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This paper aims at a comprehensive understanding of the novel elastic property of double-stranded DNA
(dsDNA) discovered very recently through single-molecule manipulation techniques. A general elastic model
for double-stranded biopolymers is proposed, and a structural parameter called the folding @nghéro-
duced to characterize their deformations. The mechanical property of long dsDNA molecules is then studied
based on this model, where the base-stacking interactions between DNA adjacent nucleotide base pairs, the
steric effects of base pairs, and the electrostatic interactions along DNA backbones are taken into account.
Quantitative results are obtained by using a path integral method, and excellent agreement between theory and
the observations reported by five major experimental groups are attained. The strong intensity of the base
stacking interactions ensures the structural stability of DNA, while the short-ranged nature of such interactions
makes externally stimulated large structural fluctuations possible. The entropic elasticity, highly extensibility,
and supercoiling property of DNA are all closely related to this account. The present work also suggests the
possibility that negative torque can induce structural transitions in highly extended DNA from the right-handed
B form to left-handed configurations similar to t@eform configuration. Some formulas concerned with the
application of path integral methods to polymeric systems are listed in the Appendixes.

PACS numbg(s): 87.15.By, 05.50tq, 64.60.Cn, 75.10.Hk

[. INTRODUCTION the topological state of the chain are fixed and can only be

The DNA molecule is the primary genetic material of changed externally by topoisomerases, which are capable of
most organisms. It is a double-helical biopolymer in whichtransiently cutting one DNA strand or both and making one
two chains of complementary nucleotidéthe subunits —strand pass through the other at the cutting pémthe case
whose sequence constitutes the genetic messdgd (usu-  Of type | topoisomerasd$]) or one segment of DNA passes
ally right-handedly around a common axis to form a double- through anothe(in the case of type Il topoisomeradgsa).
helical structure[1]. Because of this unique structure, the It is possible that this kind of enzyme-induced topology-
elastic property of DNA molecule influences its biological changing process is also closely related to the particular me-
functions greatly. There are mainly three kinds of deforma-chanic property of the DNA molecule. For example, the fre-

tions in a DNA double helix: a stretching and bending of thed4€NcY of collisions between two distant DNA segments in a

molecule and a twisting of one nucleotide chain relative tocwcular DNA molecule is influenced by the different knot

its counterpart. All these deformations have vital biologicalwpes.and different I|nk|n_g humberor a deflnlthn of t.h'S
significance. During DNA replication, hydrogen bonds be_quantlty, see below and in Sec. I} GA thorough investiga-

) ' tion of the deformation and elasticity of DNA will enable us
tween the comp_lementgry DNA bases should be bquen, a gain a better understanding of many important biological
the two nucleotide chains should be separated. This stran focesses concerned with life and growth.
separation_process requires a coopergtive unwinding of the A detailed study of DNA elasticity has now become pos-
double helix[2]. In a DNA recombination reaction, RecA gjpje due to recent experimental developments, including,
proteins (recombination proteins of Typé\) polymerize ¢ g. optical tweezer methods, atomic force microscopy, and
along DNA template and the DNA molecule is stretched tofjyorescence microscopy. These techniques make it possible
1.5 times its relaxed contour lendit8,4]. It is suspected that to manipulate single polymeric molecules directly, and to
thermal fluctuations of the DNA central axis might be very record their elastic responses with a high precision. Experi-
important for RecA polymerizatiof5]. Another important ments done on double-stranded DNAsDNA) have re-
example is the process of chromosome condensation duringealed that this molecule has very interesting elastic proper-
prophase of the cell cycle, where a lorigrculan DNA  ties[9—16]. When a torsionally relaxed DNA is pulled with a
chain wraps tightly onto histone proteins and is severely berforce of less than 10 picoNetwadipN), its elastic response
[2]. Furthermore, in living cells the DNA chain is usually can be quantitatively understood by regarding the chain as an
closed, i.e., the two ends of the molecule are linked togetheihextensible thin string with a certain bending rigidity
by covalent bonds and the molecule becomes endless. Witlmamely, the wormlike chain mod§®,17,19). However, if
this chain-closing process, all the quantities characterizinghe external force is increased up to 65 pN, the DNA chain

becomes highly extensible. At this force, the molecule tran-
sits to an overstretched configuration tern®&®NA, which
*Electronic address: zhouhj@itp.ac.cn is 1.6 times longer than the same molecule in its standard
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B-form structurg/11,12. In addition to external forces, it is was revealed that, on the one hand, the strong intensity of the
also possible to apply torsional constraints to a DNA doublebase-stacking interactions ensures the structural stability of
helix by external torques. The linking number of DNA, i.e., the DNA molecule, while, on the other hand, the short-
the total topological times one DNA strand winds around the'anged nature of such interactions makes externally stimu-
other, can be fixed at a value lardéss than the molecule’s lated large structural fluctuations possible. The entropic elas-
relaxed value. In such cases we say that the DNA molecule fdcity, highly extensibility, and supercoiling property of the
positively (negatively supercoiled. It was shown experimen- dSDNA molecule are all closely related to this fact. The
tally [13] that when the external force is less than a threshol@"€Sent work also revealed the possibility that negative

value of about 0.3 pN, the extension of DNA molecule de-torque can induce structural transitions in highly extended

creases with increasing twist stress and the elastic responFE])é\IA from right-handedB-form-like configurations to left-

of positively supercoiled DNA is similar to that of negatively nandedz-form-like configurations. Some discussions on this
supercoiled DNA, indicating that the DNA chain might be r€SPect were performed, and we suggested that a possible

regarded as achiral. However, if the external force is in-direct way to check the validity of this opinion is to measure

creased to be larger than this threshold, negatively and posribe values of the critical torques under which such transitions
tively supercoiled DNA molecules behave quite differently. &€ anticipated to take place according to the present calcu-
Under the condition of a fixed external force between 0.3 and@tONS-

3 pN, while positive twist stress keeps shrinking the DNA This paper is organized as fO.IIOWS: In Sec. Il we intr_oduce
polymer, the extension of negatively supercoiled DNA is in_the elastic model for dsDNA biopolymers. At the action of

sensitive to the supercoiling degré3,14. In the higher an external force, the elastic response of dsDNA molecules is
force region, it was suggested by so,me authors that posir_westigated in Sec. lll, and compared with experimental ob-

: - . : : tions of Smith and co-worke8,12] and Cluzelet al.
tively supercoiled DNA may transit to a configuration called S€MvVations -

Pauling-like DNA (P-DNA) with exposed nucleotide bases [11]. Section v fOCU_SeS on supercolled deDNA molecules,_
[15], while negative torque may lead to strand separation ir){vhere the r(_alatlonghlp be‘WeeT‘ the extension and su_percoﬂ—
the DNA molecule(the denaturation of the DNA double he- Ing d(_egree IS ob'galned numerically and compared W't.h the
lix [14]). A very recent systematic observation performed byexperlment of Striclet al. [13]. From the calculated folding

Léger et al.[16], on the other hand, suggested another posfjlngle distributi_o_n, we infer that negative torque can cause
sibility: that négative supercoiling’ may result in a left- structural transitions in dsDNA molecules from right-handed

handedz-form configuration in DNA. double helixes to left-handed ones. Section V is reserved for

The above-mentioned complicated elastic property reg:onclusions. Two appendixes are also presented: in Appen-

vealed by the experiments may be directly related to thériixAWe review some basic idea; on the _applicatiorj of path
versatile roles played by the DNA molecule in living organ- |_ntegral method in polymer physics, and n Appendix B we
isms. Theoretically, to understand the DNA elastic propert)J'St the matrix elemer_lts of the operators in Eqﬁ). and

is of current interest. Models concerned with one or anothe@?’)' Some parts of this work were briefly reported in a pre-
aspect of DNA elasticity were proposed, and valuable in-V10US papef29).
sights were obtainetsee, for example, Ref§19,17,18,20—
28]), and now it is widely accepted that the competition be- !l ELASTIC MODEL OF DOUBLE-STRANDED DNA
tween DNA bending and torsional deformations deserves MOLECULE

considerable attention in order to understand the elastic prop- ag already stressed, the DNA molecule is a double-
erty of DNA molecules. However, it is still a great challenge g¢yanded biopolymer. Its two complementary sugar-
to understand syst_ematically and quantitatively all aspects ‘ghosphate chains twist around each other to form a right-
the DNA mechanical property based on the same unifie¢yanged double helix. Each chain is a linear polynucleotide
framework. What is the intrinsic reason for the DNA mol- consisting of the following four bases: two purines &nd
ecule’s entropic elasticity and high degree of extensibility, %) and two pyrimidines € andT) [1,2]. The two chains are
well as its supercoiling property? Is it possible for negative-oined together by hydrogen bonds between pairs of nucle-
torque to stabilize left-handed DNA configurations? Thes€ tides A-T and G-C. Hereafter, we refer to the two sugar-
are just some examples of unsol\{ed questions, phosphate chains as thieackbones and the hydrogen-

In the present work, we have tried to obtain a comprehengnqeq pairs of nucleotides as thase pairsIn this section

sive and quantitative understanding of DNA mechanical, o yiscuss the energetics of such an elastic sy¢sem Fig.
properties. We have postulated that the double-stranded ngy  rirst  the bending energy of the backbones of such

ture of the DNA structure should be extremely important toy,,ple-stranded polymers will be considered: then we wil

its elastic.property, qnd th.erefor_e we have c_on_str.ucted 8 9€Miscuss the interactions between DNA base pairs and energy
eral elastic model in which this characteristic is properlyterms related to external fields

taken into account via the introduction of a structural param-
eter: the folding anglep. The elastic property of long
dsDNA molecules was then studied based on this model,
where the base-stacking interactions between DNA adjacent Backbones can be regarded as two inextensible wormlike
nucleotide base pairs, their steric effects, and the electrostatahains characterized by a very small bending rigidity
interactions along DNA backbones were all considered=kgTl,, wherekg is Boltzmann’s constantl is the envi-
Quantitative results were obtained by using the path integralonmental temperature, adg=1.5 nm is the bending per-
method, and an excellent agreement between theory and tlséstence length of single-stranded DNgsDNA) chaing[12].
experimental observations of several groups was attained. Tthe bending energy of each backbone is thus expressed as

A. Bending and folding deformations



PRE 62 ELASTIC PROPERTY OF SINGLE DOUBLE-STRANDED. . .. 1047

as half the rotational angle froit3 to t;, with b being the
— Backbones rotational axis(Fig. 1). We call ¢ the folding angle and it
- Central axis can vary in the range { /2, + =/2), with ¢>0 corre-
''''' Base pairs sponding to right-handed rotations and hence right-handed
double-helical configurations, ang<O to left-handed ones.
t With the help of Eq(1), we know that
1 ol o t, @_tz—tl__Siﬂ .
ds 2R R "
n @b
and
FIG. 1. Schematic representation of the double-stranded DNA dr
model used in this paper. The right part demonstrates the definition ds= §(t1+t2) =tcose. (3

of ¢ on the localt-n plane, wheret, t; andt, are the tangential
vectors of the central axis, and the two backbones, respectigely;
is the folding angle; and the unit vectbr=tXn is perpendicular to
the t-n plane.

Equation (3) indicates that cog measures the extent to
which the backbones are “folded” with respect to the central
axis. Based on Eqg1)—(3), the total bending energy of the

two backb b d in the following form:
(x/2)f5(dt; /ds)?ds, wheret,(s) (i=1 and 3 is the unit  * Docro0oNes Can be expressed in the Tolowing form

tangent vector at arclengthalong theith backbond 30,31, K (L] dt;\?2 K (L] dt,)?

andL is the total contour length of each backbone. The po- Ebz—f (— ds+—J (—) ds

sition vectors of the two backbones are expressed; (@3 2Jo\ds 2Jolds

:fsti(S,)dS,. L dt\?2 dn\?2 ng 2
Since there are many relatively rigid base pairs between :Kf ds[(—) cos ¢+ sir? (p(—) +(—)

the two backbones in many cases the lateral distance be- 0 ds ds ds

tween the backbones can be regarded to be constant and L dt\2 do\2 «

equal to R.! In this subsection we focus on the bending =J ds[x(— +k i + —sint ¢|. (4)

energy of the backbones; therefore, for the moment, we re- 0 ds ds R

gard each base pair as a rigid rod of lengf Ihking be-

tween the two backbones and pointing along a direction deThe bending energy is thus decomposed into the bending
noted by a unit vectob from r; to r, (Fig. 1). Thenr,(s)  energy of the central axighe first term of Eq(4)] plus the
—r,(s)=2Rb(s). In B-form DNA the base pair plane is folding energyof the backbonefthe second and third terms
perpendicular to the DNA axis; therefore, in our model theof EQ. (4)]. The physical meanings of these two energy con-
relative sliding of the two backbones is not considered andributions are very clear, and E¢) is very helpful for our
the base pair rod is thought to be perpendicular to both bacKollowing calculations. In Eq(4), the bending energy of the
bones[31], with b(s)-t;(s)=b(s) -t,(s)=0. The central central axis is very similar with that of a wormlike chain
axis of the double-stranded polymer can be defined(gs  [18], both of which are related to the square of the changing
=r,(s)+Rb(s) [=ry(s)—Rb(s)=(ry(s)+r,(s))/2], and rate of the axial tangent vectors. But there are two important
its tangent vector is denoted byIn consistence with actual differences: (a) in the derivativedt/ds of Eq. (4), the
DNA structures, the central axial tangents also perpen- arclength parametes is measured along the backbone, not
dicular tob, i.e., b(s)-t(s)=0. [Notice, however, that(s)  along the central axis; an) in the wormlike chain model
+dr/ds; in this papers always refers to the arclength of the the central axis is inextensible, while here the central axis is

backboneg extensible.
Since all the tangent vectots, t,, andt lie on the same [N deriving Eq.(4), the base pairs are models just as thin
plane perpendicular tb, we can write that rigid rods of fixed length, i.e., the DNA molecule is viewed
as a ladderlike structursee Fig. 1 Actually, however, base
t1(s)=t(s)cose(s)+n(s)sine(s), pairs form disklike structures and have a finite volume. The
steric effects caused by the finite volume of base pairs are
to(s)=t(s)cose(s)—n(s)sing(s), (1) anticipated to hinder considerably the bending deformation

of the central axis, and hence will increase its bending rigid-
wheren is also a unit vector, and=bXt, and¢ is defined ity greatly[1]. Furthermore, the dsDNA molecule is a strong
polyelectrolyte, with negatively charged groups distributed
regularly along the chain’s surface. The electrostatic repul-
Yn our present work, we have not taken into account the possiblec‘ion force between these negatively charged groups will also
deformations of the nucleotide base pairs. In many cases this magPnsiderably increase the bending rigidity of the dsDNA
be a reasonable assumption. However, under some extreme cond@in[1]. To quantitatively take into account the above men-
tions such kinds of deformations may turn out to be important. Fottioned two kinds of effects is very difficult. Here we treat this
example, when a DNA double helix is stretched and at the sam@roblem phenomenologically by simply replacing the bend-
time has a large positive torque applied to it, the nucleotide baséng rigidity « in the first term of Eq(4) with a quantityx*.
pairs may collapsésee Ref[15] for a description It is required that«* > «, and the precise value af* will
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then be determined self-consistently by the best fitting withcompared with the thermal energy, the base-stacking interac-

experimental data, as shown in Sec. Ill. tion by its nature is short ranged, and hence sensitive to the
distance between the adjacent base pairs. If a dsDNA chain
B. Base-stacking interactions between base pairs is stretched by large external forces, which cause the average

inter-base-pair distance to exceed some threshold value de-

In Sec. Il A, we have discussed in detail the bending €Ntermined intrinsically by the molecule, the restoring force

fr:gybof SSDNA ponmtTIrs, WTCh 'Sf?atf[sed 3y ? btendtlntg O.f rovided by the base-stacking interactions will no longer be
€ backbones, as wel as steric eflects and elecrostalic 1y, o 14 offset the external forces. Consequently, it will be

teractions. In the dsDNA molecule there is another kind of /i1 "o theB-form configuration of dsDNA will col-
important interaction, namely, the base-stacking mteractlo%pse, and the chain will become highly extensible. Thus, on
. _the one hand, the strong base-stacking interaction ensures
. . . Mhat the standard-form configuration is very stable upon
betwegn the polar groups in adjacent nucleqtlde base P&} ermal fluctuations and small external forcghkis is re-
Such interactions are short ranged, and their total effect i uired for the biological functions of DNA molecule to be
usualzy described b% ai)potentlal energy of the I‘ennard"]Onegroperly fulfilled[2]); however, on the other hand, its short
form (6-12 potential[1]). Base-stacking interactions play a d - " c ] - L

i . t derable latitude to ch t -
significant role in the stabilization of the DNA double helix. rangecness gives It considerauie 1atrude to change 1is con

. figuration to adapt to possible severe environmentber-
The main reason why DNA C‘f’m but RNA cannot fofm.a IOngwise, the chain may be pulled apart by external forces, for
double helix is as follow$32]: Because of the steric inter- example, during DNA segregatiof2]). This property of
ference caused_by the hydroxyl_gro_up atta_whed to the 2DNA base-stacking interactions is very important to the
carbon of RNA riboses, the stacking interaction between addsDNA molecule. As we will see in Secs. IIl and IV. the
Jacent RNA nucleotide base paurs 1S very weak a_nd canndh,e chanical properties of a DNA chain are indeed closely
stabilize the formed double-helical structure; while in the .04 to the above-mentioned insight
DNA ribose, a hydrogen atom is attached to itscrbon, '

and serious steric interference is avoidéattunately.

In a continuum theory of elasticity, the summed total C. External forces and torques
base-stacking potential energy is converted into the form of |5 the previous two subsections, we have described the
the integration intrinsic energy of the DNA double helix. Experimentally, to
N—1 . probe thg glastic response of linear DNA mo'lecule, the poly-
E,= 2 Ui,i+1:f p()ds, (5) mer chain is ofte_n pulled by external force fields and/or un-
i=1 0 twisted or overtwisted by external torques. To study the me-

) ) _ ) chanic response of the dsDNA molecule, in this subsection
whereU; ; ., is the base-stacking potential between ttfe e consider the energy terms related to external forces and
and (+1)th base pairs\ is the total number of base pairs, torques in our theoretical framework.
and the base-stacking energy dengitis expressed as For the external force fields, here we constrained our-

6 selves to the simplest situation where one terminal of a DNA

€ COS(Po) 12_ COS¢g (for =0) molecule is fixed and the other terminal is pulled with a force
rol\ COSe COS¢ F=fz, along the direction of the unit vectay [9]. (In fact,
ple)= (6) hydrodynamic fields or electric fields are also frequently
r—[cos’L2 ©o—2 cog ¢g] (for ¢<0). used to stretch semiflexible polymei33], but we will not
0

discuss such cases in this papdhe end-to-end vector of a

In Eq. (6), the parameter, is the backbonearclength be- DNA chain is expressed @f%t(?)co&p(s)dsaccording to Eq.
tween adjacent bases,= L/N); ¢, is a parameter related to (3). Then the tptal _ potential” energy of the chain in the
the equilibrium distance between a DNA dimer, osg, ~ €Xternal force field is
~3.4 A); ande is the base stacking intensity which is gen- L L
erally base-sequence specifid. In this paper we focus on Ei= —f t coseds-F= —f ft-zycoseds. @)
macroscopic properties of long DNA chains composed of 0 0
relatively random sequences; therefore, we just considier
the average sense and take it as a constant, with In the experimental setup, external torques can be applied
=14.0kgT averaged over quantum mechanically calculatecon a linear dsDNA molecule by the following procedure:
results on all the different DNA dimefd]. first, DNA ligases are used to ligate all the possible single-

The asymmetric base-stacking potentiad). (6)] ensures stranded nicks; then the two strands of a dsDNA molecule at
that a relaxed DNA molecule takes on a right-handedone end are fixed onto a template, while the two strands at
double-helix configuratiofi.e., theB form), with its folding  the other end are attached tightly to a magnetic bead; after-
angleeg~ ¢q4. To change the local configuration of DNA con- wards, torques are introduced into a DNA double helix by
siderably from itsB form generally requires a free energy of rotating the magnet bead with an external magnetic field
the order ofe per base pair. Thus, the DNA molecule will be [11,15. The torque energy is then related to the topological
very stable under normal physiological conditions, and therturns caused by the external torque on a DNA double helix.
mal energy can only make it fluctuate very slightly around itsThe total number of times one DNA strand winds topologi-
equilibrium configuration, sinces>kT. Nevertheless, al- cally around the other, which is usually termed the total link-
though the stacking intensity in dsDNA is very strong ing number LK 34-36, is expressed as the sum of the twist-
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ing number Twir,(r,),r) of backboner; (or r,) around the on the model energyEgs. (13) and (14)]. The theoretical
central axisr and the writhing number Wrj of the central ~ results will be compared with experimental observations and
axis, i.e., Lk= Tw+Wr. According to Refs[35—37 and Eq.  discussed.
(2), we obtain that

L db L lIl. EXTENSIBILITY AND ENTROPIC ELASTICITY

Lsin
TW(ry,r)=—r f txb- —ds=— | —2ds. (8 OF DNA
2 ds 27)o R . . . . .
In this section we investigate the elastic responses of

The writhing number of the central axis is generally muchsingle DNA molecules under the actions of external forces
more difficult to calculate. It is expressed as the followingPased on the model introduced in Sec. Il. There is no exter-

Gauss integral over the central ak8s]; nal torque acted upon; thd5=0 in Eq.(13). The particular
form of the energy functiofiEq. (13)] of the present model

drxdr’- r') makes it convenient for us to study its statistical property by
Wr(r)= —f J 3 . (9)  the path integral method. In Appemdh a detailed descrip-

|r—r | tion of the application of the path integral method to polymer

physics is giverf39]. Our calculations in this section and the
next section are based on this method.

For a polymer whose energy is expressed in the form of
Eq. (13) with I'=0, according to the technique outlined in
Appendix A[see Eqgs(Al) and (A7)], the Green equation
governing the evolution of the “wave functionW(t, ¢;s)
of the system is obtained to be of the form

In the case of linear chains, provided that some fixed direct
tion (for example, the direction of the external foreg) can

be specified, and that the tangent vedtanever points to
—Zp (i.e.,t-zo# — 1), it was proved by Fuller that the writh-
ing numberEg. (9)] can be calculated alternatively accord-
ing to the following formula38]:

1 (L zyXt-dt/ds

Wi(r)= — —ds_ (10) IV (t,¢;8)

2 2
. Trzg-t d d f cose p(o)
Js

= —+ + Zn—
arxa? " Alde® " keT 70 keT

The above equation can be further simplified for highly ex-

tended linear DNA chains whose tangenfluctuates only P .4
slightly aroundz,. In this case, Eq(10) leads to the approxi- TR
mate expression that

1 (L
Wr(r)zEJO

wheret, andt, are the two components ofwith respect to
two arbitrarily chosen orthonormal directions,(andy,) on

W(t,¢;8), (15

where |;:K*/kBT and | =«/kgT. The spectrum of the
ds (1D above Green equation is discrete and, for a long dsDNA
molecule according to EqgA10) and (A13), its average
extension can be obtained either by a differentiation of the
ground-state eigenvalug, of Eq. (15) with respect td,

dt,  dty

Yds *ds

the plane perpendicular g, respectively. 99
The energy caused by the external torque of magnitude (2)= f (t-zp cosp)ds=LkgT — P (16)
is then equal to
E,=— 2T Lk=— 27T (Tw-+Wr) 1 O by a direct integration with the normalized ground-state

eigenfunction®(t,¢), of Eq. (15):
To conclude this section, the total energy of a dsDNA
molecule under the action of an external force and an exter- (Z)= LJ |‘Do|2t'Zo cosedtde. (17)
nal torque is expressed as
. dt)2+
ds/

K Both gy and ®y(t,¢) can be obtained numerically through
+R73|n4€0 standard diagonalization methods and identical results are
obtained by Eqs(16) and (17). Here we just briefly outline
the main procedures in converting Eg5) into the form of a

dgo2

L
=Ep+E;+E(+E.= =
E Eb ELJ Ef Et fo K dS

r . ZpXt-dt/ds :
+p(@)—ft-zgcosp— =sing—I ————— matrix.
R 1+2-t 13 First, for our convenience, we perform the transformation
[ a2 (de|? ok o=o=3: (18
== ds + K s +ESI o+ p(e)
r r dt, F dt, hence the new argumeantcan change in the range from 0 to
—ft-zgcose— gsine+ Sty o~ S tego lds. (149 7. Then we choose a combination¥,(t) andf,(%) as the

base function of the Green equatidag. (15)]:

Note that Eq(13) can be applied only in the case of highly
extended DNA. In the following two sections, we will study P(t. o's)= Ci (S) Y (D (T 19
the mechanical property of single dsDNA molecules based (tLeis) |2 imn(S)Yim(H)fal ©). 9



1050 HAIJUN ZHOU, YANG ZHANG, AND ZHONG-CAN OU-YANG PRE 62

e

<3

[
]

160 — T T — I T | ]
™ Experiment (1.0um/s) ¢ 0.06 ]

120 O Experiment (10.0um/s) %, % | —— Force 0.0 pN ]
— Present theory . i Force 50.0 pN 1

.8 004l Force 70.0 pN i

L Fo Force 90.0 pN 1

3

L e e L s S S A L

[T

External force (pN)
8

Probability Distribution P(¢)
=)
(=]

Lo v b v by b

g OF% o ! o o o o o o
. -40 -20 0 20 40 60 80

L I . ] 1 ]

|
0.8 1.0 1.2 14 16 1.8 Folding Angle ¢
Relative extension

FIG. 3. Folding angle distribution for torsionally relaxed DNA

FIG. 2. Force-extension relation of torsionally relaxed DNA
molecules under external forces.

molecule. Experimental data are from Fig. 2A of Rfl] (sym-

bc.)ls)' _The theore_tlcal Curve 1s Obta'_ned by the fouow'rlg_cons'der'z demonstrates that the high extensibility of the DNA mol-
ations: (@ lp,=15nm and e=14.KgT;, (b I5=53.0/ | der | t | f b titativel
2(C0S@)r_o NM, To=0.34{cOse);_onM and R=(0.34x 10.5/2) ecule under large external forces can be quantitatively ex-

X(tang);—o Nm; and(c) the value ofep, is adjusted to fit the data. plained by the present model. . -
For eachey, the value of(cosg);_o is obtained self-consistently. To further understand the force-induced extensibility of

The present curve is drawn withy=62.0° (in close consistency DPNA, in Fig. 3 the folding angle distribution of a dsDNA
with the structural property of DNA and(cose);_o is determined molecule is shown, Wlth the external force_kept at d|ff_erent
to be 0.573840. The DNA extension is scaled withBtéorm con-  values. Here, according to EGA13) the folding angle dis-

tour lengthL{cos¢)—g. tribution P(¢) is calculated by the formula

In the above expression, Yn(t)=Y,nm(0,¢) (I P(<p)=f |Do(t, @)|?dt. (21)
=0,1,2...;m=0,£1,...,=I) are the spherical harmonics

[40], where6 and ¢ are the two directional angles tfi.e., Figures 2 and 3, taken together, demonstrate that the elas-
t=(sinfcos¢,singsin ¢,cosd); and tic behaviors of the dsDNA molecule are radically different

under the condition of low and large applied forces. In the
5 0 following, we will discuss these separately.
~ e [N~ _ The low-force region When the external force is low
fn(e)= \/;sm (p> (n=12,...) (20 (=10 pN), the folding angle is distributed narrowly around
an angle ofe=+57°, and there is no probability for the
folding angle to take on values less than @g. 3), indicat-
are the eigenfunctions of one-dimensional infinitely deepng that the DNA chain is completely in the right-handed
square potential well of widtla.” B-form configuration with small axial fluctuations. This
With the wave functionW being expanded using the should be attributed to the strong base-stacking intensity, as
above mentioned base functions, the operator acting’on pointed out in Sec. Il B. Consequently, the elasticity of the
[i.e., the expression in the square brackets of @] can  DNA is solely caused by thermal fluctuations in the axial
also be written in matrix form under these base fUﬂCtiOﬂStangenu (F|g 2), and the DNA molecule can be regarded as
This matrix, whose elements are listed in Appendix B, isan inextensible chain. This is the physical reason why, in this
then diagolized numerically to obtain its ground-state eigenforce region, the elastic behavior of the DNA can be well
value and eigenfunction. To Slmpllfy the CalCUlation, we fur- described by the wormlike chain rnoc[éj7,18,41[ Indeed,
ther note that in the present case of Ep), the ground state  as shown in Fig. 4, at forces 10 pN, the wormlike chain
is independent ot, i.e.,m can be settan=0 in Eq.(19).  model and the present model give identical results. Thus we
The resulting force vs extension relation obtained fromcan conclude with confidence that, when external fields are
Egs. (16) or (17) is shown in Fig. 2 in the whole relevant not strong, the wormlike chain model is a good approxima-
force range, and compared with the experimental observatiofion of the present model to describe the elastic property of
of Cluzel et al. [11] The theoretical curve in this figure is dsDNA molecules; the bending persistence |ength of the
obtained with just one adjustable paramdsare the caption molecule is 2;(c05<p), as indicated by Eqg3) and (4).
of Fig. 2); the agreement with experiment is excellent. Figure The large-force regionWith a continuous increase of ex-

ternal pulling forces, the axial fluctuations become more and
more significant. For example, at forcess0 pN, although
2In the actual calculations, the right boundary of the square well ighe folding angle distribution is still peaked @at=57°, there
chosen to be slightly less tham to avoid flush off of computer is also a considerable probability for the folding angle to be
memory caused by the divergence of the base-stacking potentiglistributed in the regionp~0° (Fig. 3). Therefore, at this
[Eq. (6)] at ¢=7. We seta=0.95x in this paper. However, we force region, the DNA polymer can no longer be regarded as
have checked that the results are almost identical for other values dfextensible. Atf =65 pN, another peak in the folding angle
a, provided thata=165°. distribution begins to emerge at=0°, marking the onset of
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twists or overtwists the origind-form double helix to some
extent and makes its total linking numbgefer to Sec. IIC

for the definition of the linking numbeless or greater than
the equilibrium value. We say that such DNA molecules
with deficit (exces$ linking numbers are negativelgposi-
tively) supercoiled, and define the degree of supercoiling as

~ Lk—Lkg
 Lky

o

(22)

where Lk represents the linking number of a relaxed DNA
molecule of the same contour length. In living organisms,
DNA molecules are often negatively supercoiled, with a
linking number deficit of aboutr=—0.06. Thus, a detailed

investigation on the mechanical property of supercoiled

oPNA molecules is not only of academic interest, but can also

nm, and the parameters for the solid curve are the same as those1§IP Us to understand the possible biological advantages of

Fig. 2.

a cooperative transition frorB-form DNA to overstretched
Sform DNA [11,12. This is closely related to the short-
ranged nature of the base-stacking interactidigsee Sec.
II B). At even higher forcesfe80 pN) 2 the DNA molecule

negative supercoiling.

A. Relationship between extension and supercoiling degree

We focus on the property of highly extended DNA mol-
ecules whose tangent vectors fluctuate only slightly around

the force directiorg,. According to what we mentioned in

changes completely into an overstretched form, with its fold-Sec. 11 C, in this case an approximate energy expreg&ign

ing angle peaked ap=0°.

(14)] can be used. The external stretching force is restricted

The force-induced axial fluctuations in the DNA double to be greater than 0.3 pN to make sure that the end-to-end
helix can be biologically significant. For example, it has beerdistance of the DNA chain approaches its contour leliggie
demonstrated that axial fluctuations in dsDNA considerablyFig. 5. Based on Eqg14) and(A7), the Green equation for
enhance the polymerization of RecA proteins along the DNAhighly stretched and supercoiled dsDNA is then obtained to
chain[5,42,43. A quantitative study of the coupling between be
RecA polymerization and DNA axial fluctuation is antici-

pated to be helpful. IV (t,p;S) 52 & f cose p(@)

It seems that in experimentsl1,12 the transition to gs 4|*(7t2+4|p(9¢2+ KeT 2o~ KeT
S-DNA occurs even more cooperatively and abruptly than P
predicted by the present theofgee Fig. 2 This may be o ., r r 9
related to the existence of single-stranded brdakesks) in - @sm e+ RkBTSIm’D_ AKaTI* %
the dsDNA molecules used in the experiments. Nicks in BY'p
DNA backbones can lead to strand separation or to a relative 2
sliding of backbone$11,12, and this can make the transi- + *—Zsin2 0|V (t,@;s), (23
tion process more cooperative. However, the comprehensive 1615 (ksT)

agreement achieved in Figs. 2 and 4 indicates that such e\g\'/here ©.4) are the two directional angles of as men-
fects are only of limited significance. The elasticity of thetioned in’Sec . Similar to what we did in Sec. Il we can
DNA is mainly determined by the competition between the o S o .
folding angle fluctuation and the tangential fluctuation,nOW express the above Green equation in matrix form using

. : P he combinations of spherical harmonid§,(6,¢) and
which are governed, respectively, by the base-stacking mte?— . mim

: : . S e fa(@) as the base functions. The ground-state eigenvalue and
actions ) and the axial bending rigidity«”) in Eq. (13). eigenfunction of Eq(23) can then be obtained numerically

for given applied force and torque and the average extension

IV. ELASTIC PROPERTY OF SUPERCOILED DNA be calculated through E@16) or through the formula

In Sec. I, we have discussed the elastic response of long
DNA chains under the action of external forces. In the
present section, we study the elasticity of a supercoiled DNA
double helix. For this purpose, in the experimental setup, allvhere x(t,¢) is the ground-state left-eigenfunction of Eq.
the possible nicks in the DNA nucleotide strands are ligated23).* The writhing numbefEq. (11)] is calculated accord-
[13], and a torque as well as an external pulling force act onng to Eq.(A16) to be
one terminal of the DNA double helix, which typically un-

(2)= Lf Xo(t,@)t-Zgcosedo(t, @)dtde,  (24)

4As remarked in Appendix A, because the operator in the square
3This thresholdf, of the overstretch force is also consistent with a brackets of Eq(23) acting on¥(t,¢;s) is not Hermitian, the re-
plain evaluation from a base-stacking potentialeoff,r, i.e., f, sulting matrix form of the operator may not be diagonalized by
~90 pN. unitary matrices. Consequently, in general(t,¢) # D§ (t,¢).
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W . .. . Figs. 3 and 4, both the tangentid) @nd folding angle ¢)
e I TN " fluctuations of dsDNA molecules are small. Taking this fact
80.8 = s“ a 7] into account, in Eq(14) the energy term* (dt/ds)? can be
2 [ RO R ] approximately calculated to be* ((dt,/ds)?+ (dt,/ds)?),
So6F O — s0pN > | 3%y 5 and ft- z, cose=f cose—f(cose)(t;+1t)/2. Thus Eq.(14) is
s [ O - 13pN . decomposed into two “independent” parts. The first part is
Loal N ot AR ] related only top. At each value of andT", we can calculate
= [ =P A ] the average quantitigeose) and (sing) based on this en-
&’0.2 s 03 : tooe ] ergy using the path integral method. The second part is qua-
r . ‘o \ ] dratic int, andt,, therefore the average valuestof, and
ool 1 el e ] Wr [Eq. (11)] can be obtained analytically. Using this de-
T 01 -0.05 0.0 0.05 0.1

composition and preaveraging technique, the average exten-
sion and average supercoiling degree can both be calculated

_ N _ _ ~ at each value of the external force and torque, and the rela-
FIG. 5. Extension vs supercoiling relations at fixed pulling tion between the extension and linking number at fixed
forces for torsionally constrained DNA. The parameters for theforces can be then obtained.

Supercoiling degree (o)

curves are the same as in Fig. 2, and experimental data are from The theoretical relationship between extension and super-
Fig. 3 of Ref.[13] (symbols. coiling degree is shown in Fig. 5 and compared with the
experiment of Stricket al. [13]. In obtaining these curves,
I f (t,¢)Sir? 6D o(t, @) dtd the values of the parameters are the same as those used in
1677I;§kBT Xoth @ oth ¢ @ Fig. 2, and no adjustment has been made to fit the experi-
(25) mental data. We find that in the case of negatively super-
coiled DNA, the theoretical and experimental results are in
and the average linking number is then calculated to be  quantitative agreement, indicating that the present model is
. capable of explaining the elasticity of negatively supercoiled
_ _ - : DNA,; in the case of positively supercoiled DNA, the agree-
(Lky=(Tw)+(Wr)= ZWRJ XoSing®odtde ment between theOI‘)Fl) and experiment is not so good, espe-
cially when the external force is relatively large. In the
+ L}: f Yo Sir? 60 ydtde. (26) present Work,lwe have nqt consi_dereq possible Qeformations
167l ke T of the nucleotide base pairs. While this assumption might be

_ ) reasonable in the negatively supercoiled case, it may fail for
Thus, after we have obtained the ground-state eigenvalug positively supercoiled DNA chain, especially at large

as well as its left and right eigenfunctions numerically, westretching forces. The work done by Allemaetal. [15]

can calculate numerically all the quantities of our interestsuggested that a positi\/e Superco”ed and h|gh|y extended
for example, the average extension, the average supercoilimgnA molecule can take on Pauling-like configurations with
degree, and the folding angle distributitsee also Appendix exposed bases. To better understand the elastic property of
A). The relation between the extension and supercoiling depositively supercoiled DNA, it is certainly necessary for us
gree can also be obtained by fixing the external force angp take into account the deformations of base pairs.
changing the value of the applied torque. To calculate the For a negatively supercoiled DNA molecule, both theory
ground-state eigenvalue and eigenfunctions of an asymmefnd experiment reveal the following elastic aspecs:

ric matrix turns out to be complicated and time consuming\when the external force is small, the DNA molecule can
Fortunately, as we have calculated in Appendix B, eachshake off its torsional stress by writhing its central axis,
eigenfunction of Eq(23) shares the same quantity; the  which can lead to an increase in the negative writhing num-

matrix for m=0 is still Hermitian, and can be diagonalized ber, and hence restore the local folding manner of DNA
by unitary matrices. The ground-state eigenvaluenierO is

strands to that oB-form DNA. (b) However, a writhing of
lower by several orders than those for=0 in the whole

the central axis causes a shortening of DNA end-to-end ex-
relevant region of external torqu€é from —5.0kgT to

_ tension, which becomes more and more unfavorable as the
5.kgT. Thus, actually, we only need to consider the case okxternal force is increased. Therefore, at large forces, the

m=0, and in this case we still havg(t,) =P (t,¢). The torsional stress caused by negative tor¢sgpercoiling de-
whole procedure we performed in Sec. lll can safely be regree begins to unwind th&-form double helix, and triggers
peated in this section, and the relationships between forcthe transition of DNA internal structure, where a continu-
and extension and torque and linking number can consesusly increasing portion of DNA takes on some certain con-
quently be calculated. figuration as supercoiling increases, while its total extension
To make the calculation further easier, and also to makeemains almost invariant. Our Monte Carlo simulations have
sure that the above-mentioned calculation is indeed correctlso confirmed the above insight4].
here we introduce an approximate method which reduces the What is the new configuration? According to REt3],
computational complexity considerably. It turns out that thesuch a configuration corresponds to denatured DNA seg-
calculated results using this method are in considerablenents, i.e., negative torque leads to a breakage of hydrogen
agreement with the above-mentioned precise method. In thgonds between the complementary DNA bases, and conse-
experiment of Ref[13], the applied external forces change quently to strand separation. The authors of R&8] also
in the region of 0.3—10 pN. In this region, as demonstrated irperformed an elegant experiment in which short single-

(Wry=L
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stranded homologous DNA segments were inserted into the 0.0 ——— , ————
experimental buffe{14]. They found, in confirmation of b h

their insight, that these homologous DNA probes indeed bind

onto negatively supercoiled dsDNA molecules. Recently, 0.4
Leger et al. [16] also performed experiments on single
dsDNA molecules. To explain their experimental result
qualitatively, they found that a left-handegiform DNA
molecule should be considered a possible configuration for a
negatively supercoiled dsDNA chain, while the molecules
need not be denatured. As seen in Fig. 5, although the
present model has not taken into account the possibility of
strand separation, it can quantitatively explain the behavior 16

of negatively supercoiled DNA. Therefore, it may be helpful /J
1

Ly o

-0.8

-1.2

Supercoiling degree o

for us to investigate the possibility of formation of left- L
handed configurations based on our present model. This ef- 20—t e L
fort is made in Sec. IV B, where the energetics of such con- =0 gﬁ?temal-afgrque-(zliglit' k'll'% 00
figurations will also be discussed. B

FIG. 7. (a) The sum of the average base-stacking and torsional
B. Possible left-handed DNA configurations energy per base pair at a force of 1.3 pN. For highly extended DNA

. ) ) _only these two interactions are sensitive to torgig.The relation
We mentioned in Sec. Il A that left-handed configurationspetween the DNA supercoiling degree and the external torque at a
correspond top<<O in our present modelsee also Fig. 1 force of 1.3 pN.

Based on the present model, then information about the new
configuration mentioned in Sec. IV A can be revealed by thesupercoiling, the left-handed DNA conformation is nucleated
folding angle distributions?(¢), as discussed in Sec. Ill. In and then elongates along the DNA chainBa®NA disap-

the present cas®/(¢) is calculated as pears gradually. The whole chain becomes completely left
handed ar=—1.85.
=) :f t 0)Do(t,0)dt, 2 It is worth noting that,(a) as the supercoiling degree
() Xolt. @) Polt, ) @ changes, the positions of the two peaks of the folding angle

distribution remain almost fixed; anth) between these two

where, as mentioned in Sec. IV ®,(t,¢) andx(t,¢) are,  peaks, there exists an extended region of folding angle from
respectively, the ground-state right and left eigenfunctions 00 to 77/6 which always has only an extremely small probabil-
Eqg. (23), and, actuallyxo(t,¢) =5 (t,¢). ity of occurrence. Thus a negatively supercoiled DNA can

The calculated folding angle distributi¢d5] is shown in  have two possible stable configurations: a right-hanBed
Fig. 6, which is radically different from that of the torsion- form and a left-handed configuration with an average folding
ally relaxed dsDNA molecules shown in Fig. 3. This distri- angle =—48.6°. A transition between these two structures
bution has the following aspects: When the torsional stress ifor a DNA segment will generally lead to an abrupt and finite
small (with a supercoiling degrepr|<0.025), the distribu- variation in the folding angle.
tion has only one steep peak @t=+57.0°, indicating that To obtain the energetics of such transitions, we have cal-
the DNA is completely inB form. With an increase of tor- culated how the sum of the base-stacking energy and tor-
sional stress, however, another peak appeats=at 48.6°  sional energy, £/R?)sir’* ¢+ p(¢)—(I'/R)sin¢, changes with
and the total probability for the folding angle to be nega-external torqu¢45]. Figure Ta) shows the numerical result,
tively valued increases gradually with supercoiling. Sinceand Fig. Tb) demonstrates the relation between the super-
negative folding angles correspond to left-handed configuracoiling degree and external torquén both figures the ex-
tions, the present model suggests that, with an increase ¢érnal force is fixed at 1.3 plNFrom these figures we can



1054 HAIJUN ZHOU, YANG ZHANG, AND ZHONG-CAN OU-YANG PRE 62

TABLE |. For the torque-induced left-handed DNA configura- induced left-handed configurations, if they really exist, be-
tion, the average rise per base pail),(the pitch per turn of the long to Z-form DNA [2,16,45.
helix, and the number of base pairs per turn of the hixm.) are
calculated and listed under different external forces and torques. V. CONCLUSION
The last row contains the corresponding valuesZdorm DNA.

In this paper, we have presented an elastic model for
Force(pN) Torque kgT)  d(A)  Pitch (A)  Num. double-stranded biopolymers such as DNA molecules. The
key progress is that the bending deformations of the back-

1'3 :2'8 223 j(l)'gg E'ii bones of DNA molecules and the base-stacking interactions

: : : : : existing between adjacent DNA base pairs are quantitatively
1.3 —40 3.83 46.76 1219 considered in this model, with the introduction of a structural
1.0 —-4.0 3.82 46.38 12.15

parameter: the folding angle. This model has also qualita-
Z form 3.8 45.6 12 tively taken into account the effects of the steric effects of
DNA base pairs and electrostatic interactions along DNA
chain. In the calculation technique, the model is investigated
using the path integral method; in addition, Green equations
similar in form to the Schidinger equation in quantum me-

infer that(a) for negative torque less than the critical value

I';=—3.85T, DNA can only stay inB-form state;(b) near anies are derived, and their ground-state eigenvalues and
this critical torque, DNA can either be right or left handed gjgenfunctions are obtained by precise numerical calcula-
and, as negative supercoiling increagese Fig. T)] more  {jons. The force-extension relationship in torsionally relaxed
and more DNA segments will stay in the left-handed form,pNA chains, and the extension-linking number relationship
which is much lower in energy= —2.0kgT per base pajr in torsionally constrained DNA chains are studied and com-
but stable only when the torque reachies; and (c) for  pared with experimental results. A DNA molecule’s entropic
negative torque greater thai, the DNA is completely left  elasticity and highly extensibility, as well as the elastic prop-
handed. erty of negatively supercoiled DNA, can all be quantitatively
Nevertheless, we should emphasize that the above calcexplained by the present theory. The comprehensive agree-
lations are all based on our present model, which assumenient between theory and experiments indicated that short-
that nucleotide base pairs do not break. Figure 5 indicateganged base-stacking interactions are very important in de-
that for negatively supercoiled DNA chains, the extension vdermining the elastic response of double-stranded DNA
supercoiling degree relation can be quantitatively explainednolecules. The present work showed that highly extended
by the present model. Figure 6 reveals the reason for thand negatively supercoiled DNA molecules can be left
quantitative agreement is that the present model allows fopanded, probably in th&-form configuration. A possible
the possibility of the occurrence of left-handed DNA con-WaY to check the validity of this opinion is to measure the
figurations. At the present time, to state that the negatively'itical external torque at which the transition between
supercoiled DNA will “prefer” left-handed configurations B form DNA and the new configuration takes place.

rather than denaturation and strand separation is premature. The present work regarded DNA pasepalrs as r|g|d ob-
To clarify this question, the present model should be imJects, and did not consider their possible deformations and

proved to consider deformations of DNA base pairs. On théhe possibility of strand separation. The comprehensive

experimental side, it might also be helpful to measure pregagreement between theory and experiments indicates that

cisely the critical torque at which the elastic behavior ofth'S approach is well justified in many cases. However, as

negatively supercoiled DNA changes abruptly, and to commentioned in Sec. Il A, under some extreme conditions this

pare the measured results with the value calculated in th@ss.umptlon may not be appropriate. For example, recent ex
present work. In the earlier experiment of Allemaatal. perimental work by Allemanet al. [15] showed that posi-

[15], the critical torque was estimated to be—2kgT, by 'gvel?_/ su?srcone? DNA under_r;]lgh appllzdbforce clan La_\ke on
assuming the torsional rigidity of dsDNA to be 75 nm, and h?auk;r;g-el ea'(r:'?]n 'g?rgf\'f;ssv‘gé :r)éﬁozestor?ggsén% tb:asc;azg
assuming that torsional stress builds up linearly along th h pairt gd I h ! \k/ Y di ’ h qbl
DNA chain. This value, however, may not be precise e present model has not taken Into account the possible

enough, since the torsional rigidity of dsDNA molecule is deformations of the base pairs, the theoretical results on

not a precisely determined quantity, and the values given b ositively SUP.erCOiled DNA molecqles are not in quantitative
different groups are scattered widély. greement with experimer(see Fig. % Furthermore, al-

: ._though the present work showed that left-handed DNA con-
The st;u%tural parametg s of thle Iefghandeg[COTflgu(rjatloéigurgtions (E)an be stabilized by negative torques, much the-

suggested by Figs. 6 and 7 are listed in Table3], an : L L

compared with those aZ-form DNA [2]. The strong simi- oretical work is still needed to calculate the denaturation free

larity between these parameters suggests that the torqu hergy and to compare with the free energy of left-handed
NA configurations.
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are performed partly at ITP-Net and partly at the State Keysystems. Suppose the valueBfat arclength poins is re-
Lab of Scientific and Engineering Computing. lated to its value as’ through the following formula such
that
APPENDIX A: PATH INTEGRAL METHOD
IN POLYMER PHYSICS
i _ _ o \If(r,s)=J dr'G(r,s;r’,s")W(r',s’) (s>s’); (A6)
In this appendix we review some basic ideas on the ap-

plication of the path integral method to the study of poly- ,
meric systemg39]. Consider a polymeric string, and sup- tNen we can derive, from EqeAL), (A3), and(A6), that[39]
pose its total “arclength” isL, and along each arclength

point s one can define an-dimensional “vector”r(s) to a¥(r,s) Vr2 A(r)-V, V,-A(r)
describe the polymer’s local state at this pdiwe further = —pV(r)+ +
. as 2mpg m 2m
assume that the energy densiper unit arclength of the
polymer can be written in the general form BAZ(r) .
Y(r,s)=HW(r,s). (A7)
2m
m/ dr\? r , . o o
pe(r,s)= 2l gs +A(r) ~d—S+V(r), (A1) Equation(A7) is called the Green equation; it is very similar

to the Schrdinger equation of quantum mechanigt0].
. i ) L However, there is an important difference. In the case of
whereV(r) is a scalar field ané\(r) is a vectorial field. The

total partition function of the system is expressed by theA(r)%O’ t_he operatoH in Eq.(A?) Is not Herml'[Jan. There-
integration fore, in this case the matrix form of the operatbrmay not

be diagonalized by unitary matrix.
Denote the eigenvalues and the right eigenfunctions of
— ) Eqg. (A7) as—g; and|i)=®(r) (i=0,1, ...),respectively.
:(L)_f f drige(rG(re,Lir 00 di(rdri, (A2)  ponitis easy to s|e>e, from the approach of quantum me-
chanics, that
where ¢;(r) and ¢;(r) are the probability distributions of
the vectorr at the initial =0) and final 6=L) arclength )
point points, respectivelyG(r,s;r’,s’) is called the Green W(s)=2, e 9 i(s))(i(s)|¥(s)), (A8)
function, and is defined as '

where(i|=xi(r) (i=0,1, ... )denote the left eigenfunctions
r s of Eq. (A7), which satisfy the following relation:
G(r,s;r’,s’)=f Dr"(s)]ex —Bf ds’pa(r",s") |,
r’ s’
(A3) . ”
(li= | drxnun =o'
where integration is carried over all possible configurations
of r”, and 8= 1/kgT is the Boltzmann coefficient. It can be |n the case wher#l is Hermitian[i.e., A(r)=0], then we
verified that the Green function defined above satisfies thean conclude that
relation[39]

xi(r)=o5 (r).
G(r,s;r’,s’)=f dr'G(r,s;r"”,s")G(r",s";r’,s") From Egs.(A2), (A6), (A7), and(A8) we know that

(s'<s'<s). (A4)
E(L)zf drf dr'G(r,L;r’,s")gs(r)i(r")

The total free energy of the system is then expressed as

F=—kgTInE. (A5) ZZ <¢f|i><i|¢i>eigiL=eig0L<¢f|0><O|§bi>

To calculate the total partition functiof, we define an [for L>1/(g1—90) ] (A9)
auxiliary functionW¥(r,s) and call it the wave function, be-
cause of its similarity to the true wave function of quantumConsequently, for long polymer chains the total free energy
density is just expressed as

SFor example, in the case of a flexible Gaussian chaiis a
three-dimensional position vector; in the case of a semiflexible ’In fact, the choice of the wave functiolr(r,s) is not limited.
chain, such as a wormlike chdih8,41], r is the unit tangent vector Any function determined by an integration of the form of E46)
of the polymer and is two dimensional. can be viewed as a wave function.
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FIL=kgTgo, (AL0) J drff drigr(r)G(re,Lir,9)G(r,8;r1,0) i(r)

and any quantity of interest can then be calculated by differP(r,s)=
entiation of 7. For example, the average extension of a poly- f drff drids(ri)G(ry,L;ri,0)y(r;)
mer under external force fielfl can be calculated a&Z)
= gFl9f =LkgTdgq/of.

We continue to discuss another very important quantity,
the distribution probability of at arclengths, P(r,s). This  Based on Eq9A6) and(A8) we can rewrite Eq(A11) in the
probability is calculated from the following expression: following form:

(A11)

[fare[ ar. [ argroce L s -new s 0
P(r,s)=

Jdrffdri¢f(rf)G(rfaL;riio)qsi(ri)

% 2 (| MY(N| ) Xm(T) P (F)eXH — Grn(L —S) — GnS]
_ . (A12)

; (sl m)(m| ;) exp( —gpl)

For the most important case of<s<<L, Eq. (A12) then this end we choose the base functions of this system to be
gives that the probability distribution ofis independent of combinations of spherical harmonid§,(6,#) and f,(¢)
arclengths, i.e., [see Eq(20)].

P(r.s)= yo(r)®o(r) (for 0<s<L). (A13) For m=0, the base functions are expressed to be

With the help of Eq.(A13), the average value of a quantity [iy=|1-Ny+n)y=1:n)=Yo( 8, &) Fn(9); (B1)
which is a function ofr can be obtained. For example, ¢ ' oL EImE R
and form=1,2, ..., thebase functions are expressed to be
Q(S)>=f er(r)P(r,S)=f drxo(r)Q(r)®o(r) P
=(0/Q|0) (A14) liy=12(1=m)-N,+2(n—1)+k)=|I;n;k)
and =Y[R(0,$) fn(e). (B2)
L L
< f Q(r(s))ds> :f (Q(s))ds=L(0|Q|0) In the above two equationa=1,2, ... N, with N, set to
0 0 be 60 in our present calculations=0,1, ... N,—1 for the
case ofm=0 (with N, set to 30); orl=m,m+1,... m
[for L>1/(g1—go)]- +N,—1 for the case om+0 (with N, set to 15) k=1 and
(A15) 2, and
Finally, we list the formula for calculating(B(r)
-dr/ds); hereB(r) is a given vectorial field. The formula 2l +1
reads Y0(6,¢)= —P|(cos¢9)

d 1 - -
<B(r>~ d—rs>=5<0|[r-<HB>—B-(Hr>]|0>

(1) 21+1 (I—m)!
200, p)=(—1)" e (I+m)|P' (cosf)cogmao),

[for L>1/(g1—9o) ] (A16)
APPENDIX B: MATRIX FORMALISM 2 o2 d-myr _
OF THE GREEN EQUATION (23) Yim(0,¢)=(=1)"\ - _— )] P"(cosf)sin(me).

In Eqg. (23 [and also Eq(15)] the variables and ¢ are
coupled together. Denote the operator in the square brackets jith the above definitions, we then obtain that, for
of Eq. (23) asH. We express this operator in matrix form. To =0,
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R . S10+1)  n?r?
<|p|(_H)|'>:<|p;np|(_H)|l;n>:5:']5“'][ 4% +4|p:l

o +1 -1 [
kBT[aip a|10+5|p aj_10l(nplsine[n)

n)

p(e) 1, -
+6',p<np| kB—T+ECO§1(p

+ 6l

r -
IpR—kBT<np|COS(P|n>

2

_eh 7 rd _ a2 a2
5np16|;(kBT)2[5lp(l a'|,O a‘|—1,0)

- 5::23|,oa| +1,0” 5:;23|—1,oa| —20l; (B3)

and, form#0,
~ . [(1+1)
. N ok — o] k
<'p|(_H)|'>_<|p’np*kp|(_H)|l'n’k>_5'p52p5kp aly
n2x? f _
A2 T 01y Bt 3, "]
- p(e)
X{ny|sing|n)+ 6}p5tp(np| T
o o~ | ~
+ ?co§1 @|In)+ 5|p5kkaBT<np|cos<p|n>
+6) N L(k—k ym
o Al * ke T b

ELASTIC PROPERTY OF SINGLE DOUBLE-STRANDED . ..
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2

_en ok 7 rd a2 42
5np5kp16|:;(k8-|—)2[5lp(1 A m—a_1m)

- 6::2al,mal+l,m_ 5:;2al—1,mal—2,m]- (84)

In Egs.(B3) and(B4), the following notations are used:

S s
am= N 21+ 1)(21+3)’
nre
a 1
wherey() is any function ofg.

~ 2 (a [nyme
(ny(@iny=2 [ sl

The ground-state eigenvalues of the matrigegs. (B3)
and(B4)] have been calculated at force 1.3 pN in the whole
relevant region ofl’ from —5.0kgT to +5.0kgT. We have
found that the ground-state eigenvalues for the case of
=0 are of the order of- 10 nm %, while those for the case
of m#0 are of the order of fonm™! (data not shown
Thus we can conclude with confidence that the “low en-
ergy” eigenstates of the system all have the sameO.
This can greatly reduce the calculation tasks.

As a final point, here we demonstrate how to calculate the
average values of the quantities of our interest. Suppose

y(t,¢) is a quantity whose average value we are interested
in. Denotel/ as the unitary matrix which can diagonalize the
matrix Eq.(B3). [Because the matrix EdB3) is real sym-
metric, U/ is actually a real orthogonal matrixThen its col-
umn vectoru(i) =X ;U(] i)]j) (i=1,2,...)corresponds to
theith eigenvector of Eq(B3). Consequently, we can calcu-
late based, on Eq{A14), that

y()sin

<y<t,?p>>=; UG o, DUG, Dy (@)Y, (BS)
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