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Excess noise in intracavity laser frequency modulation
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The response to perturbations and to stochastic noise of a laser below threshold subjected to an intracavity
periodic frequency modulation is theoretically studied. It is shown that, when the modulation frequency is
close to the cavity axial mode separation but yet detuned from exact resonance, the laser exhibits a strongly
enhanced sensitivity to external noise, which includes large transient energy amplification of perturbations in
the deterministic case and enhancement of field fluctuations in presence of a continuous stochastic noise. This
large excess noise is due to the nonorthogonality of Floquet laser modes which makes it possible continuous
energy transfer from the forcing noise to transient growing perturbations.

PACS number~s!: 42.60.Mi, 05.40.2a
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In recent years an increasing and considerable interes
been devoted to the study of noise in non-Hermitian phys
systems, and many theoretical and experimental work
different physical contexts, including hydrodynamics@1–4#
and nonlinear optics@5–7#, have revealed a rather univers
feature of these systems to show some form of ‘‘exc
noise’’ as compared to common normal systems. In the
tical context, much attention has been payed to the stud
non-Hermitian laser cavities, where the nonorthogonality
resonator cavity eigenmodes~longitudinal or transverse!
@5,6# or of polarization eigenmodes@7# leads to an enhance
ment of spontaneous-emission noise in the lasing mode,
pressed by the Petermann excess noise factor@8#. A different
manifestation of excess noise in non-normal systems, wh
has been recently recognized in the hydrodynamic con
but not yet in nonlinear optics, is the enhancement of v
ance levels sustained by a non-normal system close to
instability when subjected to a continuous stochastic forc
@1,3,4#. It is well known that any physical system close to
bifurcation point shows some universal dynamical featur
such as critical slowing down, spectral narrowing, and no
amplification @9#. In particular, amplification of noise in a
typical stochastically driven normal system near an insta
ity basically depends on the decay rate of the most unst
PRE 611063-651X/2000/61~2!/989~4!/$15.00
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normal mode, thus resulting in large noise variance lev
close to the instability@see@3,9# and Eq.~6! below#. In non-
normal systems, amplification of noise may largely exce
the expected level of a normal system, as shown in rec
works on Couette and Poiseuille hydrodynamic flows@1,3#.
The enhanced amplification of noise can be traced to
nonorthogonality of modes; this circumstance, however,
shown in a very general framework by Farrell and Ioann
@3,4#, is a necessary but not a sufficient condition to obse
excess variance levels, which requires, besides lack of m
orthogonality, also the capability of the system to supp
transient growth of perturbations despite the asymptotic
ear stability of the system. In this case, a dynamical am
fication of noise, with a variance level well above that a
ticipated by the decay rate of modes, is possible indeed. T
variance enhancement effect should be therefore observ
also in non-normal active optical systems capable of supp
ing transient growth of perturbations and should be regar
as a further and distinctive feature of non-Hermitian cav
optics.

In this Rapid Communication we demonstrate that a la
with an internal periodic modulation of the optical frequen
@10–13# operated just below threshold for oscillation is a
example of a non-normal system in nonlinear optics that
R989 ©2000 The American Physical Society
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hibits large excess of variance for the field fluctuations wh
subjected to a continuous noise. This excess noise is a
nature of the nonorthogonality of laser modes and is ph
cally due to an excess gain that makes possible trans
amplification of spectrally narrow perturbations despite
linear stability of the nonlasing solution. As compared
previous analyses on excess noise in lasers~see@6# and ref-
erences therein!, in this work the nonorthogonality of mode
does not involve transverse, longitudinal, nor polarizat
eigenmodes of the laser, but time-dependent periodic Flo
modes that are the natural eigenmodes of a freque
modulated laser@13#.

The starting point of our analysis is provided by a rath
standard model of intracavity laser frequency modulat
~FM! in a laser cavity with a spectral gainline much broad
than the cavity free spectral range@10–13#. We consider a
ring cavity of lengthL containing a gain medium, a fre
quency limiter that determines the gain bandwidth of
cavity, and an electro-optic phase modulator that varies
riodically the optical cavity length at a frequencyvm close to
the longitudinal mode separationvc52pc/L of the cavity.
After expanding the intracavity electric fieldF on the basis
of longitudinal ring cavity eigenmodes by settingF(z,t)
5(nFn(t)exp(22pint)exp(2pinz), wherez is the longitudi-
nal spatial coordinate along the cavity, scaled to the ca
lengthL, and t is time normalized to the modulation perio
Tm52p/vm , the semiclassical coupled-mode equations
the amplitudesFn read@10,11#

Ḟn5~22p ing1gn2 l !Fn1
iD

2
~Fn111Fn21!1jn ~1!

(n50,61,62, . . . ), where g[(vc2vm)/vm is the fre-
quency detuning parameter (ugu!1), gn is the round-trip
gain for thenth mode,l is the cavity loss,D is the single-
pass modulation index introduced by the phase modula
and the dot stands for the derivative with respect to time
simple model for the spectral gaingn is provided bygn5g
2n2(vc /vg)2, whereg is the gain of the central moden
50, which is assumed to be tuned at the center of the g
line, and vg is the spectral bandwidth of the gainlin
(vc /vg!1), which is assumed to be independent of the g
parameterg ~see, for instance,@12#!. Other effects, such a
frequency pulling and cavity dispersion effects, will be n
considered here for the sake of simplicity, although th
effects would not change substantially the basic dynamic
the frequency-modulated laser@13#. In Eq. ~1!, jn(t) are in-
dependent Gaussian complex stochastic variables with
mean and correlation̂jn(t8)j l* (t9)&5edn,ld(t82t9), which
provide a standard semiclassical model of noise in a la
such as the spontaneous emission noise of the laser~see, for
instance,@5#!. In absence of the stochastic noise sources,
Langevin equations~1! have the deterministic zero solutio
Fn50 (n50,61,62, . . . ), corresponding to the laser be
ing below threshold. This solution is stable provided that
matrix A in the linearized dynamics, given by

An,m5F22p ing1g2 l 2n2S vc

vg
D 2Gdn,m

1 i
D

2
~dn,m111dn,m21! ~2!
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is asymptotically stable. This impliesg,gth , where the
threshold for laser oscillation,gth , is attained when the rea
part of the most unstable eigenvalue ofA crosses zero. No-
tice that the Langevin equations~1!, as derived by field ex-
pansion in terms of longitudinal cavity eigenmodes, a
coupled in the presence of the intracavity phase modulat
i.e., whenDÞ0. Diagonalization is possible by introductio
of the set of Floquet modes, which represent the natural b
of modes of the frequency-modulated laser@14#; these are
defined by

ua~z,t !&5(
n

vn
(a)exp@2p in~z2t !#, ~3!

wherevn
(a) is theath eigenvector ofA corresponding to the

eigenvaluema . After expanding the intracavity fieldF(z,t)
on the basis of Floquet modes,F(z,t)5(a f a(t)ua&, from
Eqs.~1! it follows that the expansion coefficientsf a(t) sat-
isfy the uncoupled Langevin equations

ḟ a5ma f a1ha ~4!

where ^ha(t)&50, ^ha* (t8)ha(t9)&5Kaed(t82t9), and
Ka>1 is the excess noise factor for the modeua&. As usual
@5#, it turns out thatKa5^a†ua†&, whereua†& is the adjoint
mode, given byua†&5(nvn

†(a)exp@2pin(z2t)#, vn
†(a) is the

eigenvector of the adjoint matrixA † corresponding to the
eigenvaluema* , and ^ f ug& stands for*0

1dz f* (z)g(z); nor-
malization has been chosen such that^aua&51 and^a†ub&
5da,b @14#. In presence of a phase modulation, the Floq
modesua& are in general not orthogonal. This can be se
for instance, by observing that^aub&5(nvn

(a)* vn
(b) and that,

for DÞ0, the matrixA is not normal, i.e.,A does not com-
mute with its adjointA †. A direct calculation of the commu
tator @A,A †# shows in fact that it scales like;D(vc /vg),
vanishing when no modulation is applied (D50) or when
the spectral bandwidth of the gain is infinite (vc /vg→0).
The former case is trivial and describes the dynamics of
longitudinal normal modes of the free-running laser. The l
ter case corresponds to the laser operated in the ideal
regime, where the normal modesua& reduce to the idea
Bessel modes ua&5exp@iG sin(2pz22pt)#exp@2paiz
22pai(11g)t# (a50,61,62, . . . ),G5D/(2pg) being the
effective modulation index@10,12,13#. Note that the spec-
trum of a Bessel normal mode extends over an interva
frequencies of width;2Gvm , which diverges asg ap-
proaches zero, i.e., when the synchronous modulation reg
is attained. This implies that, near the zero frequency de
ing, finite spectral bandwidth effects of the laser gain m
not be neglected, and loss of mode orthogonality occurs.
singular behavior of the system nearg;0 is responsible for
the well-known transition of laser operation from the F
regime to the pulsed FM mode-locking that occurs as
frequency detuning parameterugu is decreased toward zero
the frequency detuning at which the transition tak
place being given by gT;(2p)21N23/2@2D1/21(D
12D2N2)1/2#1/2, whereN[(vg /vc) is the normalized spec
tral gain bandwidth@13#. A typical behavior of the laser
thresholdgth as a function of the frequency detuning para
eterg near the transition region is shown in Fig. 1. Note th
far enough from the zero frequency detuning, the la
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threshold approaches that of the free-running laser, i.e.,gth
; l , and in this case the laser is operated in the undisto
FM regime, where the finite bandwidth of the spectral gain
negligible. However, asugu is decreased towardgT , there is
an increase of the lasing threshold, which is due to the sp
tral broadening of the FM modes. If the laser is opera
below threshold, i.e., if the gain parameterg is chosen below
the threshold curve shown in Fig. 1, in absence of the
chastic driving field any initial perturbation at timet50 is
damped out and the zero solution is finally reached at
→`. However, the transient dynamics of the decay, which
determined by the degree of normality of the system@4#,
changes drastically when approaching the transition reg
where high levels of amplification are possible before
perturbation is damped out. If we consider the energy of
field stored in the cavity, u(t)5@*0

1dzF(z,t)F* (z,t)#
5(nuFn(t)u2, we may introduce an energy growth rateG(t)
defined as the maximum energy that can be stored in
cavity at timet taken over the ensemble of initial field pe
turbations of unitary energy.G(t) represents therefore th
upper boundary to the energy amplification at timet physi-
cally realizable for any given initial field perturbation. Th
energy growth rateG(t) can be calculated in terms of th
matrix A asG(t)5iexp(At)i2, wherei•i denotes the stan
dard 2-norm of a matrix~see@4#!. If the system were normal
it would not be possible any energy growth at any time, i
G(t) is a decreasing function of time andG(t)→0 on a time
scale of the order of the inverse of the damping rate of
most unstable normal mode. This also occurs if the syste
non-normal provided that the matrixA1A † is asymptoti-
cally stable@15#. Conversely, transient energy amplificatio
is possible if the largest eigenvalue ofA1A † is positive@3#.
An inspection of Eq.~2! reveals that this condition is full
filled provided that the laser gain exceeds the threshold v
for the free-running laser~i.e., g. l ), a condition that can be
fullfilled when the laser is operated close the transition
gion of Fig. 1. Figure 2 shows a typical behavior of t
energy growth rateG(t) for a few values of the frequenc
detuningg, indicating the possibility of high transient ampl
fication of energy in the transition region between FM osc
lation and FM mode-locking. The high levels of transie
amplification can be physically understood by observ
that, due to the excess gain, any initial perturbation tha
spectrally narrow is amplified by the system in the int
transits inside the cavity. However, in the meanwhile
modulator transfers energy to sidebands modes, resulting

FIG. 1. Behavior of the laser threshold as a function of
frequency detuningg. The vertical dashed line atg5gT;3.7
31024 marks the transition from FM oscillation to the pulsed F
mode-locking. The threshold curve turns out to be symmte
around the synchronous modulation conditiong50. Parameter val-
ues ared50.05,vg/vc5100.
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spectral broadening of the perturbation and, for the laser
low threshold, in the final decay of it. The typical tempor
scale over which amplification and subsequent decay of
perturbations take place is determined by the number of t
sits in the cavity needed to spectrally broaden the pertu
tion, which is in turn inversely proportional to the frequen
detuningg.

In presence of a continuous stochastic forcing, such
that provided by spontaneous emission in the gain medi
the lack of orthogonality of Floquet modes and the capabi
of the deterministic dynamical system to support transi
energy growth allow the Langevin equations~1! to sustain an
excess of variance for the field fluctuations larger than t
expected if the system were normal@3#. As the system is
asymptotically stable and the noise sources are assume
be d-correlated Gaussian stationary processes, a statio
statistics for the random amplitudesFn is reached, which can
be determined using standard methods~see, for instance
@16#!. In particular the spectral matrixSl ,n(v), which is de-
fined as the Fourier transform of the correlation functio
^Fn(t)Fl* (t1t)&, is given by S(v)5e(A1 ivI)21(A †

2 ivI)21, whereI is the identity matrix ande is the vari-
ance of the noise. A measure of the non-normality of
system is provided by the ensemble average of the en
stored in the cavity,̂u&, which can be expressed as@3,17#

^u&5
e

2pE2`

`

F~v!dv, ~5!

where the spectrumF(v) is given by F(v)5e21Tr(S).
Note that, sincê F(z,t)&50, the variance of field fluctua
tions at the planez in the cavity is given bŷ uF(z,t)u2&
5(n,l^Fn(t)Fl* (t)&exp@2pi(n2l)(z2t)#, so that̂ u& provides
a measure of thespatial average of the variance of the fiel
fluctuations in the cavity. Differently, for a fixed positionz
inside the cavity,̂ u& represents thetimeaverage of the field
fluctuations at that position. For detuning values where
system is~nearly! normal, the mean energy stored in th
cavity results from a balance between dissipation and forc
for each normal mode of the cavity, and one obtains@17#

^u&normal52(
a

e

2la
, ~6!

c

FIG. 2. Energy growth rate as a function of normalized timt
for a few values of the frequency detuningg. Curve~1!, g51023;
curve ~2!, g5431024; curve ~3!, g53.731024; curve ~4!, g53
31024; curve~5!, g5231024; curve~6!, g50. For each value of
the frequency detuning the laser gain has been chosen 3% belo
threshold value. The other parameter values are:D50.05, vg /vc

5100.
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wherela5Re(ma). However, for detuning values where th
system becomes non-normal, the mean energy stored in
cavity can reach much higher levels due to the continu
transient amplification of the noise. This excess of field flu
tuations can be defined by the ratioK5^u&/^u&normal @see
Eqs.~5! and~6!#, whereK>1 andK51 for a normal system
@3#. Figure 3 shows a typical behavior of the excess varia
factorK as a function of the frequency detuningg for a few
values of the below-threshold parametery5(g2 l )/(gth
2 l ) (y,1 andy.0 if the laser is above the free-runnin

FIG. 3. Excess varianceK as a function of frequency detuningg
for a few values of the below-threshold parametery ~see text!.
Curve ~1!, y50.9; curve~2!, y50.7; curve~3!, y50.5; curve~4!,
y50; curve~5!, y520.2. Parameter values are:D50.05, vg /vc

5100.
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threshold!. As can be seen, wheny is positive, and thus tran
sient amplification of perturbations is possible in the det
ministic dynamics, a large enhancement of field fluctuatio
by several orders of magnitude is predicted when the lase
operated near the transition region. We note that, altho
this excess noise has been predicted to occur for the FM l
operated below threshold, we envisage that the strong se
tivity of this system to noise should be also observable wh
the laser is operated above threshold@18#.

In conclusion, we have shown that an intracav
frequency-modulated laser operated close to threshold
sustain a large excess of field fluctuations as a result of
nonorthogonality of Floquet laser modes, which makes p
sible the continuous transient amplification of noise. Owi
to the analogy between spatial and temporal propagatio
optical fields@19#, we envisage that a similar manifestatio
of excess noise should occur also when transverse degre
freedom are considered instead of longitudinal ones. In p
ticular, a plane-plane laser in a stripe geometry with tra
verse gain guiding and tilted mirrors, capable of produc
beam walk-off out of the gain region, is expected to show
same noise features as the detuned FM mode-locking stu
in this work, with the tilting angle playing the same role
the frequency detuning parameter.
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@17# The energy mean valuêu& can be also computed as^u&
5Tr(C), where C is the stationary covariance matrixCn,l

5^Fn(t)Fl* (t)& which satisfies the Liapunov equation@16#

AC1CA †52eI, whereI is the identity matrix. If the matrix
A is normal, i.e., ifAA †5A †A, the solution to the Liapunov
equation isC52e(A1A †)21, so that ^u&5Tr(C) assumes
the normal form given by Eq.~6! in the text.

@18# Experimental evidences of noisy behavior of FM-operated
sers in the transition region between FM oscillation and pul
FM mode-locking are indeed reported in the literature; see,
instance, A. Schremer, T. Fujita, C. F. Lin, and C. L. Tan
Appl. Phys. Lett.52, 263 ~1988!. The leading role of non-
normal transient growth in the onset of turbulence in detun
mode-locked lasers subjected to periodic loss modulation
been very recently reported by F. X. Ka¨rtner, D. M. Zumbu¨hl,
and N. Matuschek, Phys. Rev. Lett.82, 4428~1999!.

@19# See, for instance, S. A. Akhmanov, A. P. Sukhorukov, and
S. Chirkin, Zh. Eksp. Tekh. Fiz.55, 1430 ~1968! @Sov. Phys.
JETP28, 748 ~1969!#.


