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Full Coulomb calculation of Stark broadened spectra from multielectron ions:
A focus on the dense plasma line shift
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Recently, there has been growing experimental evidence for redshifts in line spectra from highly ionized,
high-Z radiators immersed in hot, dense plasmas@O. Renneret al., J. Quant. Spectrosc. Radiat. Transf.58, 851
~1997!; C. F. Hooperet al., in Strongly Coupled Coulomb Systems~Plenum, New York, 1998!; N. C. Woolsey
et al., J. Quant. Spectrosc. Radiat. Transf.65, 573 ~2000!; A. Saemannet al., Phys. Rev. Lett.82, 4843
~1999!#. A full Coulomb, multielectron formalism of line broadening due to perturbation by plasma electrons
will be presented. A red line shift and asymmetries arise naturally from employing a full Coulomb expression
for the perturber-radiator interaction, rather than applying the dipole approximation. This formalism can now
be applied to arbitrary multielectron radiating ions.

PACS number~s!: 52.25.Nr, 52.25.Ub, 52.58.Ns
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I. INTRODUCTION

In this paper, we continue our efforts to understand
fundamental behavior of plasmas at extreme temperat
and densities@1–3#. A detailed understanding of the intera
tions of a charged radiator with a plasma environmen
needed to characterize hot, dense plasmas such as those
erated in implosion experiments using high powered las
Recent experiments using the Omega Laser system a
University of Rochester have led us to infer that ionic rad
tors can experience modifications in their energy-level str
ture due to deep penetration of the radiator orbitals
plasma electrons@4,5#. These effects are manifested
anomalous broadening and shifting of observed spec
lines. Although spectral line broadening due to plasma i
and electrons has been observed for many years and has
shown to be consistent with existing theories at lower plas
densities, the existence of plasma-induced line shifts
only recently been widely accepted. Presently, the obse
tion of such shifts is established@5–9#, and there exist theo
retical calculations to predict and explain these shifts forK-
shell ionic lines@10–12#. The purpose of this article is to
present a generalized full Coulomb formalism of line broa
ening for ionized, multielectron radiators, where the li
shifts arise consistently from the relaxation theory. The
sulting line-shape calculations contain detailed, angu
momentum-dependent shifts, which lead to substantial
asymmetries. Included in this generalization is the extens
of the theoretical capability to shift spectral lines from ion
radiators other than H- and He-like. Spectral-line analy
often results in the study of composite lines, that is, re
nance lines together with their accompanying satellit
Since theK-shell resonance lines are usually clustered w
satellites emitted from ions in He-, Li-, and Be-like config
rations, this extension is already necessary in the analys
dense plasmas whereNe'1024 electrons/cm3 and kT'1
keV. We have addressed the issue of calculating level sh
for complex configurations and also included intermedi
PRE 621063-651X/2000/62~4!/5584~10!/$15.00
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angular-momentum coupling. In the remainder of this int
duction, we will briefly highlight some of the history behin
plasma-induced line shifts and mention some of the exp
mental difficulties associated with establishing their ex
tence. Then we will outline a theoretical formalism, focusi
on the electron shift and width operator and introducing
generalization for multielectron radiators. In this discussi
the shifts obtained from this formalism will be compared
the theories of Nguyen and Griem and their co-workers. E
perimental data will be fitted with theoretical spectra w
and without the dense plasma line shift. Finally, possi
areas for future study will be considered.

As early as 20 years ago@13,14#, interest in spectra of
ionized radiators in dense plasmas motivatedad hoccalcu-
lations of redshifts induced by perturbing the electron shie
ing of the nucleus. Some early calculations employed line
ized Debye-Huckel potentials, while others used se
consistent static charge distributions to describe the shield
of the nucleus@10,11,15–17#. These calculations of wha
was called the plasma polarization shift frequently overe
mated the shifts observed experimentally, particularly th
using the Debye-Huckel model. Cooper, Kelleher, and L
@18# also cautioned against introducing anad hocshift term
in conjunction with the electron broadening operator, poi
ing out that a shift term should naturally arise as the real p
of the broadening operator, while the imaginary part ser
to broaden the line shape. In order to obtain consistent re
for both line broadening and line shift, Nguyenet al. @10#
employed a quantum mechanical impact formalism to cal
late shift and width terms for Lyman series members of hig
Z radiators*10. Their calculation included terms of th
multipole expansion of the radiator–perturbing-electron
teraction, up to the octopole. This is significant because
electron broadening operator was usually calculated in
dipole approximation. These researchers also stated tha
monopole term of the interaction contributes the most to
shift, although they did not quantify the extent of this co
tribution. Also, no attempt was made to calculate line sha
5584 ©2000 The American Physical Society
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PRE 62 5585FULL COULOMB CALCULATION OF STARK BROADENED . . .
from the results or to present a dynamic, i.e., frequen
dependent shift and width operator. Griemet al. @12# then
applied a distorted wave scattering approach to the prob
employing perturber wave functions distorted by the mo
pole term of the radiator–perturbing-electron interactio
This was a first-order impact calculation that summed
phase shifts of the partial waves to obtain the line shifts
He-like Ar. The results were in good agreement~within
&15%) with those of Ref.@10#. This calculation demon-
strated that the bulk of the shift could be obtained by inclu
ing only the monopole term of the radiator–perturbin
electron interaction potential. Prior to the shift calculatio
of Hooperet al. @5# Griem and his collaborators had been t
only ones to incorporate angular-momentum-depend
shifts into actual line-shape calculations.

Although there were shift calculations available f
K-shell radiators, line shifts due to plasma electron inter
tions with a radiator had not been incorporated into mu
electron line-shape codes such asMERL @2,3# or TOTAL @19#.
These codes were written to generate broadened line sh
for the analysis of line spectra of highly charged, multiele
tron radiators. Improvements have been incorporated
cently with respect to radiator interactions with perturbi
ions, including ion quadrupole effects and ion dynam
@4,20,21#; however, the reluctance to incorporate shifts in
these line broadening calculations was a direct result of
absence of definitive experimental evidence of shifts@13#.
Line shifts and shift theories have been difficult to ver
experimentally, and only in recent years have data beco
available that convince us of the existence of line shifts.

In the past, there have been difficulties in measuring l
shifts accurately, but recent line-shift observations have c
firmed the calculations by Nguyen and Griem and their
workers. Early experimental verification of shifts observed
spectra emitted from highly charged radiators was parti
hindered because most attention was paid to H- and He
a lines, which we now know experience very small shi
relative to higher lying series members, and which were a
most likely to be obscured by opacity effects. Hammelet al.
@22# measured a redshift in the Heb line of Ar, ;11 eV at
an electron density of;1.231024 cm23, which was roughly
consistent with the theories of Nguyenet al.and Griemet al.
and was greater than the instrumental width of their h
resolution spectrometer. However, the presence of die
tronic satellites on the red wing complicated the shift m
surement and obscured asymmetries arising from the di
ing shifts of the various angular-momentum states. Le
et al. @6# observed small redshifts and a marked asymme
of the Ly g line of C51. While the bulk shift of theg line
seems comparable with those calculated by Nguyenet al.,
the theoretical line shapes used for fitting were calcula
using an average shift, as opposed to incorporating deta
angular-momentum states of the radiator into the initial lin
shape calculation, thereby neglecting the asymmetries du
these differing shifts. Further, to account for gradients l
shapes were calculated for an expected range of densities
temperatures and summed to form a composite line pro
Both of these approximations would hinder line-shift ana
sis. Later, Renneret al. @7# observed the Lyman series line
of aluminum shift to the red during high resolution flat targ
experiments. In this case, the density inferences from
-
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widths of the lines relied heavily on the correctness of co
puter modeling results and cast doubt on the application
any particular shift theory. The difficulties described abo
allowed the question of the existence of plasma-indu
shifts to remain unresolved in the minds of many. In the p
few years, more evidence of plasma-induced line shifts
begun to appear. At Lawrence Livermore National Labo
tory and the Laboratory for Laser Energetics, in implosi
experiments conducted on deuterium filled microballoo
doped with trace amounts of argon, an apparent redshif
the He b and Heg/Lyman b complex of K-shell Ar was
observed, even after satellites were included@4#. Since some
of these shifts were far in excess of the experimental er
Hooperet al. @5# incorporated a first-order shift calculatio
for highly ionized radiators into our line-shape codeMERL.

More recently, Woolseyet al. @8# and Saemannet al. @9#
reported redshifts in the Heb lines of K-shell argon and
aluminum, respectively, both roughly consistent with the
sults of Nguyenet al.

Given the accumulation of data supporting the existe
of shifts, we now include radiator line shifts due to radiato
plasma-electron interaction as an integral part of our li
shape code; hence, our calculations are consistent and n
sitate no adjustable parameters in the spectral analysis. S
an inclusion is important for several reasons. In addition
providing more accurate descriptions of analyzed spec
this formalism enables us to calculate the shift and wi
terms simultaneously and self-consistently. Also, we emp
a full Coulomb representation of the radiator-perturbing el
tron interaction, which lends itself to the calculation of n
only the first-order monopole term of the multipole expa
sion but higher order corrections as well. It also has be
noted that during high power implosion experiments plasm
are characterized by electron densities where the ave
electron spacing approaches the size of the radiator orb
The dipole approximation to the radiator-perturber inter
tion cannot account for the penetration of such radiator
bitals. Therefore, under these dense plasma conditions,
inappropriate to apply the dipole approximation to the el
tron broadening term. In addition to providing shift calcul
tions for H- and He-like radiators, our theory is appropria
to treat cases of multielectron ions, utilizing Cowan’s re
tivistic atomic physics data. The full Coulomb model h
been incorporated into our line-shape codeMERL, enabling
us to generate broadened and shifted line shapes for a gr
variety of radiators under a broad range of plasma con
tions. In this article, we will limit our discussion to highl
ionized radiators in hot, dense plasmas, specifically Ar161

and Ar171 radiators, and theirL-shell satellite ions, which are
immersed in deuterium plasmas characterized by elec
densities of'(131023) – (231024) cm23 and temperatures
between 500 and 2000 eV. Finally, incorporating electro
induced shifts into a model of hot, dense plasmas will,
many cases, have a significant effect on determination
other plasma parameters that are dependent on energy-
structure, such as ionization balance and line-ratio diagn
tics.

II. STARK BROADENING THEORY

Our theoretical development follows standard methods
garding Stark broadening by perturbing electrons and io
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5586 PRE 62JUNKEL, GUNDERSON, HOOPER, AND HAYNES
The current calculation incorporates a model of the plas
that accounts for the motion of the electrons and ions;
latter can have a significant broadening effect at the cente
Ar lines when the Ar radiator is immersed in a plasma
relatively lighter ions, such as deuterium, as is the case
inertial confinement fusion implosions. For cases where
ion perturbers are more massive, such as targets filled
tirely with higher-Z ions like Ne, Ar, and Kr, ion dynamic
effects are reduced greatly and line shapes closely rese
those generated with the static-ion approximation.

We start with the line-shape function given by@23,24#

I ~v!5
4v4

3c3 E
0

`

dEWQ~EW!J~v,EW!, ~1!

where Q(EW) is the ion microfield probability distribution
function andJ(v,EW) is defined as

J~v,EW!52
1

p
Re Trr@d•R~v,EW!r rd#. ~2!

J(v,EW) is the electron-broadened line profile for a radiati
ion in the presence of the ion microfieldEW. Trr is a trace over
the relevant radiator states,d is the radiator dipole operator
andr r is the density matrix for those radiator states. In E
~1!, Doppler broadening of the line shape due to radia
motion is included at the end of the calculations by convo
ing I (v) with a Doppler profile based on a Maxwellian v
locity distribution @1#. The resolvent,R(v,EW) is given by
@4,21#

R~v,EW!5
G~Dv,EW!

11 in~Dv!E dE8WQ~EW8!G~Dv,E8W !

, ~3!

G~Dv,EW!5
1

Dv2Li ,r~EW!2B2M ~Dv!2 in~Dv!
. ~4!

Dv5(v2Lr), whereLr is the Liouville operator associate
with the unperturbed Hamiltonian of the radiator;Li ,r(EW) in-
corporates the interaction of the radiator with the ion m
crofield. The quantityn(Dv) is a measure of the effects o
perturber ion motion on the radiator, and can be though
as an effective collision frequency. Ifn(Dv) is allowed to
go to zero, the expressions above reduce to the static
approximation. The sum ofB and M (Dv) includes the ef-
fects of the plasma electrons on the radiator. We will disc
these two terms in the following section.

III. RELAXATION MODEL OF ELECTRON BROADENING

In order to comment further on the operatorsB and
M (Dv), we first write the HamiltonianH8 in which the
effects of the radiator–perturbing-ion interaction have
ready been incorporated into the ion microfield:

H85Hr1eEZr1Ke1Ver1Vee. ~5!

The first term on the right hand side is the Hamiltoni
for an isolated radiator. In the second term, the effects of
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perturbing ions have been expressed in terms of the rad
dipole interacting with the ion microfield. It may seem cou
terintuitive to suggest that the dipole approximation is va
for radiator interactions with plasma ions, but invalid f
interactions with plasma electrons at high densities. Ho
ever, for highly charged radiators, the perturbing ions ex
rience a strong repulsion due to the monopole interac
with the radiator, which is included in the microfield calc
lation. Therefore, the ions remain sufficiently distant fro
the radiator for the dipole approximation to be valid. High
order corrections to the dipole approximation have be
evaluated and appear to have a relatively small effect for
plasma conditions considered here@20#. This is not the case
for plasma electrons, which experience an equally strong
traction and may have the opportunity to penetrate the ra
tor orbitals. Continuing with the rest of the Hamiltonian,Ke
is the kinetic energy of the plasma electrons,Ver is the
radiator–perturbing-electron interaction, andVee represents
the perturbing-electron–electron interactions. In order to c
culateB and M (Dv), the interaction potential between th
radiator and a given plasma electron is divided into a lo
range monopole termV(0)( j ) and a short-range interactio
V(1)(r , j ) as follows, whereV(0)( j ) is the monopole interac
tion of the j th perturbing electron with the radiator andxj is
the coordinate of that electron:

V(0)~ j !52
~Z2Nr !

xj
, ~6!

V(1)~r , j !5S 1

uxj2xr 1
u
2

1

xj
D 1S 1

uxj2xr 2
u
2

1

xj
D

1•••1S 1

uxj2xr Nr
u
2

1

xj
D . ~7!

The remaining interactionV(1)(r , j ) is expressed as a sum o
interactions with theNr individual radiator electrons. The
coordinates of thei th radiator electron are denoted byxr i

.

Later, we will take advantage of the fact thatV(1)(r , j ) has
been expressed as a sum of symmetric operators on th
diator electron coordinates.V(0)( j ) is independent of radiato
electron coordinates and may be included in the Hamilton
of the plasma electrons,

H~ j !5
pj

2

2m
2V(0)~ j !. ~8!

This form lends itself to employing Coulomb wave functio
to describe the motion of the perturbing electrons, as w
done in the past@1,25#. We can now define Liouville opera
tors L(r ,1) andL1(r ,1), as follows:

L~r ,1! f̂ 5@H8~r ,1!, f̂ #, L1~r ,1! f̂ 5@V(1)~r ,1!, f̂ #, ~9!

where f̂ is an arbitrary operator.H8(r ,1) represents the
Hamiltonian for the radiator interacting with the ion m
crofield and a single plasma electron:

H8~r ,1!5Hr1eEZr1H~1!1V(1)~r ,1!. ~10!



op

-
em

to

th
th
-
is
–

in
n
io
rg

li
e
e
va
ion
te
n

m
th
a
ti

ac
ar
ll
u
ri
d

a
a
ca
m

wn

on
n

m
y

er-

or

e
mo-
en-

ect
an
nsi-
hat
for

n

nte-
er-

PRE 62 5587FULL COULOMB CALCULATION OF STARK BROADENED . . .
Using kinetic theory techniques, the electron interaction
eratorsB and M (Dv) can be expressed in terms ofL(r ,1)
andL1(r ,1) @25–27#:

B5n Tr1 L1~r ,1! f ~r ,1! f ~r !21, ~11!

M ~v!5n Tr1$L1~r ,1;v!@v2L~r ,1!2V~r ,1;v!#21

3 f ~r ,1!L1~r ,1! f ~r !21%, ~12!

where f (r ) and f (r ,1) are distribution functions for the iso
lated radiator and the radiator–perturbing-electron syst
respectively.L1(r ,1;v) andL1(r ,1) are simply dynamically
and statically shielded forms ofL1(r ,1). V(r ,1;v) incorpo-
rates the effects of other plasma electrons on the radia
perturber system. The frequency-independent termB repre-
sents the time-independent portion of the interaction of
plasma electrons with the radiator. It is real and provides
bulk of the shift.M (v) is the transform of the autocorrela
tion function of the electron interaction potential. At th
point, B and M (v) are exact to all orders in the radiator
plasma-electron interaction potential.

As has been argued in the past@28,29,12#, we will calcu-
late these terms to second order in the radiator–perturb
electron interactionL1(r ,1), using a full Coulomb expressio
of the interaction potential. The second-order approximat
is an appropriate choice for two reasons. First of all, la
portions of thea, b, and g lines of K-shell Ar, for the
plasma conditions under consideration, satisfy the inequa
Dv&2vpe , whereDv is the frequency separation from lin
center andvpe is the plasma frequency. This is relevant b
cause second-order calculations have been shown to be
in this range@29#. Second, in order to truncate the expans
of the shift and width operators at second order in the in
action potential, the perturbing electrons must undergo o
collisions that are weak in the sense that the transfer of
mentum is small compared to the perturber momentum;
is to say, the impulse experienced by the perturber is sm
The change in momentum can be related to the poten
experienced by the perturber at the point of closest appro
V5eZ* /r min . Since the plasmas under consideration
characterized by sufficiently high temperatures, even co
sions where the perturbing electron penetrates the bo
electron orbital can be described as ‘‘weak.’’ The approp
ate temperature regime was defined, for a hydrogenic ra
tor, with the expressions@18#

mvdv;
e2~Z21!

r min
, ~13!

mv dv
mv2 ;

e2~Z21!Z

a0n2kT
!1, ~14!

kT.
Z~Z21!

n2 Ry, ~15!

whereZ is the radiator charge andn is the principal quantum
number of the radiator state. At higher temperatures, the
erage plasma electron has a greater kinetic energy
spends a relatively short time near the radiator itself and
thus receive only a small impulse, relative to its momentu
-
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Given the conditions described above, it has been sho
that B, the static shift, can be expanded into two termsB(1)

andB(2), which are first and second order in the interacti
potential, respectively@30#. We can expand the distributio
function f (r ,1), and thusB, in terms ofV(1)(r ,1). By suc-
cessively closing kinetic equations in the equilibriu
Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy, Duft
and Boercker obtained an expression forf (r ,1) @27#:

f ~r ,1!5Z exp$2b@H~r !1H~1!1Vs~r ,1!#%, ~16!

whereVs(r ,1) is a statically screened radiator-electron int
action potential. Boercker and Iglesias expandedf (r ,1) in
orders ofVs(r ,1) and obtained the following expressions f
B(1) andB(2) @30#:

B(1)5n Tr1@L1~r ,1! f 0~1!#, ~17!

B(2)52n Tr1S L1~r ,1! f 0~r ! f 0~1!E
0

b

dtet[H(r )1H(1)]

3Vs~r ,1!e2t[H(r )1H(1)] f 0~r !21D . ~18!

Starting with Eqs.~17! and~18!, we can express the trac
over perturber states in terms of integrals over perturber
menta. Then, we introduce complete sets of radiator eig
states to obtain a matrix representation in Eqs.~19! and~20!.
Finally, we evaluate the integral overt. Although B(1) and
B(2) are tetradic operators, we have shown only the dir
term of B(1). There is an interference term, which we c
neglect if we assume that there are no nonradiative tra
tions between initial and final states. It should be noted t
there are no corresponding direct or interference terms
the lower states forB(2), although such terms are found i
the dynamic termM (Dv).

Bi f i 8 f 8
(1)

5nlT
3E dke2bk2

^ ikuV(1)~r ,1!u i 8k&d f f 8

2^ f kuV(1)~r ,1!u f 8k&d i i 8 , ~19!

Bi f i 8 f 8
(2)

52nlT
3E dk1E dk2(

i 9

~e2bk1
2
2e2b(k2

2
1v i 92v i 8)!

~v i 92v i 81k2
22k1

2!

3^ ik1uV(1)~r ,1!u i 9k2&^ i 9k2uVs~r ,1!u i 8k1&d f f 8 .

~20!

Returning to Eq.~12!, we see thatM (v) is already at
least second order inL1(r ,1), so that we should replace@v
2L(r ,1)2V(r ,1;v)#21 with @v2L(r )2L(1)#21. In the
form presented below, the termM (Dv) i ,i 8 , which describes
the interaction of the initial states, is reexpressed as an i
gral over time. There is a corresponding term for the int
action of the final states.

M ~v! i i 852 inlTE dk1E dk2E dt(
i 9

e2bk2
2

3ei (Dv i 9 f1k1
2
2k2

2
1 i e)t3^ ik1uVs~r ,1!u i 9k2&

3^ i 9k2uVs~r ,1!u i 8k1&d f 8 f . ~21!
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Boercker and Iglesias showed forneutral radiators that
there is significant cancellation in the portion of the sh
term that is second order in the interaction potential, betw
B(2) and ReM (v). This is important for the neutral cas
where the first-order term is believed to vanish@30#. It can be
shown that the second-order behavior is qualitatively
same for charged radiators; however, the resulting canc
tion is a relatively small effect for highly charged radiato
since the first-order shift is dominant.

So far, our expressions have not specified the det
of the interaction. In the next section, we will addre
the challenges of calculating the matrix eleme
^ i ,k1uV(1)(r ,1)u i 8k2& for a multielectron radiator.

IV. MULTIELECTRON FORMALISM

In Eqs. ~20! and ~21!, the ket u i ,k& represents a direc
product of the energy eigenstates for the radiator and
turbing electron. However, matrix elements of the inter
tions are easiest to calculate in the LS representation
coupled angular momentum states using Slater determin
of product wave functions for the radiator electrons. So
multielectron atoms and ions can experience intermed
coupling between angular-momentum states; hence, in o
to calculate the matrix elements of the interactions, it is n
essary to first transform from the energy eigenstates to
cific electron configurations in the LS representation.
transformation matrix can be obtained by diagonalizing
matrix of the isolated radiator Hamiltonian but retaining t
eigenvectors for the particular representation most usefu
the model. An example of such a matrix is given in Tab
10-2 in Ref.@31#. Since Cowan does not provide a speci
notation for this operator, we shall refer to it asTa,i . The
subscripta refers to all the relevant quantum numbers, e
ceptJ andM, which represent the total angular momentu
and its azimuthal component, of a given configuration in
appropriate representation; in this case, we employ the
nealogical LS basis. This representation is described in
4.10 of Ref.@31#. We note that for an isolated radiator th
potential is spherically symmetric, and the total angular m
mentum is conserved. Therefore,Ta,i is block diagonal inJ
and invariant inM. We will designate individual blocks by
Ta,i(J) and the relevant basis states byuCa&JM . Therefore,
the i th wave functionu i &JM in the energy basis can be e
pressed as

u i &JM5(
a

uCa&JMTa,i~J!, ~22!

which results in the following matrix elements of th
radiator–perturbing-electron interaction:

JM^ i ;k1uVs~r ,1!u i 8;k2&J8M8

5 (
a,a8

T i ,a
† ~J!JM

3^Ca ;k1uVs~r ,1!uCa8 ;k2&J8M8

3Ta8,i 8~J8!. ~23!
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In order to calculate the matrix elements of the intera
tion, it is important to remember thatV(1)(r ,1) was defined
in Eq. ~7! as a sum of symmetric, one-electron operato
This allows us to employ tools described in detail by Cow
@31#. The first step is to express our interaction in terms
reduced matrix elements.V(1)(r ,1) can be expressed as
multipole expansion in terms of reduced tensor operators
each radiator electron coordinatexr j

,

V(1)~r j ,1!5(
t50

`

(
q52t

t

Vt~xr j
,x1!Cq

(t)~ x̂r j
!Cq

(t)†~ x̂1!,

~24!

whereVt andCq
(t) describe the radial and angular portions

the multipole expansion,

Vj
t5S x,

t

x.
t11 2

d t,0

x1
D , Cq

(t)~u,f![S 4p

2t11D 1/2

Ytq~u,f!.

~25!

Herex1 is the plasma electron coordinate, andx, andx. are
the lesser and greater, respectively, of the perturbing elec
coordinates and relevant radiator electron coordinates. In
der to account for screening due to electron correlations,
will follow the usual practice of introducing a cutoff at th
Debye radius when we integrate over the perturbing elec
coordinates. This choice allows us to compare our res
more easily with the many other calculations that employ
this cutoff. In our next step, we employ the Wigner-Ecka
theorem to obtain reduced matrix elements. We also re
press our perturber wave functions in terms of a partial w
expansion:

JM^Ca ;k1uVs~r ,1!uCa8 ;k2&J8M8

5 (
l 1 ,m1

(
l 2 ,m2

(
t,q

~21!J2M1 l 12 l 11q

3S J t J8

2M q M8
D S l 1 t l 2

2m1 2q m2
D

3K Ca,J ;k1 ,l 1UU(
j 51

Nr

Vj
tCj

(t)C1
(t)†UUCa8,J8 ;k2 ,l 2L .

~26!

The expression

^Ca,J ;k1 ,l 1uu( jVj
tCj

(t)C1
(t)uuCa8,J8 ;k2 ,l 2&

is independent of the magnetic quantum numbersm andM
and the indexq; it is also analogous to that used by Cowan
calculate general transition arrays. This matrix element
be expressed in terms of single-electron interactions. Thi
achieved by employing a tedious but tractable process
accounting for coordinate permutations, coefficient of fra
tional parentage expansions, and uncoupling or recoup
angular momenta, which Cowan denotes with the opera
D1 through D7. One may refer to the Appendix for mor
details. Here, we show only an abbreviated form similar
Eq. ~14.78! in @31#:
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K Ca,J ;k1 ,l 1UU(
r 51

Nr

Vr
t Cr

(t)C1
(t)UUCa8,J8 ;k2 ,l 2L

5^k1 ,l 1uuD1D2D3¯D7^ni ,l i uuVtC(t)uunj ,l j&

3C1
(t)uuk2 ,l 2&

5^k1 ,l 1uuAa,a8
(t)

~x1!C1
(t)uuk2 ,l 2&, ~27!

where

Aa,a8
(t)

~x1!5D1D2D3•••D7~21! l i@ l i ,l j #
1/2S l i t l j

0 0 0D
3E dxrxr

2Rni ,l i
* ~xr !S x,

t

x.
t11 2

d t,0

x1
DRnj ,l j

~xr !.

~28!

The indicesi and j refer to the subshells relevant to th
one-electron transition. The quantityAa,a8

(t) (x1) in Eq. ~28! is
an expression for the matrix element of thetth term in the
multipole expansion of the interactionV(1)(r ,1), integrated
over the radiator state of a single bound electron.Rn,l(xr) is
the relativistic wave function of the bound electron extrac
from Cowan’s atomic physics code. Now we can expresB
and M (Dv) in more familiar forms by replacing the pe
turber states with Coulomb wave functionsFl(h,kx1),
wherel is the quantum number representing the angular m
menta in the partial wave expansion andk is the wave num-
ber of the perturber momentum:

Bi f i 8 f 8
(1)

5
2

p
nlT

3 (
a,a8

(
t50

`

(
l 50

`

d t,0dM,M8dJ,J8d f f 8

3E dk e2bk2
~2l 11!3T i ,a

† ~J!E dx1Fl~h,kx1!

3Aaa8
t

~x1!Fl~h,kx1!Ta8,i 8~J!2Bf f 8
(1)d i i 8 . ~29!
d

-

Note that only the penetrating monopole term contribu
to B(1), even for the multi-electron case. Let us define t
operatorDi ,i 9,i 8(k1 ,k2) so that we have simplified expres
sions forB(2) andM (Dv):

Di ,i 9,i 8~k1 ,k2!5 (
a,a8

a9,a-

(
t50

`

(
l 1 ,l 2

~21!J1J9
~2l 111!~2l 211!

~2t11!~2J11!

3S l 1 t l 2

0 0 0D 2

dJ,J8dM,M8T i ,a
† ~J!

3E dx Fl 1
~h1 ,k1x!Aa,a9

(t)
~x!Fl 2

~h2 ,k2x!

3Ta9,i 9~J9!T i 9,a-
†

~J9!

3E dx8Fl 2
~h2 ,k2x8!Aa-,a8

(t)
~x8!

3Fl 1
~h1 ,k1x8!Ta8,i 8~J!. ~30!

This leads us to

Bi f i 8 f 8
(2)

52
4nlT

3

p2 E dk1E dk2(
i 9

~e2bk1
2
2e2b(k2

2
1v i 92v i 8)!

~v i 92v i 81k2
22k1

2!

3Di ,i 9,i 8~k1 ,k2!d f f 8 , ~31!

M ~Dv! i i 852 i
4nlT

3

p2 E dk1E dk2E dt(
i 9

e2bk2
2

3ei (Dv i 9 f1k1
2
2k2

2
1 i e)tDi ,i 9,i 8~k1 ,k2!d f f 8 .

~32!

While the quantities,B(1) andB(2) are real and contribute
only to the shift, the dynamic termM (Dv) is complex. It
contributes to both the shift and the width. If we take t
integral over time, we get the following expressions:
ReM ~v! i i 8

55
4nlT

3

p2 (
i 9

PE dk1E dk2S Dv i 9 f1
\

2m
~k1

22k2
2! D 21Fe2b\2k2

2/2mDi ,i 9,i 8~k1 ,k2!2e2b(\2k1
2/2m1\Dv i 9 f )Di ,i 9,i 8S k1 ,S k1

21
2mDv i 9 f

\ D 1/2D G , Dv i 9 f.0

4nlT
3

p2 (
i 9

PE dk1E dk2S Dv i 9 f1
\

2m
~k1

22k2
2! D 21

e2b\2k2
2/2mFDi ,i 9,i 8~k1 ,k2!2Di ,i 9,i 8S S k2

21
2muDv i 9 f u

\ D 1/2

,k2D G , Dv i 9 f,0,

~33!

~34!

Im M ~v! i i 855 2
4nlT

3

p2

mp

\ (
i 9

E dk1e2b(\2k1
2/2m1\Dv i 9 f )

Di ,i 9,i 8„k1 ,~k1
212mDv i 9 f /\!1/2

…

~k1
212mDv i 9 f /\!1/2 , Dv i 9 f.

2
4nlT

3

p2

mp

\ (
i 9

E dk2e2b(\2k2
2/2m)

Di ,i 9,i 8„~k2
212muDv i 9 f u/\!1/2,k2…

~k2
212muDv i 9 f u/\!1/2 , Dv i 9 f,0.

~35!

~36!
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V. RESULTS

In this section, we will present the results of our calcu
tions using the full Coulomb, multielectron formalism. Firs
in Fig. 1 we see the first-order shiftB(1) as a function of
temperature for Ar161 immersed in a plasma characteriz
by an electron densityNe5131024 cm23. From Eq.~17!,
we see that that the shift is linear in density, excepting sm
effects due to plasma electron correlations. Also in Fig.~1!,
the first-order shift is shown to be in good agreement w
the calculation of Griemet al. @12#. It is apparent that the
shift is strongly dependent on the initial states of the radia
particularly its principal quantum numbern. This is consis-
tent with the difficulty experienced in measuring the shift
lower lying lines, such as thea or b lines, where the shift is
often less than the instrumental resolution. The effect of
creasing shift with increasing principal quantum number m
cause difficulties when calculating lines in a Rydberg ser
One can anticipate, at sufficiently high electron densit
higher lying lines shifting past their lowern neighbors, if the
linear dependence is valid for such high densities. Howe
the magnitudes of nonzero, off-diagonal matrix elements
the first-order shiftB(1) are on the order of the diagona
elements. For example, the elementB4p,5p

(1) is aboutB4p,4p
(1) . In

preliminary calculations we have shown that mixing betwe
states within a Rydberg series, due to interactions with p
turbing electronsand ions, tends to cause the spectral lin
not to pass one another, but to ‘‘pile up’’ against one a
other. This phenomenon, as well as the effects of the plas
induced shift on the ionization balance, will be addressed
subsequent articles.

The differing shifts of the angular momentum states c
result in a distinct asymmetry of the line profile, as well a
shift. Figures 2~a! and 2~b! show profiles of the Heb and He
g lines of Ar161 as a function of temperature forNe51
31024 cm23. Notice the more pronounced asymmetry of t
shifted line shapes at lower temperatures. While the shift
a whole, is weakly dependent on the temperature, the pr
shape is more strongly dependent on temperature than
profiles calculated in the dipole approximation, as seen
Figs. 3~a! and 3~b!. Although the lines represent 1s3p-1s2

FIG. 1. Comparison of shifts, first order in the interaction p
tential, of helium-like Ar with shift calculations by Griemet al.
@12#; electron density 131024 cm23. Note the increase in the mag
nitude of the level shifts with increasing principal quantum numb
-
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and 1s4p-1s2 transitions, respectively, the mixing of th
radiator states due to the ion microfield allows asymmet
to arise. This is especially true for states with higher angu
momenta. For example, although the center of mass of
line profile of Heg shifts approximately at the rate of th
1s4p-1s2 transition, the ‘‘peak’’ shifts less, reflecting th
mixing with the higher angular-momentum states. This w
result in an underestimation of the shift, if one only measu
the shift of the peak.

Although a line may also experience asymmetries due
quadrupole interactions of the radiator with gradients of
ion microfield, this effect is less than 10% of the asymme
due to the electron shift. Also, any asymmetries due to m
ing between bound radiator manifolds is negligible at t
densities under consideration (&1024 cm23).

In order to confirm the validity of terminating the pertu
bation expansion of the shift and width operator at seco
order in the radiator–perturbing-electron interaction, li
shapes using the current formalism were compared to th
calculated with an all-order, semiclassical formalism tha
presently under development@32–35#. In the electron density
and temperature regime relevant to high power laser imp
sions, there is good agreement between the two models

.

FIG. 2. Comparison of broadened line shapes using a full C
lomb expression for the radiator–perturbing-electron interacti
The Ar161 He b and Heg lines are shown as a function of tem
perature, with an electron densityNe5131024 cm23. The shift in
the full Coulomb calculation causes increasing distortion as
temperature decreases.
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Using theoretical line shapes that include shifts allo
significant improvements in the interpretation of experime
tal data. Time-resolved ArK-shell ~3–4.5 keV! spectra were
obtained during microballoon implosions performed us
the OMEGA laser system at the Laboratory for Laser En
getics at the University of Rochester@36#. 20 mm thick plas-
tic microballoons of 440mm inner radius were filled with 20
atm of deuterium doped with 0.25% Ar. The microballoo
were imploded by 20–25 kJ of ultraviolet energy distribut
symmetrically among 60 beams. Time-resolved Ar x-ray l
spectra were used to characterize the plasma during the
plosion. The spectra were recorded using a streaked s
trograph with a rubidium acid phthalate~RbAP! crystal dis-
persing the spectrum onto a 250 Å Au photocatho
Spectral and temporal resolution were approximatelyE/DE
'500 andDt'20– 30 ps, respectively. The resulting imag
were recorded on film, then digitized. Verifying the presen
of shifts first requires careful determination of the isolate
ion line position; the digitized images were corrected for fi
sensitivity and known streak-camera-induced distortions
cluding streak angle and curvature of isotemporal lines@37#.
The wavelength dispersion was determined from the line
sitions at early time, when the low densities assured ne

FIG. 3. The Ar161 He b and Heg lines, calculated in the dipole
approximation of the radiator–perturbing-electron interaction,
shown as a function of temperature, with an electron densityNe

5131024 cm23. There are no shifts or asymmetries in the li
shapes, and the temperature dependence is not as pronounce
seen in Figs. 2~a! and 2~b!.
s
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r-

e
m-
ec-

.

e
-

-

-
li-

gible shifts. This same dispersion was then used for all tim
Before comparing the theoretical spectrum with expe

mental data, steps were taken to account for~1! shell opacity,
~2! filtering, ~3! Au photocathode response, and~4! the in-
strumental response function due mainly to source s
broadening. No arbitrary, wholesale shift of the theoreti
spectrum was permitted, and thus the theoretical line p
tions were those obtained using Cowan’s@31# atomic physics
suite as input into our spectral line profile calculation.

In order to analyze the data, theoretical spectra were
culated using the following lines: Ar Heb (1s3l→1s2), He
g, He d, Ly b, Ly g, Ly d, and attendant satellites of Heb,
He g, and Ly b. It is important to include satellites sinc
their appearance in the spectra can be incorrectly interpr
as broadening and shifting of the resonance lines. We
ployed line shapes corresponding to a single temperature
density. While temperature and density gradients do occu
implosion experiments,LILAC simulations at the University
of Rochester indicate that for these cases gradients are s
In fact, we have had success fitting lines from such imp
sions with a single temperature and density for time interv
of ;20 ps. The relative intensities of the lines were calc

FIG. 4. Comparison of a time-resolved ArK-shell spectrum
with calculated spectra with~a! unshifted line shapes and~b! shifted
line shapes forne5931023 cm23, kT51350 eV. The spectrum
was recorded over a 30 ps period during a laser-driven micro
loon implosion experiment where the D2 fuel was doped with
0.125% Ar. Edge effects on the data due to the photocathode ca
seen just to the right of the Lymang line, where the spectrum
seems to drop off rapidly.
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lated using a nonlocal thermal equilibrium~NLTE! kinetics
model, employing escape factors to approximate the effec
radiative transfer@4,38#. Also included in the theoretica
spectra were the effects of ion dynamics and opacity bro
ening @4#, Doppler and instrumental broadening, and io
quadrupole interactions@20#. The optical depths of theb
lines are on the order of 1, while optical depths of theg lines
are even less. Therefore, opacity broadening has a sma
fect for theb andg lines relative to that experienced by th
a lines. In Fig. 4, a typical lineout of spectroscopic data
shown with the ‘‘best fit’’ unshifted and shifted theoretic
profiles, where only temperature and density are adjust
parameters. We can infer temperature gradients from
presence of Li-like satellites of Heb; however, plasma-
induced line shifts are only weakly dependent on tempe
ture. It should be noted that, because thea, b, andg lines
shift by significantly different amounts, onecannotshift the
theoretical spectrum by an arbitrary amount and fit the en
spectrum. In particular, the region containing the Ar Heg
and Ly b lines provides an excellent test of any theory
shifts, as experimental uncertainties are unlikely to vary
preciably over this 200 eV spectral range. Figure 4 illustra
the size of the shift relative to the widths and demonstrate
good agreement of theory to experiment when the shifts
included. Analysis of other implosion experiments produc
the same inferences.

VI. CONCLUSION

We have presented a second-order relaxation mode
line broadening, which can be used to produce line sha
for arbitrary highly ionized, multielectron radiators. As a r
sult of employing the full Coulomb expression for th
radiator–perturbing-electron interaction, we obtain sign
cant line shifts consistent with previous impact calculatio
and shifts observed in numerous experiments. In particu
we have observed improvements in the fits of theoret
spectra in comparison with experimental data, especi
with regard to the differential shifts within a Rydberg serie
as well as asymmetries in individual line profiles. In futu
work, we plan to apply an all-order, unified model to
broader range of plasma conditions. Considering the imp
of the dense plasma line shift on a radiator’s level structu
we are currently studying the effect of the shift on mixin
r,

in
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between adjacent radiator states along a Rydberg series.
liminary calculations indicate that the plasma-induced l
shifts will have a substantial impact on other aspects
plasma spectroscopy, such as line merging, ionization
ance, line-ratio diagnostics, and so forth. We believe t
incorporating this shift into a broader picture of plasma ph
ics is necessary and will lead to enhanced analytic capabi
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APPENDIX: GENERAL TRANSITION ARRAYS

In this appendix, we shall describe in more detail t
functions of the operatorsD1 throughD7 shown in Eqs.~27!
and ~28!. More information can be found in Sec. 14-11
@31#.

D1 is a factor arising from coordinate permutations.
D2 arises from coefficient of fractional parentage expa

sions when the transition involves subshells occupied
more than two electrons.

D3 is a factor arising from the uncoupling of the total sp
from the total orbital angular momentum.

D4 is a product of terms arising from the successive u
coupling of orbital angular momenta for subshells includ
after the subshells relevant to the transition.

D5 is a factor arising fromrecoupling the angular mo-
menta and spin of the lower subshell relevant to the tra
tion with its neighboring subshell. Steps 4 and 5 allow t
transition to be treated as if the electron moves from a sin
occupied subshell to an empty subshell.

D6 arises if the relevant subshells of the transition are
adjacent in the series as the angular momenta are cou
and it accounts for ‘‘jumping’’ over the intervening sub
shells. The reordering of the subshells involves using a pr
uct of Wigner 6-j symbols for each intervening subshell fo
both orbital angular momentum and spin.

D7 includes the reduced matrix element between
relevent subshells as well as terms to recouple the orb
angular momenta of those subshells to the total orbital an
lar momenta and to recouple the spins.
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