range 0.44<T<0.96. In a second cal
culation, the temperature was kept constant atT50.88 and
the density was varied, 0.46<r<0.855. In all runs, pressur
and energy were monitored to ensure stability of the confi
rations. The diffusion constant was calculated from
asymptotic slope of the atomic mean-square displaceme

Figure 1 shows the densities and diffusion constants
the zero-pressure configurations. The density agrees
with the ones given in Ref.@22# for a slightly different cut-
off. The diffusion constant compares to the one given
@24#. It vanishes aroundT50.4. An exact determination o
this temperature is not possible due to the onset of cryst
zation during extended simulations.

To determine the isotope effect, the mass of two sets
100 randomly chosen atoms was increased, respectively
minished bydm. The mass change was usually taken
dm50.2m, with additional runs usingdm50.1m and dm
50.4m. This was done 54 times for each configuration g
ing in total a minimum of 594 configurations for each tem
perature and density. Figure 2 shows a typical result. To
order in dm, the curves for lower and higher masses a
symmetric with respect to them51 curve. The total effect is
very small, which necessitates the large statistics.

FIG. 1. Diffusion constants~full diamonds! and density~open
circles! at zero pressure against temperature~all in reduced units!.
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The mass dependence of theD was then used to deter
mine the isotope effect, Eq.~5!. Taking the values for the
zero-pressure samples in Fig. 3, one sees first that all
values are relatively low in the whole temperature range
vestigated and second, thatE drops more or less linearly
upon cooling toward the glass transition temperature. T
clearly shows a marked increase of motional collectiv
upon cooling. Taking the approximate relation betweenE
and the number of particles moving collectively we find th
the latter increases fromND'4 at T50.96 to ND'16
at T50.48. This high collectivity is in agreement with th
experimental findings of Ehmleret al. @8# who found
E'0.09 for Co diffusion in supercooled liquid
Zr46.7Ti8.3Cu7.5Ni10Be27.5. It is similar to the values found in
the monatomic soft sphere glass at low temperatures@21#
where collective jumps of approximately 20 atoms have b
reported.

To check to what extent the drop of isotope effect is co
nected with the increase in density, the calculations w
repeated at constant temperatureT50.88 for different densi-
tiesr. Figure 4~solid diamonds! shows an approximate pro

FIG. 2. Mean-square displacement as function of time forT
50.8 andr50.72. Solid line,m51; dashed line,m50.8; dotted
line, m51.2. The average is over 594 configurations and 200 t
intervals each. The inset is an enlargement.

FIG. 3. Isotope effect as function of temperature at equilibriu
density.
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portionality between the decrease of isotope effect and
increase of density. Moreover, the values at fixed temp
ture coincide within the limits of accuracy with those of th
equilibrium samples~Fig. 3! at the same density but at
different temperature. This shows that the isotope effec
predominantly determined by the density. The diffusion co
stant itself depends strongly on both temperature and den

Varying the mass incrementdm between 0.1 and 0.4, w
found no significant deviations from the simple square-r
dependence of Eq.~4!. Previous computer experiments on L
liquids were done with much larger mass differences a
different mass dependencies were deduced, e
D(m1)/D(m2)5(m2 /m1)2m, wherem,0.1 @12#. From our
results, we find that such a fit would require strong
temperature-dependent coefficients.

In experiments on metallic glasses, significantly larg
isotope effects have been observed in rapidly quenc
samples@25# E'0.5. Upon aging, this value diminishes
E'0.1 in the fully relaxed sample. In our simulation of
liquid LJ system, we observed a similar but less pronoun
effect when using insufficiently equilibrated samples. W

FIG. 4. Isotope effect as function of density for constant te
peratureT50.88~solid diamonds!. The broken line is a least squar
fit to the data of Fig. 3 using the densities shown in Fig. 1.
s

e
a-

is
-
ty.

t

d
.,

r
d

d

find for a very ‘‘young’’ sample atT50.88 a value ofE
'0.26 that rapidly drops toE'0.19 upon aging. The differ-
ent temperature ranges and aging times prevent a quan
tive comparison at this stage.

In the investigated temperature range, the increase in
lectivity is not accompanied by a major increase of no
Gaussianity, where Gaussianity is defined as@26#

a2~ t !5
3^r 4~ t !&

5^r 2~ t !&2
21, ~7!

with ^r 2(t)& and ^r 4(t)& the mean-square displacement a
the corresponding fourth-order term, respectively. A va
a2(t)50 indicates a Gaussian distribution of displaceme
as one would obtain from standard diffusion theory. At
temperatures, we find for all timesa2(t),0.25. This indi-
cates that heterogeneity or atomic jumps over distances c
parable tos play only a minor role. It is in contrast to result
for binary LJ using constant volume conditions syste
where a2(t) approached maximal values of around 3 ne
the glass transition@27#. Below the glass transition, larg
non-Gaussianities have been observed in simulations
monatomic soft sphere glasses@21#. For the monatomic LJ
system studied here, non-Gaussianity is found to increas
temperatures closer toTg than used in the study of the iso
tope effect. A long time study is precluded at these tempe
tures by the onset of crystallization.

In summary, we studied the isotope effect of diffusion
a simple Lennard-Jones liquid at equilibrium density as fu
tion of temperature and for constant temperature as func
of density. The isotope effect drops strongly upon cooli
toward the melting and glass transition temperatures an
strongly dependent on the densities. This indicates a str
increase in cooperativity of the atomic motion. The calcu
tions were done for small mass differences and the results
in agreement with recent experiments. Incompletely equ
brated samples show an increased isotope effect—a les
operative motion. Changing the mass ratio, no deviat
from the simple description in terms of effective masses w
found.
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