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The problem of anomalous scaling in magnetohydrodynamics turbulence is considered within the framework
of the kinematic approximation, in the presence of a large-scale background magnetic field. The velocity field
is Gaussian,d-correlated in time, and scales with a positive exponentj. Explicit inertial-range expressions for
the magnetic correlation functions are obtained; they are represented by superpositions of power laws with
nonuniversal amplitudes and universal~independent of the anisotropy and forcing! anomalous exponents. The
complete set of anomalous exponents for the pair correlation function is found nonperturbatively, in any space
dimensiond, using the zero-mode technique. For higher-order correlation functions, the anomalous exponents
are calculated toO(j) using the renormalization group. The exponents exhibit a hierarchy related to the degree
of anisotropy; the leading contributions to the even correlation functions are given by the exponents from the
isotropic shell, in agreement with the idea of restored small-scale isotropy. Conversely, the small-scale anisot-
ropy reveals itself in the odd correlation functions: the skewness factor is slowly decreasing going down to
small scales and higher odd dimensionless ratios~hyperskewness, etc.! dramatically increase, thus diverging in
the r→0 limit.

PACS number~s!: 47.27.Te, 05.10.Cc
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I. INTRODUCTION

In cosmical objects, small-scale evolution of the magne
field B often takes place in the presence of a strong lar
scale magnetic fieldBo. It is, for example, what happens i
the solar corona where, in spite of the typical value of
sun’s magnetic field~'1 G!, fields as intense as'500 G can
be observed in solar flares. These highly energetic and la
scale events coexist with small-scale turbulent activity,
nally responsible for the dissipation of magnetic field ener
Modelling the way through which energy is stored and th
dissipated is, consequently, not an easy task.

In Ref. @1#, the following description is proposed: a larg
scale axial, e.g., directed parallel to some vectorẑ, magnetic
field Bo is assumed to dominate the dynamics in theẑ direc-
tion, while the activity in the transverse plane can be sa
factorily described as quasibidimensional. This picture
lows reliable numerical simulations in two dimensions, fro
which it appears clear that the magnetic field tends to or
nize in rare large-scale structures separated by narrow
rent sheets. Deep investigation of small-scale intermitte
properties is still not permitted by lack of spatial resolutio

An interesting question raised by this problem, besid
structure formation, is related to the role played by larg
scale anisotropy on the small-scale statistics. Indeed, th
quite a typical situation in turbulence, where almost ev
large-scale forcing is not isotropic. Here, instead of tak
the restoration of local small-scale isotropy for granted, a
the Kolmogorov theory of turbulence@2–4#, we analyze in
detail the effects of anisotropic large-scale contributions
the small-scale magnetic fluctuations.

A wide interest has been recently devoted to this is
PRE 611063-651X/2000/61~6!/6586~20!/$15.00
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@5–17#. From the viewpoints of theoretical and numeric
analysis, focusing on a small number of indicators some
guments are given in favor of the small-scale isotropy res
ration in the Navier-Stokes~NS! turbulence@12,14#. On the
other hand, investigating a larger class of anisotropic indi
tors, footprints of small-scale anisotropy become manif
@9#. For a passively advected scalar, experiments@5,6# and
analytical results@10,11# show that the skewness factor r
mains O(1) deep in the inertial range. The scenario th
appears extremely faceted and needs further investigatio

Recently, clear evidence of persistent small-scale ani
ropy has been found in Ref.@17#, where the statistical prop
erties of a scalar field advected by the nonintermittent
flow generated in a two-dimensional inverse cascade reg
are investigated.

Two main goals motivate this paper. On one hand,
give details of the results presented in the Rapid Commu
cation@16#, where the effects of anisotropy on scaling exp
nents of the two-point magnetic field correlations have be
addressed in the framework of the kinematic magnetohyd
dynamics~MHD! problem. Nonperturbative expressions f
the scaling exponents were derived and their universa
proved. Specifically, there arises a picture of a nontriv
statistical behavior, where anisotropic fluctuations are or
nized in a hierarchical order according to their degree
anisotropy. Contributions belonging to shells of higher a
isotropic index decay faster, and the isotropic contribut
finally dominates.

However, the dominance of the isotropic contribution
the scaling exponents does not imply that large-scale an
ropy is irrelevant for the small-scale magnetic statistics.
deep investigation focused on a larger number of statist
indices~that is focused on the proper anisotropy indicato!
6586 ©2000 The American Physical Society
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has to be performed in order to highlight the way~if any!
through which large-scale anisotropy manifests itself at sm
scales. This is the second aim of the present paper. Spe
cally, in addition to the nonperturbative results for the tw
point correlations, we present new results dealing w
higher-order magnetic correlation functions. Being more s
cific, we exploit the field theoretic renormalization grou
~RG! to obtain the anomalous exponents for higher-or
magnetic correlation functions at the first order inj, the ex-
ponent entering into the velocity covariance. In particul
we evaluate the odd-order correlation function expone
from which dimensionless ratios like skewness and hyp
skewness are calculated. As a result, in three dimensions
former behaves at the dissipative scale as Pe21/10 while the
latter as Pe11/10, Pe being the Pe´clet number~i.e., the equiva-
lent of the Reynolds number for the NS turbulence!. Notice
the opposite signs appearing in the scaling exponents. T
are the signature of persistent small-scale activities. Ind
the first index is weakly scale dependent while the secon
even divergent at small scales~i.e., Pe→`!. Let us remark
that to restore isotropy at small scales all such indices sh
decay to zero as Pe grows.

The same general picture is found numerically in R
@17# in the framework of the passive scalar advection by
flows. In addition, our results are in qualitative agreem
both with the first-order analytic expressions for the anom
lous exponents obtained in@15# for the passive scalar ad
vected by a synthetic velocity field, and with the results
Ref. @8# where the probability density functions of both
scalar field and its gradient are investigated for the clas
synthetic fields in the Batchelor regime.

The paper is organized as follows. In Sec. II, we give
detailed definition of the kinematic MHD Kasantze
Kraichnan model, which describes the passive advectio
the magnetic field by the Gaussian, self-similar velocity fie
d-correlated in time. In Sec. III, the field theoretic formul
tion of the model is presented. It allows for the derivation
the closed exact equations for the response function
equal-time pair correlation function of the magnetic fie
From the homogeneous solutions~zero modes! of the pair
correlation equation, scaling exponents of the pair corre
tion function are determined. In Sec. IV, these exponents
found nonperturbatively, for anyj and space dimensionalit
d. In Sec. V, we discuss the UV renormalization of t
model and derive the correspondingb functions and RG
equations. The latter possess an infrared~IR! stable fixed
point, which establishes the existence of anomalous sca
for all the higher-order correlation functions. The inertia
range behavior of these functions is determined by the s
ing dimensions of certain tensor composite operators; t
are calculated in Sec. VI to the first order inj ~one-loop
approximation!. In Sec. VII, we employ the operator produ
expansion to give explicit inertial range expressions for va
ous higher-order correlation functions. The results obtai
are reviewed in Sec. VIII, where a brief comparison with t
passive scalar problem is also given.

II. DEFINITION OF THE KINEMATIC MHD
KASANTZEV-KRAICHNAN MODEL

In the presence of a mean componentBo ~actually sup-
posed to be varying on a very large scale;L, the largest one
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in our problem! the kinematic MHD equations describing th
evolution of the fluctuating partB[B(x) of the magnetic
field are@18#

] tBa1v•­Ba5B•­va1Bo
•­va1k0]2Ba , a51, . . . ,d.

~2.1!

Here and belowx[$t,x%, ­[$]a5]/]xa%, ]2[]a]a is the
Laplace operator,d is the dimensionality of thex space, and
v5v(x) is the velocity field. Bothv and B are divergence-
free ~solenoidal! vector fields: ]ava5]aBa50. Equation
~2.1! follows from the simplest form of Ohm’s law for con
ductive moving medium,j5s(E1v3B/c), and the Max-
well equations neglecting the displacement current:] tB/c
1­3E50, ­3B54p j /c and­•B50. Herec is the speed
of light, j is the density of the electric current,s is the con-
ductivity, andk0[c2/4ps is the magnetic diffusivity. The
term Bo

•­va in ~2.1! effectively plays the same role as a
external forcing driving the system and being also a sou
of anisotropy for the magnetic field statistics.

In the real problem,v obeys the NS equation with th
additional Lorentz force term}(­3B)3B, which describes
the effects of the magnetic field on the velocity field. T
framework of our analysis is the kinematic MHD problem
where the reaction of the magnetic fieldB on the velocity
field v is neglected. We assume that at the initial stagesB is
weak and does not affect the motions of the conducting flu
it becomes then a natural assumption to consider the dyn
ics linear in the magnetic field strength@18#. It is also note-
worthy that in more realistic models of the MHD turbulen
the magnetic field indeed behaves as a passive vector in
so-called kinetic fixed point of the RG equations~see Refs.
@19,20#!.

For general velocity fields the well-known closure pro
lem arises even for the kinematic model. This means that
equations of evolution for the single-time multiple-space m
ments such aŝBa(t,r1)¯Bl(t,rn)& are not closed. The
situation changes for random velocity fieldsd-correlated in
time. The physical choice of a real turbulent flow govern
by the NS equation is then replaced by an incompressi
self-similar advecting field, with Gaussian statistics and r
idly changing~d-correlated! in time. This last property al-
lows us to write closed equations for the moments of
magnetic fieldB and to perform analytical~both perturbative
and nonperturbative! approaches to thed-dimensional prob-
lem. Indeed, in the presence of a random velocity fi
d-correlated in time, the solution is a Markov process in t
time variable and closed moment equations, sometim
called ‘‘Hopf equations,’’ can be obtained in analogy to t
passive scalar case@21#. Such models have attracted eno
mous attention recently~see, e.g., Refs.@11,22–26# and ref-
erences therein! because of the insight they offer into th
origin of intermittency and anomalous scaling in fully deve
oped turbulence. We also note that the isotropic version
the kinematic rapid-change magnetic model dates back
1967~see Ref.@27#! and was studied by the authors in Re
@28–31#.

More precisely, we shall consider a simplified model
which v(x) is a Gaussian random field, homogeneous, i
tropic andd-correlated in time, with zero mean and cova
ance
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^va~x!vb~x8!&5d~ t2t8!Kab~r ! ~2.2a!

with

Kab~r !5D0E dk

~2p!d

Pab~k!

kd1j exp@ ik•r #, r[x2x8,

~2.2b!

wherePab(k)5dab2kakb /k2 is the transverse projector,k
is the momentum,k[uku, D0.0 is an amplitude factor, and
0,j,2 is a free parameter. The IR regularization is p
vided by the cutoff in the integral~2.2! from below atk
.m, wherem[1/L is the reciprocal of the integral turbu
lence scale; the precise form of the cutoff is not essential.
0,j,2, the difference

Sab~r ![Kab~0!2Kab~r ! ~2.3!

has a finite limit form→0:

Sab~r !5Dr jF ~d1j21!dab2j
r ar b

r 2 G , ~2.4!

with

D5
2D0G~2j/2!

~4p!d/22j~d1j!G~d/21j/2!
,

where G(¯) is the EulerG function ~note thatD.0!. It
follows from Eq. ~2.4! that j can be viewed as a kind o
Hölder exponent, which measures the roughness of the
locity field. In the RG approach, the exponentj plays the
same role as the parametere542d does in the RG theory o
critical phenomena@32#. The relations

g0[D0 /k0[Lj ~2.5!

define the coupling constantg0 ~i.e., the expansion paramete
in the ordinary perturbation theory! and the characteristic
ultraviolet ~UV! momentum scaleL.

III. FIELD THEORETIC FORMULATION
OF THE MODEL: DYSON EQUATIONS

FOR THE PAIR CORRELATION FUNCTIONS

The stochastic problem~2.1!, ~2.2! is equivalent to the
field theoretic model of the set of three fieldsF[$B8,B,v%
with action functional

S~F!5B8@2] tB2~v•­!B1~B•­!v1~Bo
•­!v1k0]2B#

2vK21v/2. ~3.1!

The first five terms represent the Martin-Siggia-Rose ac
~see, e.g., Refs.@32–34#! for the stochastic problem~2.1! at
fixed v, and the last term represents the Gaussian avera
over v; K21 is the inverse integral operation for~2.2b! and
B8 is a solenoidal response vector field. In~3.1! and analo-
gous formulas below, the required integrations over$t,x%
and summations over the vector indices are implied, for
ample,

B8] tB[E dtE dx Ba8 ~x!] tBa~x!,
-

or

e-

n

ng

-

vK21v[E dtE dxE dx8va~ t,x!Kab
21~x2x8!vb~ t,x8!.

The formulation~3.1! means that statistical averages
random quantities in the stochastic problem~2.1!, ~2.2! co-
incide with functional averages with the weight expS(F).
The model~3.1! corresponds to a standard Feynman d
grammatic technique with the triple vertexB8@2(v•­)B
1(B•­)v#5Ba8BbvgVabg with vertex factor

Vabg~k,p,q!5 ikgdab2 ikbdag52 ipgdab1 iqbdag ,
~3.2!

wherek, p, andq are the momenta flowing into the verte
via the fieldsB8, B, andv respectively. Strictly speaking, th
vertex Vabg has to be contracted with three transverse p
jectors, but we omitted them in order to simplify the not
tion. In most cases, transversality ofVabg with respect to all
its indices will be restored automatically owing to the co
traction with bare propagators. The latter in the frequen
momentum (v,k) representation have the form:

^Ba~v,k!Bb8 ~2v,2k!&0

5^Ba8 ~v,k!Bb~2v,2k!&0* 5
1

~2 iv1k0k2!
Pab~k!,

^Ba~v,k!Bb~2v,2k!&0

5^Bo
•k&2^Ba~v,k!Ba8

8 ~2v,2k!&0

3^va8~v,k!vb8~2v,2k!&0

3^Bb8
8 ~v,k!Bb~2v,2k!&0 ,

^Ba~v,k!vb~2v,2k!&0

5~Bo
•k!^Ba~v,k!Ba8

8 ~2v,2k!&0

3^va8~v,k!vb~2v,2k!&0 ,

^Ba8 ~v,k!Bb8 ~2v,2k!&050, ~3.3!

and the bare propagator^vavb&0 is given by Eqs.~2.2!.
The magnitudeBo[uBou can be eliminated from the ac

tion ~3.1! by rescaling of the fields:B→BoB, B8→B8/Bo.
Therefore, any total or connected Green function
the form ^B(x1)¯B(xn)B8(y1)¯B8(yp)& contains the
factor of (Bo)n2p. The parameterBo appears in the
bare propagators~3.3! only in the numerators. It then
follows that the Green functions withn2p,0 vanish
identically. On the contrary, the 1-irreducible functio
^B(x1)¯B(xn)B8(y1)¯B8(yp)&12 ir contains a factor of
(Bo)p2n and therefore vanishes forn2p.0; this fact will
be relevant in the analysis of the renormalizability of t
model ~see Sec. V!.

The d-correlated in-time character ofv permits us to ex-
ploit the Gaussian integration by parts~a comprehensive de
scription of this technique can be found, e.g., in Ref.@4#! to
obtain closed, exact equations for the equal-time correla
functions of the fieldB. This strategy has been used in Re
@16#. Below we give an alternative derivation of the equati
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for the pair correlation functions based on the field theor
cal formulation of the problem~see also Ref.@30# for the
scalar case!.

The pair correlation functionŝFF& of the multicompo-
nent fieldF satisfy the standard Dyson equation, which
the component notation reduces to the system of two n
trivial equations for the exact correlation functio
Cab(v,k)5^Ba(v,k)Bb(2v,2k)& and the exact respons
function Gab(v,k)5^Ba(v,k)Bb8 (2v,2k)&. The latter is
independent ofBo ~see above! and thus can be written a
Gab(v,k)5Pab(k)G(v,k) with a certain isotropic scala
function G(v,k). In our model these equations, usually r
ferred to as the Dyson-Wyld equations~see, e.g., Ref.@3#!,
have the form

G21~v,k!Pab~k!5@2 iv1k0k2#Pab~k!2Sab
B8B~v,k!,

~3.4a!

Cab~v,k!5uG~v,k!u2@~Bo
•k!2^va~v,k!vb~2v,2k!&0

1Sab
B8B8~v,k!#, ~3.4b!

where ^BaBb&0 is given in Eq.~3.3!, SB8B and SB8B8 are
self-energy operators represented by the correspon
1-irreducible diagrams; the other functionsSFF vanish iden-
tically. It is also convenient to contract Eq.~3.4a! with the
projectorPab(k) in order to obtain the scalar equation

G21~v,k!52 iv1k0k22SB8B~v,k!, ~3.5a!

where we have written

SB8B~v,k![Sab
B8B~v,k!Pab~k!/~d21!. ~3.5b!

The feature characteristic of the rapid-change models
~3.1! is that all the skeleton multiloop diagrams entering in
the self-energy operatorsSB8B andSB8B8 contain effectively
closed circuits of retarded propagators^B B8& and therefore
vanish; it is also crucial here that the propagator^yy& in Eq.
~2.2a! is proportional to thed function in time. Therefore the
self-energy operators in~3.4! are given by the one-loop ap
proximation exactly and have the form

~3.6a!

~3.6b!

The solid lines in the diagrams denote the exact propaga
^BB8& and ^BB&; the ends with a slash correspond to t
field B8, and the ends without a slash correspond toB; the
dashed lines denote the velocity propagator~2.2!; the verti-
ces correspond to the factor~3.2!. The analytic expression
for the diagrams in Eq.~3.6! have the form
i-

n-

ng

e

rs

SB8B~v,k!5
Pab~k!

~d21!
E dv8

2p

3E dq

~2p!d Vaa3a1
~k,p,q!Pa3a4

~p!G~v8,p!

3
D0Pa1a2

~q!

qd1j Va4ba2
~2k,2p,2q!, ~3.7a!

Sab
B8B8~v,k!5E dv8

2p E dq

~2p!d Vaa3a1
~k,p,q!Ca3a4

~v8,p!

3
D0Pa1a2

~q!

qd1j Vba4a2
~2k,2p,2q!, ~3.7b!

wherek1q1p50, the vertexVabg is defined in Eq.~3.2!,
and the explicit form~2.2! of the velocity covariance is used
We also recall that the integrations overq should be cut off
from below atq5m.

The integrations overv8 in the right-hand sides of Eqs
~3.7! give the equal-time response functionG(q)
5(1/2p)*dv8G(v8,q) and the equal-time pair correlatio
function Cab(q)5(1/2p)*dv8Cab(v8,q); note that both
the self-energy operators are in fact independent ofv. The
only contribution toG(q) comes from the bare propagato
~3.3!, which in thet representation is discontinuous at coi
cident times. Since the correlation function~2.2a!, which en-
ters into the one-loop diagram forSB8B, is symmetric int
andt8, the response function must be defined att5t8 by half
the sum of the limits. This is equivalent to the convention

G~q!5~1/2p!E dv8~2 iv81k0q2!2151/2

and gives

SB8B~v,k!5
Pab~k!

2~d21!
E dq

~2p!d Vaa3a1
~k,p,q!

3Pa3a4
~p!

D0Pa1a2
~q!

qd1j

3Va4ba2
~2k,2p,2q!. ~3.8!

Substituting Eq. ~3.2! into Eq. ~3.8! after lengthy but
straightforward calculations gives

SB8B~v,k!5~21/2!kakbD0E dq

~2p!d

Pab~q!

qd1j . ~3.9!

The integration overq in Eq. ~3.9! is performed explicitly
using the relation

E dqf ~q!
qaqb

q2 5
dab

d E dqf ~q! ~3.10!

and gives

SB8B~v,k!52k2
D0~d21!

2d
J~m!, ~3.11a!
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where we have written

J~m![E dq

~2p!d

1

qd1j 5Cdm2j/j. ~3.11b!

Here and belowCd[Sd /(2p)d andSd[2pd/2/G(d/2) is the
surface area of the unit sphere ind-dimensional space; th
parameterm has arisen from the lower limit in the integra
over q.

Equations~3.5!, ~3.11! give an explicit exact expressio
for the response function in our model; it will be used in S
V for the exact calculation of the RG functions. Like in th
scalar case, the exact response function differs from its b
analog ~3.3! simply by the substitutionk0→k01D0(d
21)J(m)/2d. Below we use the intermediate expressi
~3.9!. The integration of Eq.~3.4b! over the frequencyv
gives a closed equation for the equal-time correlation fu
tion; it is important here that thev dependence of the right
hand side is contained only in the prefactoruG(v,k)u2. Us-
ing Eq. ~3.9! the equation forCab(k) can be written in the
form

2~k0k21SB8B!Cab~k!5~Bo
•k!2^va~v,k!vb~2v,2k!&0

1E dq

~2p!d Vaa3a1
~k,p,q!

3Ca3a4
~p!

D0Pa1a2
~q!

qd1j

3Vba4a2
~2k,2p,2q!, ~3.12!

and using Eqs.~3.2! and ~3.9! it can be rewritten as

2k0k2Cab~k!5~Bo
•k!2^va~v,k!vb~2v,2k!&0

1E dq

~2p!d

D0

qd1j $qa1
qa2

Ca1a2
~p!Pab~q!

2pa1
qa2

Caa2
~p!Pa1b~q!

2pa2
qa1

Ca1b~p!Paa2
~q!%

1E dq

~2p!d

D0Pa1a2
~q!

qd1j $pa1
pa2

Cab~p!

2ka1
ka2

Cab~k!%. ~3.13!

For 0,j,2, Eq. ~3.13! allows for the limitm→0: the first
three integrals in its right-hand side are separately finite
m50; the last integral is finite owing to the subtractio
which has come from the contribution withSB8B in the left-
hand side of Eq.~3.12!. Indeed, the possible IR divergenc
of this integral atq50 is suppressed by the vanishing of t
expression in the curly brackets. In what follows we setm
50.

Equation~3.13! can also be rewritten as a partial diffe
ential equation for the pair correlation function in the coo
dinate representation,Cab(r )[^Ba(t,x)Bb(t,x1r )& @we
use the same notationCab for the coordinate function and it
Fourier transform#. Noting that the integrals in Eq.~3.13!
involve convolutions of the functionsCab(k) and
.

re

-

r

-

D0Pab(k)/kd1j, the Fourier transform of the spatial pa
~2.2b! of the velocity correlation function~2.2!, and replac-
ing the momenta by the corresponding derivatives,ipa
→]a and so on, we obtain

2k0]2Cab52~]a1
]a2

Sab!~Ba1

o Ba2

o 1Ca1a2
!

1~]a2
Sa1b!]a1

Caa2
1~]a1

Saa2
!~]a2

Ca1b!

2Sa1a2
]a1

]a2
Cab . ~3.14!

Note that the correlation function~2.2! enters into Eq.~3.14!
only through the functionSa1a2

from Eq. ~2.4!, or, in other
words, through the difference~2.3!, which has a finite limit
at m50. Them dependent constant part of~2.2b! vanishes
under the differentiation in the first four terms in the righ
hand side of Eq.~3.14!, and in the last term it is subtracte
explicitly, owing to the subtraction in Eq.~3.13!. Equation
~3.14! should be augmented by the solenoidality conditio

]aCab50. ~3.15!

For the nonstationary state, the functionCab(t,r )
[^Ba(t,x)Bb(t,x1r )& depends explicitly ont, and the term
] tCab appears on the right-hand side of Eq.~3.14!, see, e.g.,
Ref. @16#.

IV. NONPERTURBATIVE RESULTS FOR THE SCALING
EXPONENTS OF THE TWO-POINT MAGNETIC

CORRELATION FUNCTION

In this section we focus our attention on the inertial-ran
behavior of the second-order equal-time correlation funct
Cab(t,r )[^Ba(t,r )Bb(t,0)& in the statistically steady state
As shown in Ref.@16#, a steady state is present whenj,1,
j51 being the threshold of instability. As such thresho
coincides with that of the isotropic problem@28#, it follows
that dynamo effect is thus not switched on by anisotro
contributions.

In the isotropic case, the analytic expression for the sc
ing exponent ofCab has been obtained in Ref.@28#. It was
also shown by the author of@28# that the anomalous expo
nent is universal, and the anomaly is associated with ze
mode solutions of the equations satisfied byCab . Higher-
order correlation function exponents have been calculate
O(j) in Ref. @30# by exploiting the RG.

With respect to Ref.@28#, the main technical difference i
that, in order to extract the anisotropic contributions to t
isotropic scaling, the angular structure of zero modes
now to be explicitly taken into account. To start our ana
sis, let us consider the closed Eq.~3.14! for Cab . For what
follows, it is worth emphasizing two properties ofCab .

~i! Because of homogeneity,Cab is left invariant under
the following set of transformations:

r °2r and a↔b; ~4.1!

~ii ! Cab(r )5Cab(2r ), as it follows from~3.14! after the
substitutionr°2r .

In the presence of anisotropy, the most general expres
for the two-point magnetic correlations,Cab(r ), in the sta-
tionary state involves five~two in the isotropic case! func-
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tions depending on bothr[ux2x8u and z[cosu5B̂o
•r /r ,

where B̂o is the unit vector corresponding to the directio
selected by the mean magnetic field. Note that the spac
anisotropic but still homogeneous, so that there is no exp
dependence on the pointsx,x8, but only on their difference
Namely,

Cab~r !5F1~r ,z!
r ar b

r 2 1F2~r ,z!dab1F3~r ,z!
B̂a

or b

r

1F4~r ,z!
B̂b

or a

r
1F5~r ,z!B̂a

oB̂b
o . ~4.2!

From the properties~i! and ~ii ! of Cab(r ) one immediately
obtains the following relations for theF’s:

Fi~r ,z!5Fi~r ,2z! i 51,2,5, ~4.3!

F3~r ,z!52F3~r ,2z!, ~4.4!

F3~r ,z!5F4~r ,z!. ~4.5!

Substituting the expression~4.2! into ~3.14! and using the
chain rules, we obtain, after lengthy but straightforward
gebra, the following four equations~corresponding to the
projections overr ar b /r 2, dab , B̂a

or b /r , andB̂a
oB̂b

o!:

@a1r 2] r
21b1r ] r1c1~12z3!]z

21d1z]z1e1#F1

1@ f 1r ] r1g1z]z1 j 1#F2

1@k1zr] r1 l 1z2]z1m1z1n1]z#F31@o11p1z2#F5

5~q11r 1z2!Bo2, ~4.6!

a2F11@b2r 2] r
21c2r ] r1d2~12z2!]z

2

1e2z]z1 f 2#F21g2zF31@k21 l 2z2#F5

5~m21n2z2!Bo2, ~4.7!

a3]zF11b3]zF21@c3r 2] r
21d3r ] r

1e3~12z2!]z
21 f 3z]z1g3#F3

1@ j 3zr] r1~k31 l 3z2!]z1m3z#F5

5n3Bo2z, ~4.8!

a4]zF31@b4r 2] r
21c4r ] r1d4~12z2!]z

21e4z]z1 f 4#F5

5g4Bo2, ~4.9!

where the coefficientsai ,bi ,...,r i are functions ofj and d
and are reported in Appendix A. Without loss of generali
we have fixedD51 in ~2.4!, and we have neglected all term
involving the magnetic diffusivityk0 , our attention being
indeed focused in the inertial range of scales, i.e.,h!r
!L, where h5k0

1/j}L21 is the dissipative scale for th
problem.

With the substitution of the expression~4.2!, the solenoi-
dal condition~3.15! splits into the following couple of equa
tions:
is
it

-

,

@r ] r1~d21!#F11@r ] r2z]z#F21@zr] r1]z2z2]z2z#F3

50, ~4.10!

]zF21@r ] r1d#F31@zr] r1~12z2!]z#F550,
~4.11!

associated to the projections overr b /r andB̂b
o , respectively.

From the relation~4.5!, Eqs. ~4.10! and ~4.11!, it then
follows that only two functions of theF8s in ~4.2! are inde-
pendent. A possible way to isolate contributions of the a
isotropic components from the isotropic scaling is to use
decomposition ofF8s on the Legendre polynomial basis
This is the subject of the next subsection.

A. Decomposition in Legendre polynomials

In terms of the Legendre polynomials, functionsFi(r ,z)
can be decomposed in the form:

Fi~r ,z!5(
j 50

`

f j
~ i !~r !Pj~z! i 51,2,5 ~ j even!,

~4.12!

F3~r ,z!5(
j 50

`

f j
~3!~r !Pj~z! ~ j odd!, ~4.13!

where the separation of even and odd orders in~4.12! and
~4.13! arises as a consequence of the symmetries expre
by the relations~4.3! and ~4.4!, respectively.

Simple considerations related to the ‘‘uniaxial’’ charact
of the forcing term withBo in the basic equation~2.1!, and
the linearity of the latter inBo andB suggest that the indexj
in the above decompositions should be restricted toj <2.
The rigorous assessment of this point will be given in S
IV B. On the other hand, contributions associated toj .2
can be easily ‘‘activated’’ either when a fully anisotrop
forcing ~i.e., projecting onto all Legendre polynomials! is
added on the right-hand side of~2.1!, or in the framework of
finite-size systems led by anisotropic boundary conditio
Moreover, as we shall see in Sec. V, scaling exponents
sociated toj .2 contribute to the inertial-range scaling o
higher-order correlation functions involving the produ
BaBb at a single spacetime point. The latter property ho
also without the invocation of a fully anisotropic forcing o
the left-hand side of Eq.~2.1!. From all these consideration
we shall exploit the general decompositions~4.12! and~4.13!
involving all j ’s.

In order to obtain equations forf j
( i )(r ), we have to insert

Eqs. ~4.12! and ~4.13! into Eqs.~4.6!–~4.11!. Furthermore,
quantities like zp]z

qF ~p50,1,2, and q50,1! and (1
2z2)]z

2F have to be expressed in terms of Legendre po
nomials. This can be done exploiting well-known relatio
involving the Legendre polynomials~see, e.g., Ref.@35#!: the
resulting expressions forzp]z

qF and (12z2)]z
2F are reported

in Appendix B. For the sake of brevity, we report hereaf
only the projection of Eq.~4.6!, the structure of the other
being indeed similar~the full set of equations is howeve
reported in Appendix C!:
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a1r 2f j9
~1!1b1r f j8

~1!1c1F j ~12 j ! f j
~1!12~2 j 11! (

q51

`

f 2q1 j
~1! G1d1F j f j

~1!1~2 j 11! (
q51

`

f 2q1 j
~1! G1e1f j

~1!1 f 1r f j8
~2!

1g1F j f j
~2!1~2 j 11! (

q51

`

f 2q1 j
~2! G1 j 1f j

~2!1k1r F j

2 j 21
f j 218~3!1

j 11

2 j 13
f j 118~3!G1n1~2 j 11! (

q50

`

f 2q1 j 11
~3!

1 l 1F j ~ j 21!

2 j 21
f j 21

~3! 2
~ j 11!~ j 12!

2 j 13
f j 11

~3! 1~2 j 11! (
q50

`

f 2q1 j 11
~3! G1m1F j

2 j 21
f j 21

~3! 1
j 11

2 j 13
f j 11

~3! G1o1f j
~5!

1p1F j ~ j 21!

~2 j 23!~2 j 23!
f j 22

~5! 1S ~ j 11!2

~2 j 13!~2 j 11!
1

j 2

~2 j 21!~2 j 11! D f j
~5!1

~ j 12!~ j 11!

~2 j 13!~2 j 15!
f j 12

~5! G
5Bo2Fq11r 1S 2

3
d j ,21

1

3
d j ,oD G . ~4.14!
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From the above equation we can see that terms likezp]z
qF

are responsible for the coupling between an arbitrary an
tropic contribution of orderj and all larger orders. The ful
set of equations~C1!–~C6! is thus not closed and there a
no chances to solve them analytically. Simple physical ar
mentations actually permit to overcome the closure probl
Indeed, in the presence of a cascadelike mechanism of
ergy transfer towards small scales, anisotropy present a
integral scale should rapidly decay during the multiple-s
transfer, and an almost isotropic inertial range scaling sho
be restored. Mathematically, this means thatf j

( i )’s should be
rapidly decreasing functions of the degree of anisotropj,
i.e.,

f 1
~ i !! f 2

~ i !!¯ ~4.15!

and similarly for their derivatives. We shall control the v
lidity of this physical assumption in a self-consistent way,
the end of our calculation.1

The hierarchy~4.15! is exploited here by retaining, fo
eachi appearing in the functionsf j

( i )’s, the lowest value of
the index j. When doing this, the simplifications on Eq
~C1!–~C6! are enormous and the resulting set of equati
reads:

a1r 2f j9
~1!1b1r f j8

~1!1@c1 j ~12 j !1d1 j 1e1# f j
~1!1 f 1r f j8

~2!

1@g1 j 1 j 1# f j
~2!1k1r

j

2 j 21
f j 218~3!

1F l 1

j ~ j 21!

2 j 21
1m1

j

2 j 21G f j 21
~3!

1The physical assumption~4.15! is unnecessary when the decom
position in the irreducible representations of the SO(d) symmetry
group is exploited~see Ref.@36# for the cased53!. This leads
exactly to the same results obtained earlier in Ref.@16#, where the
hierarchy~4.15! was assumed. Notice that the additional expone
~subsets II and III! reported in@36# are related to the pseudotens
rial structures and that in our model they do not contribute to
inertial-range behavior of the pair correlator.
o-

-
.
n-
he
p
ld

t

s

1p1

j ~ j 21!

~2 j 21!~2 j 23!
f j 22

~5!

5Bo2Fq11r 1S 2

3
d j ,21

1

3
d j ,oD G , ~4.16!

a2f j
~1!1b2r 2f j9

~2!1c2r f j8
~2!1@d2 j ~12 j !1e2 j 1 f 2# f j

~2!

1g2

j

2 j 21
f j 21

~3! 1 l 2

j ~ j 21!

~2 j 21!~2 j 23!
f j 22

~5!

5Bo2Fm21n1S 2

3
d j ,21

1

3
d j ,oD G , ~4.17!

a3~2 j 11! f j 11
~1! 1b3~2 j 11! f j 11

~2! 1c3r 2f j9
~3!1d3r f j8

~3!

1@e3 j ~12 j !1 f 3 j 1g3# f j
~3!1 j 3r

j

2 j 21
f j 218~5!

1F l 3

j ~ j 21!

2 j 21
1m3

j

2 j 21G f j 21
~5! 5n3Bo2d j ,2 , ~4.18!

a4~2 j 11! f j 11
~3! 1b4r 2f j9

~5!1c4r f j8
~5!

1@d4 j ~12 j !1e4 j 1 f 4# f j
~5!

5g4Bo2d j ,0 , ~4.19!

r f j8
~1!1~d21! f j

~1!1r f J8
~2!2 j f j

~2!1r
j

2 j 21
f j 218~3!

2
j 2

2 j 21
f j 21

~3! 50, ~4.20!

~2 j 11! f j 11
~2! 1r f j8

~3!1d f j
~3!1r

j

2 j 21
f j 218~5!2

j ~ j 21!

2 j 21
f j 21

~5!

50. ~4.21!

Some remarks are noteworthy. Focusing on the isotro
contribution, j 50, we notice that the first two equations in
volve solely the functionsf 0

(1) and f 0
(2) ~and their deriva-

tives!. With the solenoidal condition~4.20!, it is easy to

s

e
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check that they coincide with the equation reported in R
@28# for the isotropic problem. Moreover, forj >2, Eq.
~4.16! suggests taking the function f j

[( f j
(1) , f j

(2) , f j 21
(3) , f j 22

(5) ) as an unknown field. It is immedi
ately verified thatf j appears also in the other equations wh
the index j ( j >2) is renamed (j 21) in Eqs. ~4.18! and
~4.21! and (j 22) in Eq. ~4.19!. When doing this, a linea
partial differential equation~PDE! system of the typeLj f j
5gj ~hereafter, repeated indices are not summed! is ob-
tained,gj involving all terms related to the mean fieldBo,
andLj is restricted, for instance, to the first four equation

The analytical treatment of the resulting equation syst
still remains a very hard task for general values of the sp
separationr. The situation changes when one focuses on
inertial range of scales~i.e., for h!r !L!. In the latter case
scaling behaviors are expected and we shall have

f j
~ i !~r !}r z j

~ i !
with z0

~ i !,z1
~ i !,¯ , ~4.22!

where the hierarchy on the exponentsz j
( i ) immediately fol-

lows from ~4.15!.
The structure of the above equations fixes the rela

between the scaling exponents relative to differentf’s. In-

deed, when searching for power law solutionsf j
( i )(r )}r z j

( i )
,

in order to obtain balanced equations the ‘‘oblique’’ relatio
must hold:

z j[z j
~1!5z j

~2!5z j 21
~3! 5z j 22

~5! . ~4.23!
f.

n

.

e
e

n

We are now ready to show that nontrivial scaling beha
iors for f j take place due to zero modes, i.e., solutions of
homogeneous problemLj f j50. To that purpose, we exploi
~4.23! and define coefficientsyj through the relationf j

[yj r
z j . Inserting the latter expression in the PDE system

434 algebraic linear system foryj is obtained. The emer
gence of zero modes is thus reduced to impose the exist
of nontrivial solutions of a 434 homogeneous linear system
that means here the resolution of an algebraic equation
eighth degree arising from the condition that the determin
of the system coefficients is zero. The calculation, leng
but straightforward, leads to four sets of zero modes@actually
eight sets, but it turns out that the associated coefficients,yj ,
of four of them do not satisfy the solenoidal conditio
~4.20!–~4.21!# the expressions and the admissibility of whic
are given and discussed in the next section.

B. Zero-mode solutions and their admissibility

Let us start with the casej 50, corresponding to the iso
tropic contribution. As already observed, Eqs.~4.16! and
~4.17! are decoupled from the others, and the problem can
solved directly forf 0

(1) and f 0
(2) , which must satisfy also the

solenoidal condition~4.20!. The imposition of the existence
of nontrivial solutions~for j 50 we have a homogeneous
32 algebraic linear system foryj ! and the solenoidal con
straint ~4.20! lead to the following solutions:
z0
65

2d21d22j6A12d2j28dj18j2d24d2j224d3j1d21d422d3

2d22
~4.24!
with their j→0 andd→` limits:

z0
152j1O~j2!

52j2
2j2

d
1O~1/d2!, ~4.25!

z0
252d1j

d23

d21
1O~j2!

52
1

d
1

2j~j21!

d
1O~1/d2!. ~4.26!

For j >2 the zero-mode exponents are

z j
652

1

2~d21!
$2j1d22d2@22d3j22d2j226d3

14j2d18110dj120d j220d28j28 j 14d2 j 2

12j224j j 2117d228d j218j j 14d3 j 14d2 j j

14d j2j14 j 2216d2 j 212dj j 1d4

62AK~d21!~22j!#1/2%, ~4.27!
r j
652

1

2~d21!
$2j1d22d1@22d3j22d2j226d3

14j2d18110dj120d j220d28j28 j 14d2 j 2

12j224j j 2117d228d j218j j 14d3 j 14d2 j j

14d j2j14 j 2216d2 j 212dj j 1d4

62AK~d21!~22j!#1/2%, ~4.28!

where

K5~d21!~d314d2 j 25d212d2j1j2d14dj j 26dj18d

212d j14d j22j214j18 j 28j j 2424 j 214j j 2!,

with their j→0 andd→` limits

z j
15 j 2j

~d211 j !~d21d j22d14 j 22 j 2!

~d2212 j !~d12 j !~d21!
1O~j2!

5 j 2j1
2j~ j 2j!

d
1O~1/d2!, ~4.29!
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z j
25 j 221j

24d2217d j116d128j 216214j 212d2 j 15d j212 j 3

~d2212 j !~d12 j 24!~d21!
1O~j2!

5 j 221
2j~ j 22!

d
1O~1/d2!, ~4.30!

r j
152d2 j 1j

25d227d j16d14 j 22 j 21d312d2 j 2d j222 j 3

~d2212 j !~d12 j !~d21!
1O~j2!

52
1

d
1j2 j 2

2j~ j 112j!

d
1O~1/d2!, ~4.31!
ith
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2522d2 j 2j

~ j 21!~2 j 224 j 15d j24d12d2!

~d2212 j !~d12 j 24!~d21!

1O~j2!

52
1

d
122 j 2

2j~ j 21!

d
1O~1/d2!. ~4.32!

Let us discuss the admissibility of these solutions. W
the term admissible we mean a solutionf j (r ) satisfying the
appropriate boundary conditions, at both small~UV limit !
and large scales~IR limit !. Specifically, the following
asymptotic behaviors have to be satisfied:

f j~r ! regular for r;h→0 ~4.33!

f j~r !→0 for r @L. ~4.34!

Concerning the limit~4.33!, we have to consider solution
corresponding to the diffusive range and to match them w
our inertial-range power laws. From Eq.~3.14! we can easily
see that the equations holding in the diffusive range are
tained by setting to zero the parameterj. The consequence i
that our inertial-range zero-mode solutions become solut
in the diffusive range forj50. The problem related to th
h

b-

s

UV boundary condition is thus reduced to search for regu
solutions forf j (r ) in the j→0 limit. This is easy to do and
the result is that solely exponentsz0

1 andz j
6 for j >2 permit

satisfisfaction of the condition of regularity forf j , the other
exponents being indeed<0 for j50. Notice that, the zero-
mode exponentz0

1 coincides with the isotropic solution ob
tained in Ref.@28#.

Let us now discuss the IR boundary conditions~4.34!. In
this case, as pointed out in Ref.@28#, a crucial role is played
by the external forcing. Indeed, in the presence of forci
zero modes and the decaying forced solution may
matched at the integral scaleL, thus satisfying the IR bound
ary conditions. The result of this argument@which can be
rigorously illustrated solely forj 50 where the general solu
tion for f j (r ) is available# is that zero-mode exponents a
not admissible forj >4. Indeed, as we can see from E
~4.16!–~4.19!, the forcing term related toBo projects solely
on the shellsj <2.

To summarize, we have one admissible zero mode foj
50(z0

1) and two admissible zero modes forj 52(z2
6). Our

attention being focused on the inertial range of scales~i.e.,
r /L!1!, our choice forj 52 is for z2

2 . We have indeed to
take the exponent giving the leading inertial-range contri
tion.

Finally, we can thus define the final solutionz j of our
problem as:
z0[z0
15

2d21d22j1A12d2j28dj18j2d24d2j224d3j1d21d422d3

2d22
52j1O~j2!52j2

2j2

d
1O~1/d2!,

~4.35!

z2[z2
252

1

2~d21!
$d22d12j2@8212d28j12dj14j2d22d2j222d3j18d2j1d212j212d31d4

22AK~22j!~d21!#1/2%

5
2j

~d21!~d12!
1O~j2!

5
2j

d2 1O~1/d3!, ~4.36!
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where

K5~d21!~d312d2j13d21j2d12dj2414j2j2!.

We stress that, forj .2, exponentsz j[z j
2 become admis-

sible under the conditions already discussed in Sec. IV A
The last remark concerns the self-consistency of our

lution, that is, the validity of the hierarchy in~4.22!. The
validity of the latter can be easily verified from Fig. 1 whe
the behavior ofz j ~j 50, 2, 4 and 6! is shown ford53 as a
function of j. Similar behaviors actually hold for alld’s and
j’s. As we shall see in Sec. VI, a hierarchical order for t
scaling exponents is also present for higher-order correla
functions.

V. UV RENORMALIZATION OF THE MODEL:
RG FUNCTIONS AND RG EQUATIONS

The RG approach to the statistical models of the tur
lence is exposed in Refs.@33, 34# in detail~see also Ref.@26#
for the scalar Kraichnan model!; below we confine ourselve
to the only information we need.

The analysis of UV divergences is based on the anal
of canonical dimensions~see, e.g., Ref.@32#!. Dynamical
models of the type~3.1!, in contrast to static models, hav
two scales, i.e., the canonical~‘‘engineering’’! dimension of
some quantityF ~a field or a parameter in the action fun
tional! is described by two numbers, the momentum dim
sion dF

k and the frequency dimensiondF
v . They are deter-

mined so that@F#;@ l #2dF
k
@T#2dF

v
, where l is the length

FIG. 1. Behavior of zero-mode exponentsz j ~j 50, 2, 4, and 6!
vs j for d53. Notice the inequalityz0,z2,z4,..., which means
the validity of the hierarchy~4.22! and thus the self-consistency o
our zero-mode solutions.
o-

n

-

is

-

scale andT is the time scale. The dimensions are found fro
the obvious normalization conditions

dk
k52dx

k51, dk
v5dx

v50, dv
k 5dt

k50, dv
v52dt

v51,

and from the requirement that each term of the action fu
tional be dimensionless~with respect to the momentum an
frequency dimensions separately!. Then, based ondF

k and
dF

v , one can introduce the total canonical dimensiondF

5dF
k 12dF

v ~in the free theory,] t}]2!, which plays in the
theory of renormalization of dynamical models the same r
as the conventional~momentum! dimension does in static
problems.

In the action~3.1!, there are fewer terms than fields an
parameters, and the canonical dimensions are not determ
unambiguously. This is of course a manifestation of the f
that the ‘‘superfluous’’ parameterBo[uBou can be scaled ou
from the action~see Sec. III!. After it has been eliminated
~or, equivalently, zero canonical dimensions have been
signed to it!, the definite canonical dimensions can be a
signed to the other quantities. They are given in Table
including the dimensions of renormalized parameters, wh
will appear later on. From Table I it follows that the mod
becomes logarithmic~the coupling constantg0 becomes di-
mensionless! at j50, and the UV divergences have the for
of the poles inj in the Green functions.

The total canonical dimension of an arbitra
1-irreducible Green functionG5^F...F&12 ir is given by the
relation

dG5dG
k 12dG

v5d122NFdF , ~5.1!

whereNF5$NB8 ,NB ,Nv% are the numbers of correspondin
fields F[$B8,B,v% entering into the functionG, and the
summation over all types of the fields is implied. The to
dimensiondG is the formal index of the UV divergence. Thi
means that superficial UV divergences, whose removal
quires counterterms, can be present only in those functionG
for which dG is a non-negative integer.

Analysis of divergences in the problem~3.1! should be
based on the following auxiliary considerations:

~i! All the 1-irreducible Green functions withNB8,NB
vanish~see Sec. III!.

~ii ! If for some reason a number of external momen
occur as an overall factor in all the diagrams of a giv
Green function, the real index of divergencedG8 is smaller
than dG by the corresponding number~the Green function
requires counterterms only ifdG8 is a non-negative integer!.

In the model~3.1!, the derivative­ at the vertex can be
moved onto the fieldB8 using the integration by parts, whic
decreases the real index of divergence:dG85dG2NB8 . The
field B8 enters into the counterterms only in the form of
derivative,]aBb8 .
TABLE I. Canonical dimensions of the fields and parameters in the model~3.1!.

F B,Bo B8 v k,k0 m, m, L D,D0 g0 g

dF
k 0 d 21 22 1 221j j 0

dF
v 0 0 1 1 0 1 0 0

dF 0 d 1 0 1 j j 0
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~iii ! A great deal of diagrams in the model~3.1! contain
effectively closed circuits of retarded propagators^BB8&0
and therefore vanish. For example, all the nontrivial d
grams of the 1-irreducible function̂BaBb8vg&12 ir vanish.

From the dimensions in Table I we finddG5d122Nv
2dNB8 and dG85(d12)2Nv2(d11)NB8 . From these ex-
pressions it follows that for anyd, superficial divergences
can only exist in the 1-irreducible functions withNB851,
Nv5NB50 ~dG52, dG851!, NB85NB51, Nv50 ~dG52,
dG851!, NB85Nv51, NB50 ~dG51, dG850!, andNB85NB

5Nv51, ~dG51, dG850! @we recall thatNB<NB8 see ~i!
above#. However, the first of these counterterms has nec
sarily the form of a total derivative,Ba

0]2Ba , vanishes after
the integration overx and therefore gives no contribution t
the renormalized action. Furthermore, for the last two
these functions, all the nontrivial diagrams vanish@see~iii !
above#. As in the case of the passive scalar field@26#, we are
left with the only superficially divergent function
^Ba8Bb&12 ir ; the corresponding counterterm necessarily c
tains the derivative] and therefore reduces toBa8]2Ba ~an-
other structure,Ba8]a]bBb , vanishes by virtue of the sole
noidality of B!.

Introduction of this counterterm is reproduced by the m
tiplicative renormalization of the parametersg0 , k0 in the
action functional~3.1! with the only independent renorma
ization constantZk :

k05kZk , g05gmjZg , Zg5Zk
21. ~5.2!

Here m is the reference mass in the minimal substract
scheme~MS!, which we always use in what follows,g andk
are renormalized analogs of the bare parametersg0 andk0 ,
and Z5Z(g,j,d) are the renormalization constants. The
relation in Eq.~5.2! results from the absence of renormaliz
tion of the contribution withK21 in Eq. ~3.1!, so thatD0
[g0k05gmjk. No renormalization of the fields and th
‘‘mass’’ m is required, i.e.,ZF51 for all F andm05m. The
renormalized action functional has the form

SR~F!5B8@2] tB2~v•­!B1~B•­!v1~Bo
•­!v1Zkk]2B#

2vK21v/2, ~5.3!

where the functionK from Eq. ~2.2b! is expressed in renor
malized parameters using Eqs.~5.2!: D05g0k05gmjk.

The relation S(F,e0)5SR(F,e,m) ~where e0
5$g0 ,k0 ,m% is the complete set of bare parameters, ane
5$g,k,m% is the set of renormalized parameters! implies
W(e0)5WR(e,m) for the bare correlation functionsW
5^F...F& and their renormalized analogsWR . We useD̃m
to denote the differential operationm]m for fixed e0 and
operate on both sides of this equation with it. This gives
basic RG differential equation:

DRGWR~e,m!50, ~5.4!

whereDRG is the operationD̃m expressed in the renorma
ized variables:

DRG[Dm1b~g!]g2gk~g!Dk . ~5.5!
-

s-

f

-

-

n

e

In Eq. ~5.5!, we have writtenDx[x]x for any variablex, and
the RG functions~the b function and the anomalous dimen
sion g! are defined as

gF~g![D̃m ln ZF for any ZF , ~5.6a!

b~g![D̃mg5g@2j1gk~g!#. ~5.6b!

The relation betweenb andg in Eq. ~5.6b! results from the
definitions and the last relation in Eq.~5.2!.

Now let us turn to the explicit calculation of the consta
Zk in the one-loop approximation in the MS scheme. It
determined by the requirement that the 1-irreducible funct
^B8B&12 ir expressed in renormalized variables be UV fin
~i.e., be finite forj→0!. This requirement determinesZk up
to an UV finite contribution; the latter is fixed by the choic
of a renormalization scheme. In the MS scheme all renorm
ization constants have the form ‘‘11only poles inj.’’ The
function ^B8B&12 ir in our model is known exactly@see Eqs.
~3.4a! and ~3.11!#. Let us substitute Eqs.~5.2! into Eqs.
~3.4a!, ~3.11! and chooseZk to cancel the pole inj in the
integralJ(m). This gives

Zk512gCd

~d21!

2dj
, ~5.7!

with the coefficientCd from Eq.~3.11b!. Note that the result
~5.7! is exact, i.e., it has no corrections of orderg2, g3, and
so on; this is a consequence of the fact that the one-l
approximation~3.11! for the response function is exact. No
also that Eq.~5.7! coincides literally with the exact expres
sion for Zk in the case of a passive scalar~see Ref.@26#!.

For the anomalous dimension gk(g)[D̃m ln Zk
5b(g)]g ln Zk from the relations~5.6b! and~5.7! one obtains

gk~g!5
2jDg ln Zk

12Dg ln Zk
5gCd

~d21!

2d
. ~5.8!

From Eq.~5.6b! it then follows that the RG equations of th
model have an IR stable fixed point@b(g* )50, b8(g* )
.0# with the coordinate

g* 5
2dj

Cd~d21!
. ~5.9!

Let F(r ) be some equal-time two-point quantity, for e
ample, the pair correlation function of the primary fieldsF
[$B8,B,v% or some composite operators. We assume t
F(r ) is multiplicatively renormalizable, i.e.,F5ZFFR with
certain renormalization constantZF . The existence of non-
trivial IR stable fixed point implies that in the IR asymptot
region Lr @1 and any fixedmr the functionF(r ) takes on
the form

F~r !.k
0
dF

v

LdF~Lr !2DFx~mr!, ~5.10!

wheredF
v and dF are the frequency and total canonical d

mensions ofF, respectively, andx is some function whose
explicit form is not determined by the RG equation itse
The critical dimensionDF is given by the expression
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D@F#[DF5dF
k 1DvdF

v1gF* , ~5.11!

wheregF* is the value of the anomalous dimension~5.6a! at
the fixed point andDv522gk* 522j is the critical dimen-
sion of frequency@note that the value ofgk(g) at the fixed
point is also found exactly from the last relation in E
~5.6b!: gk* [gk(g* )5j#.

The critical dimensions of the basic fieldsF in our model
are found exactly@we recall that they are not renormalize
and thereforegF50 for all F#. From the dimensions in
Table I we then findDv512j, Du50, Du85d.

VI. CRITICAL DIMENSIONS
OF COMPOSITE OPERATORS

Any local ~unless stated to be otherwise! monomial or
polynomial constructed of primary fields and their deriv
tives at a single spacetime pointx[$t,x% is termed a com-
posite operator. Examples areB2, Ba8]2Bb , Ba8v.•]Ba , and
so on.

Since the arguments of the fields coincide, correlat
functions with these operators contain additional UV div
gences, which are removed by additional renormalizat
procedure~see, e.g., Ref.@32#!. For the renormalized corre
lation functions standard RG equations are obtained, wh
describe IR scaling with definite critical dimensionsDF
[D@F# of certain ‘‘basis’’ operatorsF. Owing to the renor-
malization,D@F# does not coincide in general with the naiv
sum of critical dimensions of the fields and derivatives e
tering intoF.

In general, composite operators are mixed in renormal
tion, i.e., a UV finite renormalized operatorFR has the form
FR5F1 counterterms, where the contribution of the cou
terterms is a linear combination ofF itself and, possibly,
other unrenormalized operators which ‘‘admix’’ toF in
renormalization.

Let F[$Fa% be a closed set, all of whose monomials m
only with each other in renormalization. The renormalizati
matrix ZF[$Zab% and the matrix of anomalous dimensio
gF[$gab% for this set are given by

Fa5(
b

ZabFb
F , gF5ZF

21DmZF , ~6.1!

and the corresponding matrix of critical dimensionsDF

[$Dab% is given by Eq.~5.11!, in whichdF
k , dF

v , anddF are
understood as the diagonal matrices of canonical dimens
of the operators in question~with the diagonal element
equal to sums of corresponding dimensions of all fields
derivatives constitutingF! and gF* [gF(g* ) is the matrix
~6.1! at the fixed point~5.9!.

Critical dimensions of the setF[$Fa% are given by the
eigenvalues of the matrixDF . The ‘‘basis’’ operators that
possess definite critical dimensions have the form

Fa
bas5(

b
UabFb

R , ~6.2!

where the matrixUF5$Uab% is such thatDF85UFDFUF
21 is

diagonal.
-

n
-
n

h

-

a-

-

ns

d

In general, counterterms to a given operatorF are deter-
mined by all possible 1-irreducible Green functions with o
operator F and arbitrary number of primary fields,G
5^F(x)F(x1)¯F(xn)&12 ir . The total canonical dimension
~formal index of divergence! for such functions is given by

dG5dF2NFdF , ~6.3!

with the summation over all types of fieldsF[$B8,B,v%
entering into the function. For superficially divergent di
grams, the real index of divergence,dG85dG2NB8 , is a non-
negative integer, cf. Sec. V.

In what follows, an important role will be played by th
tensor composite operators built solely of the fieldB without
derivatives:

Fa1¯ap

~np! ~x![Ba1
~x!¯Bap

~x!@Ba~x!Ba~x!# l , n[2l 1p.

~6.4!

Here p is the rank of the tensor andn52l 1p is the total
number of fieldsB entering into the operator. From Table
and Eq.~6.3! for the operators~6.4! we obtaindF50 and
dG852Nv2(d11)NB8 . Therefore, the divergences can ex
only in the functions withNv5NB850, for which dG5dG8
50. This means that the operatorsF (np) mix only with each
other, i.e., the set~6.4! is closed with respect to the reno
malization.

The simple analysis of the diagrams shows that
1-irreducible function

^F ~np!~x!B~x1!¯B~xn8!&12 ir ~6.5!

contains the factor (Bo)n2n8 and therefore vanishes forn8
.n, cf. the discussion in the end of Sec. III. It then follow
that the operatorF (n8p8) can admix toF (np) only if n8<n.
This means that the corresponding infinite renormalizat
matrix

F ~np!5 (
n8p8

Znp,n8p8FR
~n8p8! ~6.6!

is in fact block-triangular, i.e.,Znp,n8p850 for n8.n, and so
are the matricesgF , DF , andUF . It is then obvious that the
critical dimensions associated with the operatorsF (np) are
completely determined by the eigenvalues of the finite s
blocks with n85n. In the following, we shall not be inter
ested in the precise form of the basis operators~6.2!, we
rather shall be interested in the anomalous dimensions th
selves. Therefore, we can neglect all the elements of
matrix ~6.6! other thanZnp,np8 . The latter are found from the
functions ~6.5! which are independent ofBo and therefore
can be calculated directly in the isotropic theory withBo

50. It is then clear that the blockZnp,np8 can be diagonal-
ized by the changing to irreducible operators: scalarsp
50), vectors (p51), and traceless tensors (p>2), but for
our purposes it is sufficient to note that the elements of
block Znp,np8 vanish forp,p8, i.e., this block is triangular
along with the corresponding blocks of the matricesgF , DF ,
andUF . Indeed, the irreducible tensor of the rankp consists
of the monomials withp8<p only, for example,Fab

(22)

5BaBb2dabB2/d, and therefore only these monomials c
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admix to the monomial of the rankp in renormalization. The
final conclusion is that the critical dimensions, associa
with the set~6.4!, coincide with the diagonal elementsDn,p
[Dnp,np of the matrix ~5.11!, they are completely deter
mined by the diagonal elementsZnp[Znp,np of the matrix
~6.6!, and that they can be calculated directly in the isotro
theory withBo50.

Now let us turn to the one-loop calculation of the diagon
elementZnp of the matrixZF in the MS scheme. LetG(x;B)
be the generating functional of the 1-irreducible Green fu
tions with one composite operatorF (np) and any number of
fields B. Herex[$t,x% is the argument of the operator an
B(x) is the functional argument, the ‘‘analog’’ of the rando
field B(x). We are interested in thenth term of the expan-
sion of G(x;B) in B(x), which we denoteG (n)(x;B); it has
the form

Ga1¯ap

~n! ~x;B!

5
1

n! (
b1¯ba

E dx1¯E dxnBb1
~x1!¯Bbn

~xn!

3^Fa1¯ap

~np! ~x!Bb1
~x1!¯Bbn

~xn!&12 ir . ~6.7!

In the one-loop approximation the functional~6.7! is repre-
sented diagrammatically as follows:

~6.8!

Here the solid lines denote the bare propagators^BB&0 from
Eq. ~3.3!, the ends with a slash correspond to the fieldB8,
and the ends without a slash correspond toB; the dashed line
denotes the velocity propagator~2.2!; the vertices correspon
to the factor~3.2!. The first term in Eq.~6.8! is the ‘‘tree’’
approximation, and the black circle with two attached lin
in the diagram denotes the variational derivative
to

o

d

c

l

-

s

Va1¯apb1b2
~x;x1 ,x2![

d2Fa1¯ap

~np! ~x!

dBb1
~x1!dBb2

~x2!
. ~6.9!

It is convenient to represent it in the form

Va1¯apb1b2
~x;x1 ,x2!5d~x2x1!d~x2x2!

3
]2

]bb1
]bb2

@ba1
¯bap

~b2! l #

~6.10!

whereba is a constant vector, which after the differentiatio
is substituted with the fieldBa(x).

The vertex~6.10! contains (n22) factors ofB. Two re-
maining ‘‘tails’’ B are attached to the lower vertices of th
diagram in Eq.~6.8!. We know that the UV divergent part o
the diagram is proportional ton factors B without deriva-
tives, so that we can omit the first term of the vert
B8@2(v•­)B1(B•­)v#, or, equivalently, the first term in
Eq. ~3.2!. Furthermore, we can set all the external mome
in the integrand equal to zero, and the UV divergent part
the diagram~6.8! takes on the form

bb3
bb4

]2

]bb1
]bb2

@ba1
¯bap

~b2! l #Tb1b2b3b4
, ~6.11!

where we have denoted

Tb1b2b3b4
5D0E dv

2p E dq

~2p!d

qb3
qb4

Pb1b2
~q!

qd1j@v21k0
2q4#

.

~6.12!

We recall that the integration overq should be cut off from
below atq5m ~see Sec. II!. In Eq.~6.12!, we have to change
to the renormalized variables using Eqs.~5.2!; in our ap-
proximation this reduces to the substitutiong0→gmj and
k0→k. Then we perform the integration overv and use the
relations~3.10! and
E dqf ~q!
qb1

qb2
qb3

qb4

q4 5
db1b2

db3b4
1db1b4

db2b3
1db1b3

db2b4

d~d12!
E dq f ~q!.
the

e

This gives

Tb1b2b3b4
5

gmjJ~m!

2d~d12!
@~d11!db1b2

db3b4

2~db1b4
db2b3

1db1b3
db2b4

!#, ~6.13!

with the integralJ(m) defined in Eq.~3.11b!.
Substituting Eq.~6.13! into Eq. ~6.11! gives the desired

expression for the divergent part of the diagram~6.8!. It is
sufficient to take into account only the terms proportional
the monomialBa1

(x)¯Bap
(x)@Ba(x)Ba(x)# l and neglect

all the other terms, namely, those containing the factors
 f

da1a2
, etc. The latter determine nondiagonal elements of

matrix ZF , which we are not interested in here. Finally w
obtain

Ga1¯ap

~n! .Fa1¯ap

~np! F12
gmjJ~m!Qnp

4d~d12! G1¯ , ~6.14!

where we have written

Qnp[2n~n21!2~d11!~n2p!~d1n1p22!

52p~p21!2~d21!~n2p!~d1n1p!. ~6.15!
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The dots in Eq.~6.14! stand for theO(g2) terms and the
structures different fromF (np), . denote the equality up to
UV finite parts; we also recall thatn5p12l .

The constantZnp is found from the requirement that th
renormalized analogGn

R[Znp
21Gn of the function~6.14! be

UV finite ~mind the minus sign in the exponent!; along with
the expression~3.11b! for the integralJ(m) and the MS
scheme this gives

Znp512
gCdQnp

4d~d12!j
1O~g2!, ~6.16!

with Cd from Eq. ~3.11b!. For the anomalous dimensio
gnp5D̃m ln Znp it then follows

gnp~g!5
gCdQnp

4d~d12!
1O~g2!. ~6.17!

From Table I and Eqs.~5.9! and~5.11! for the corresponding
critical dimensionDn,p5gnp(g* ) we finally obtain

Dn,p~g!5
jQnp

2~d21!~d12!
1O~j2!, ~6.18!

with the polynomialQnp from Eq. ~6.15!.
The straightforward analysis of the expression~6.18!

shows that for fixedn and anyd, the dimensionDn,p de-
creases monotonically withp and reaches its minimum fo
the minimal possible value, i.e.,p50 if n is even andp
51 if n is odd:

Dn,p.Dn,p8 if p.p8. ~6.19a!

Furthermore, this minimal value is negative and it decrea
monotonically asn increases:

0.D2k,0.D2k11,1.D2k12,0. ~6.19b!

Finally, we note that for any fixedp, the dimension~6.18!
decreases monotonically asn increases:

Dn,p.Dn8,p if n,n8. ~6.19c!

The inequalities~6.19! show that the critical dimensions o
the tensor operators~6.4! exhibit a kind of hierarchy; in par-
ticular, the less is the rank, the more negative is the dim
sion and, as will be explained in Sec. VII, the more impo
tant is its contribution to the inertial-range behavior.

In the model of passive scalar advection by the rap
change velocity field~2.2! in the presence of an impose
linear gradient, similar inequalities are satisfied by the cr
cal dimensions of tensor operators of the type~6.4!, but con-
structed of gradients of the scalar field~see Ref.@15#!. In the
order O(j) their critical dimensions coincide exactly wit
~6.18!, which is, however, an artifact of the one-loop a
proximation~see Sec. VII!.

As already said above, the operators that possess de
critical dimensions~6.18! are not~6.4! themselves, but the
basis operators related to the latter by the relations~6.1! and
~6.2!. In the isotropic case (Bo50), the basis operator with
the dimensionDn,p is ap-th rank traceless tensor construct
of all the monomialsF (n8p8) with n85n and p8<p. When
es

n-
-

-

-

ite

the background fieldBo is ‘‘turned on,’’ the admixture of the
monomials withn8,n and p8.p becomes possible. Th
‘‘missing’’ fields B in the monomials withn8,n are substi-
tuted with the constant fieldsBo @the total number of the
fields B andBo has to be equaln, owing to the linearity of
the basic equation~2.1! in B and Bo#, while the ‘‘superflu-
ous’’ indices of the monomials withp8.p are contracted
with the indices ofBo, so that the basis operator remains
pth rank traceless tensor. And vice versa, the unrenormal
monomial F (np) from ~6.4! is a linear combination of the
basis operators~6.2! with respective dimensionsDn8,p8 . The
hierarchy relations~6.19! then show that the minimal dimen
sion entering intoF (np) is Dn,pn

, wherepn is the minimal

possible value ofp for a givenn, i.e., pn50 if n is even and
pn51 if n is odd.

VII. OPERATOR PRODUCT EXPANSION AND THE
ANOMALOUS SCALING FOR THE CORRELATION

FUNCTIONS

The representation~5.10! for any scaling functionx(mr)
describes the behavior of the Green function forLr @1 and
any fixed value ofmr. The inertial range corresponds to th
additional condition thatmr!1. The form of the function
x(mr) is not determined by the RG equations themselves
the theory of critical phenomena, its behavior formr→0 is
studied using the well-known Wilson operator product e
pansion~OPE!; see, e.g., Ref.@32#. This technique is also
applicable to the theory of turbulence; see, e.g., Refs.@33,
34#.

According to the OPE, the equal-time produ
F1(x)F2(x8) of two renormalized composite operators atx
[(x1x8)/25const andr[x2x8→0 has the representation

F1~x!F2~x8!5(
a

Ca~r !Fa~ t,x!, ~7.1!

where the functionsCa are the Wilson coefficients regular i
m2 and Fa are, in general, all possible renormalized loc
composite operators allowed by symmetry; more precis
the operators entering into the OPE are those which ap
in the corresponding Taylor expansions, and also all poss
operators that admix to them in renormalization. If these
erators have additional vector indices, they are contrac
with the corresponding indices of the coefficientsCa .

Without loss of generality it can be assumed that the
pansion in Eq.~7.1! is made in basis operators~6.2! with
definite critical dimensionsDa . The renormalized correla
tion function ^F1(x)F2(x8)& is obtained by averaging Eq
~7.1! with the weight expSR, the quantitieŝ Fa& appear on
the right-hand side. Their asymptotic behavior form→0 is
found from the corresponding RG equations and has
form ^Fa&}mDa. From the operator product expansion~7.1!
we therefore find the following expression for the scali
function x(mr) in the representation~5.10! for the correla-
tion function^F1(x)F2(x8)&:

x~mr!5(
a

Aa~mr!Da, ~7.2!
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where the coefficientsAa5Aa(mr) are regular in (mr)2;
they depend onj, d and, in our case, on the cosinez
[cosu5B̂o

•r /r .
Consider for definiteness the equal-time pair correlat

function of the operators~6.4!; their vector indices will be
omitted in order to simplify the notation. For the leadin
term in the asymptotic regionLr @1 from the general ex-
pression~5.10! we obtain

^F ~np!~x1!F ~n8p8!~x2!&5~Lr !2Dn,pn
2Dn8,pn8xnp,n8p8~mr!,

~7.3!

with the dimensionDn,p from Eq. ~6.18! and certain func-
tions xnp,n8p8(mr). We recall that the monomial~6.4! is a
linear combination of basis operators possessing defi
critical dimensions~6.18! with different values of the indi-
ces; we also recall thatpn is the minimal possible value ofp
for a givenn, i.e., pn50 if n is even andpn51 if n is odd.
In Eq. ~7.3!, only the leading contribution is displayed
which is determined by the minimal dimensions entering i
the operators on the left-hand side~see the discussion in th
end of Sec. VI!.

The leading term of the Taylor expansion for the functi
~7.3! involves the operatorsF (kl) from ~6.4! with k5n1n8
and l<p1p8; higher-order terms involve tensors of arb
trary rank, built of the fieldB and its derivatives. The de
composition in renormalized operators gives rise to all
tensorsF (kl) with k<n1n8 and all possible values ofp; the
tensors withl .p1p8 appear owing to the renormalizatio
of the higher-order terms with derivatives. Therefore, the
sired asymptotic expression for the functionxnp,n8p8(mr) in
Eq. ~7.3! in the regionmr!1 has the form

xnp,n8,p8~mr!5 (
k50

n1n8

(
j

Ak j~mr!Dk, j1¯ , ~7.4!

where Ak j are coefficients dependent only onj, d, and z
[cosu, and the second summation runs over all values oj,
allowed for a givenk. Some remarks are now in order.

The leading term of the inertial-range behavior (mr!1)
of the functionxnp,n8p8(mr) is obviously given by the con
tribution with the minimal dimensionDk, j entering into Eq.
~7.4!.

The dots in Eq.~7.4! stand for the contributions of th
order (mr)21O(j) and higher, which arise from the senio
operators, for example,B]2B and so on.

The operatorsF (k j) with k.n1n8 ~whose contributions
would be more important! do not appear in Eq.~7.4!, be-
cause they do not appear in the Taylor expansion of
function ~7.3! and do not admix in renormalization to th
terms of the Taylor expansion. In other words, the numbe
the fieldsB in the operatorFa entering into the right-hand
sides of the expansions~7.1! can never exceed the total num
ber of the fieldsB in their left-hand sides.

The expansion~7.4! is consistent with the Legendre poly
nomial decomposition of the type~4.2! or, in general, with
the decomposition in irreducible representations of the ro
tion group, employed in Refs.@13,14,36#. This becomes es
pecially clear if the left-hand side of Eq.~7.1! involves only
scalar quantities. Then all vector indices of the mean val
^Fa& in the right-hand side are contracted with the indices
the corresponding Wilson coefficientsCa(r ). As is ex-
n

te

o

e

-

e

f

-

s
f

plained in Sec. VI, the basis operator that possesses de
critical dimensionDk, j is a j th rank traceless tensor, so th
its mean value is also aj th rank traceless tensor, built sole
of the constant vectorBo and Kroneckerd symbols. It is then
clear that its contraction withCa(r ) gives rise to thej th
order Legendre polynomialPj (z).

Now let us turn to the comparison of the nonperturbat
results for the pair correlation functionCab(r )5^BaBb&,
obtained in Sec. IV using the zero-mode techniques, with
predictions of the RG and OPE, given above. To this end,
put n5n85p5p851 in Eqs.~7.3!, ~7.4!. The isotropic shell
( j 50) in Eq.~7.4! is then represented by the trivial operat
F51 (k50) with D0,050 and the monomialB2[BaBa (k
52) with D2,052j1O(j2) @see Eqs.~6.15! and ~6.18!#.
The leading term of the small-mr behavior is given by the
latter, so that we have to identifyD2,0 with z0[z0

1 from Eq.
~4.35!.

It was mentioned in Sec. VI that in the one-loop appro
mation, dimensions~6.18! coincide with the critical dimen-
sions of tensor operators of the type~6.4!, but constructed of
the scalar gradients. The above identification shows that
coincidence is confined to the orderO(j) even for the sim-
plest dimensionD2,0. For the scalar case, one hasD2,05
2j exactly, in agreement with the well-known exact solutio
for the two-point structure function obtained in@21#, while in
our caseD2,0 is a nontrivial function ofj.

At first sight, the first anisotropic correction is related
the term withk5 j 51 in Eq. ~7.4!, i.e., to the simplest op-
erator B. However, the mean valuêB(x)& vanishes and
therefore gives no contribution to Eq.~7.4!. Indeed, the
analysis of the diagrams shows that^B(x)& is obtained from
the 1-irreducible function̂B8(x)&12 ir , which vanishes ow-
ing to the invariance of the model~3.1! with respect to the
shift B8→B81const.

The leading anisotropic correction is therefore related
the term withk5 j 52, i.e., with the operatorBaBb . Its di-
mensionD2,252j/(d21)(d12)1O(j2) has to be identi-
fied with z2[z2

2 and is in agreement with Eq.~4.36!.
We have thus established the agreement between

O(j) results obtained using the RG and OPE, with the fi
terms of the expansions inj of the exact nonperturbative
results obtained within the zero-mode techniques. Note
for the isotropic exponent, such agreement was mentio
earlier in Ref.@30# to the orderO(j2).

The exact expressions~4.35!, ~4.36! can therefore be
viewed as nonperturbative predictions for the critical dime
sions of the operatorsB2[BaBa and BaBb , respectively.
Similarly, the results~4.27! for the higher exponentsz j

6 can
be linked to certain composite operators with two fieldsB
and j derivatives forz j

1 and (j 22) derivatives forz j
2 . We

shall not dwell on this point here and only note that t
exponentsz2

1 and z4
2 are indeed related to the second-ra

and fourth-rank families of the irreducible operators built
two fields B and two derivatives,]B]B, with various ar-
rangements of the vector indices.

As is explained above in Sec. IV, the exponentsz j
6 for

j >4 do not appear in the inertial-range behavior of the p
correlation function. This is also easily understood within t
OPE. The mean value of thej th rank irreducible operato
with n fieldsB is a tracelessj th rank tensor built ofn vectors
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Bo and Kroneckerd symbols. This follows from the linearity
of the basic equation~2.1! in B andBo @see also the discus
sion in Sec. III below Eqs.~3.3!#. However, nonvanishing
tensors of this type do not exist if the number of vec
indices exceeds the number of fields@the structures like
Ba1

o Ba2

o Ba3

o Ba4

o /(Bo)2 are forbidden becauseBo appears in

the bare propagators~3.3! only in the numerators#.
It was noted in Sec. IV that these exponents will be a

vated when a fully anisotropic forcing term~i.e., projecting
onto all Legendre polynomials! is added to the right-hand
side of Eq.~2.1!. Moreover, the above interpretation in term
of the OPE shows that they are relevant even for the orig
simple model~2.1!.

Although the contributions withj .n vanish in the mean
value^Ba(x)Bb(x8)&, they are present in the expansion~7.1!
without averagingand therefore the exponentsz j

6 can reveal
themselves in other correlation functions that invol
the productBa(x)Bb(x8). In particular, they are relevan
for the asymptotic behavior of the function
^Ba(x)Bb(x8)F(x1)¯F(xn)& for x→x8. Of course, these
exponents also appear in the representations~5.10! if the
correlation functionF(r ) in the left-hand side involves th
operators withj .n.

VIII. DISCUSSION AND CONCLUSIONS

The zero-mode and RG techniques have been exploite
a model of magnetohydrodynamics turbulence where
magnetic field is passively advected by a Gaussian velo
d-correlated in time, in the presence of a constant ba
ground magnetic field that introduces a large-scale ani
ropy. The basic equations of the model are Eqs.~2.1!–~2.4!.
We have shown that the correlation functions of the m
netic fluctuations exhibit inertial-range anomalous scali
The explicit asymptotic expressions for the correlation fu
tions of the magnetic field and their powers have been
tained. In the inertial range, the correlation functions are r
resented as superpositions of power laws with unive
exponents and nonuniversal amplitudes. The anomalous
ponents have been calculated both nonperturbatively~for the
second-order correlation function! and perturbatively~for the
o
.
av
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r
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al

in
e
ty
k-
t-

-
.
-
-
-

al
x-

second- and higher-order correlation functions!, in the first
order of the exponentj and in any space dimensiond.

In the language of the zero-mode techniques, anoma
exponents are associated with scale invariant functi
which are annihilated by the inertial operatorL ~remember
that in definingL we neglected the molecular diffusivityk0!:
the so-called zero modes of the equations for the correla
functions. In the language of the RG, these exponents
determined by the critical dimensions of tensor compos
operators built of the magnetic field without derivatives, E
~6.4!, and exhibit a kind of hierarchy related to the degree
anisotropy: the less is the rank, the less is the dimension
consequently, the more important is the contribution to
inertial-range behavior. The leading terms of the even~odd!
structure functions are given by the scalar~vector! operators.

For the pair correlation function, the complete set of t
exponents has been calculated nonperturbatively using
exact equation~3.14!; they are given in Eqs.~4.27! together
with the discussion of their admissibility.

The general expressions~5.10!, ~7.3! describe the behav
ior of the correlation functions forLr @1, and any fixed
mr(m[1/L), whereL21}h, h being the dissipative scale
andL is the integral scale of the problem; expressions~7.2!,
~7.4! correspond to the additional conditionmr!1 ~inertial
range!. These results for the leading terms can be summ
rized as follows:

^Bi
n~ t,x!Bi

q~ t,x8!&}~Lr !2Dn,pn
2Dq,pq~mr!Dn1q,pn1q}r zn,p

,

r 5ux2x8u ~8.1!

with Dn,p given by @see Eqs.~6.15! and ~6.18!#

Dn,p5j
2p~p21!2~d21!~n2p!~d1n1p!

2~d21!~d12!
1O~j2!.

~8.2!

HereBi is some component ofB, e.g., its projection onto the
directionr /r or Bo/Bo, pn is the minimal possible value ofp
for a givenn ~i.e., p50 for n even andp51 for n odd!. The
exponentszn,q are expressed through the dimensionsDn,p as
follows:
zn,q55
Dn1q,02Dn,02Dq,052

jnq

~d12!
1O~j2! if n,q are even,

Dn1q,02Dn,12Dq,152
j~nq1d11!

~d12!
1O~j2! if n,q are odd,

Dn1q,12Dn,02Dq,152
jnq

~d12!
1O~j2! if n is even andq is odd.

~8.3!
as-

ld,

the
In the presence of an anisotropic forcing, questions ab
isotropy restoration at small scales are naturally raised
particular, an issue recently addressed concerns the beh
of the derivative skewness factor of the passive scala
large Pe´clet number, Pe, in the presence of large-scale
isotropy, and, in a more general formulation, the effects
ut
In
ior
at
n-
f

large-scale anisotropy on the inertial-range statistics of p
sively advected fields@5,6,15,17# and the velocity itself
@9,13,14#. In the case of passive advection of a scalar fie
both the real@5# and the numerical experiments@6,17# show
that the derivative skewness remainsO(1) for very high Pe´-
clet, in disagreement with what could be expected on
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basis of both dimensional argumentations and cascade id
It means that, contrary to K41 hypothesis, anisotropy pres
at large scales persists at small scales. For the velocity fi
in the case of a homogeneous shear flow an equivalent r
has been found for the vorticity, which keeps a const
value, independent of the Reynolds number@9#.

Let us now briefly discuss the consequences of our res
for anisotropic indicators in this problem. Since the equat
~2.1! is not invariant with respect to the shiftB→B1const,
we can use as the simplest measure of small-scale aniso
the dimensionless ratios of the correlation functions of
field B without derivatives, e.g.,

Rn[
^Bi

n21~x!Bi~x8!&

^Bi~x!Bi~x8!&n/2 . ~8.4!

From Eqs.~8.3! it then follows that in inertial range of scale
we have

R2k11}~Lr !2D2k,0~mr!D2k11,12~2k11!D2,0/2, ~8.5a!

R2k12}~Lr !2D2k11,1~mr!D2k12,02~k11!D2,0. ~8.5b!

Note that the ratios~8.5! depend on both scales of wav
numberL andm; the dependence on the former follows fro
the fact that the powersBi

n have nontrivial anomalous di
mensions. The dependence on the Pe´clet number, Pe
[(L/m)j can be estimated by replacingr with h51/L; see
Ref. @11#. Using explicitO(j) expressions forDn,p we then
obtain:

R2k11}Pe2~d1224k2!/@2~d12!#, ~8.6a!

R2k12}Pe2k~k11!/~d12!. ~8.6b!

Since the leading terms of the even functions~8.1! are
determined by the exponents of the isotropic shell~i.e., those
related to scalar RG operators!, the inertial-range behavior o
the even ratios~8.5b!, ~8.6b! is the same as in the isotrop
model. This gives a quantitative support to the universa
of anomalous exponents with respect to different classe
forcing. On the other hand, the odd quantities~8.5a!, ~8.6a!
appear to be sensitive to the anisotropy:R3 in ~8.6a! slowly
decreases for Pe→`, while ratiosR2k11 with k>2 increase
with Pe. Moreover, general expressions~8.5a! contain large
L dependent factors, which also prevent these functions f
vanishing at Pe→`. Notice the important difference be
tween the isotropic and the anisotropic problem: in
former the ~nonuniversal! constant of the inertial-rang
power laws of odd-order moments are zero by symme
while this is not the case in the anisotropic context. T
implies that the~hierarchical! exponents for the odd-orde
moments appear solely in the anisotropic case. For a g
odd order, the leading exponent is thus responsible for
observed scale-dependent normalized odd order ratios.

The picture outlined above seems rather general. Inde
is compatible with that recently established for the NS t
bulence@13,14# and for the scalar field passively advect
either by the velocity of the type~2.2! ~see Ref.@15#! or by a
NS velocity in the two-dimensional inverse cascade reg
~see Ref.@17#!. For a passive scalar field advected by a ra
idly changing velocity field such as~2.2!, RG expressions for
as.
nt
ld,
ult
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lts
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e
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s

en
e
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the dimensionless ratiosRn[Sn /S2
n/2 , Sn being thenth order

structure function of the scalar field, are given by the expr
sions ~8.5! without L dependent factors and with the sam
exponents ofmr ~see Ref.@11# for S3 and Ref.@15# for gen-
eral n’s and d’s!. So, for example, fork51 the ratio
S2k11/S2

k1(1/2) decreases down to the small scales, but mu
slower than it was expected on the basis of dimensional
gumentations, while fork.1 it grows in agreement with the
results for Ref.@17#.

It should be emphasized, however, that the results
tained within the lowest-order approximations inj are reli-
able only for moderaten, because the actual expansion p
rameter in the Kraichnan model isnj rather thanj itself ~see
Ref. @26#!. The analysis of the largen behavior requires some
additional resummation of thej series, which remains an
open problem. For the passive scalar case, the numerica
periments@17# and the instanton calculus@37# show that the
exponents analogous tozn,q in Eq. ~8.1! tend to a finite limit
asn→` ~‘‘saturation’’!. It is worth noting that the limiting
expressions forn→` obtained in Refs.@37# diverge asj
→0, thus signalling that smallj and largen limits do not
commute. The persistence of small-scale anisotropies and
intermittency saturation are both statistical signatures of q
sidiscontinuities observed in the scalar field@17#. It is then
reasonable to expect that the saturation of intermittency ta
place also in the magnetic case where quasidiscontinu
structures in the magnetic field are likely to be present~see,
e.g.,@38,39#!.

To conclude, let us compare briefly the situation for t
passively advected fields with the case of weak acoustic
bulence, where the spectra can be obtained as solution
the linear kinetic equations~see Refs.@40,41#!. For weakly
dispersive waves~e.g., with the dispersion lawv(k)}k11d

with d!1!, the anisotropy introduced by the large-sca
forcing enhances going down towards to the depth of
inertial range@40#. The hierarchy of the exponents related
the Legendre decomposition is opposite to that establis
below and in Refs.@13–17#: anisotropic corrections decreas
slower for largerj’s @40#. On the contrary, for the nondispe
sive waves (d50) the hierarchy of the exponents is simil
to that in our case, the anisotropic corrections decay fa
and faster withj and the spectrum tends to become isotro
at small scales@41#. To the best of our knowledge, no infor
mation is available for the higher-order correlation functio
for such models. One can thus conclude that turbulent s
tems can exhibit essentially different types of behavior w
respect to the small-scale isotropy restoration.
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APPENDIX A: COEFFICIENTS IN THE EQUATIONS
FOR THE MAGNETIC CORRELATION FUNCTIONS

We report hereafter the coefficientsai ,bi ,...,r i appearing
in Eqs.~4.6!–~4.9!.

1. Coefficients in Eq.„4.6…

a15d21,

b15~d21!~d212j!,

c15d211j,

d15~d211j!~2j2d23!,

e152j313j212j~d22!12d~12d!,

f 1522dj,

g152j~d221j!,

j 152j@j21j~d22!22d#,

k1522dj,

l 1522j~22d2j!,

m152j~2j228j1822d!,

n152j,

o152j~j22!,

p152j~j22!~j24!,

q15j~j22!,

r 15j~j22!~j24!.

2. Coefficients in Eq.„4.7…

a25~d1j21!@222j1j~j21!#,

b25d21,

c25~d1j21!~d21!12j,

d25d1j21,

e252~d1j21!~d21!,

f 25j@j21j~2d23!1d223d#,

g252j@j21j~d22!2d#,

k25d1j21,

l 25~d1j21!~j22!,
m252~d1j21!,

n252~d1j21!~j22!.

3. Coefficients in Eq.„4.8…

a35~22j!~d1j21!,

b352j~d1j22!,

c35d21,

d35j1~d21!2,

e35d1j21,

f 352~d1j21!~d11!,

g352d212d2jd14j2122j2,

j 352dj,

k35j,

l 35j~d1j22!,

m3522j~j22!,

n352j~j22!.

4. Coefficients in Eq.„4.9…

a452~22j!~d1j21!,

b45d21,

c45~d1j21!~d21!12j,

d45d1j21,

e452~d1j21!~d2112j!,

f 4522j,

g452j.

APPENDIX B: RELATIONS INVOLVING THE LEGENDRE
POLYNOMIALS

From the well-known relations involving the Legend
polynomials Pj (z) ~see, e.g., Ref.@35#! the following de-
compositions for a functionF(r ,z)5( j 50

` Pj (z) f j (r ) hold:

z]zF5(
j 50

`

PjF j f j1~2 j 11! (
q51

`

f 2q1 j G , ~B1!

z2]zF5(
j 50

`

PjF j ~ j 21!

2 j 21
f j 212

~ j 11!~ j 12!

2 j 13
f j 11

1~2 j 11! (
q50

`

f 2q1 j 11G , ~B2!

zF5(
j 50

`

PjF j

2 j 21
f j 211

j 11

2 j 13
f j 11G , ~B3!
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z2F5(
j 50

`

PjF j ~ j 21!

~2 j 21!~2 j 23!
f j 221S ~ j 11!2

~2 j 13!~2 j 11!
1

j 2

~2 j 21!~2 j 11! D f j1
~ j 12!~ j 11!

~2 j 13!~2 j 15!
f j 12G , ~B4!

~12z2!]z
2F5(

j 50

`

PjF j ~12 j ! f j12~2 j 11! (
q51

`

f 2q1 j G , ~B5!

]zF5(
j 50

`

PjF ~2 j 11! (
q50

`

f 2q1 j 11G . ~B6!

APPENDIX C: FULL SET OF EQUATIONS PROJECTED ON THE LEGENDRE POLYNOMIALS

Inserting Eqs.~4.12! and ~4.13! into Eqs.~4.6!–~4.11! and exploiting the relations reported in Appendix B, the followi
equations follow from the orthogonality of Legendre polynomials:

a1r 2f j9
~1!1b1r f j8

~1!1c1F j ~12 j ! f j
~1!12~2 j 11! (

q51

`

f 2q1 j
~1! G1d1F j f j

~1!1~2 j 11! (
q51

`

f 2q1 j
~1! G1e1f j

~1!1 f 1f j8
~2!

1g1F j f j
~2!1~2 j 11! (

q51

`

f 2q1 j
~2! G1 j 1f j

~2!1k1r F j

2 j 21
f j 218~3!1

j 11

2 j 13
f j 118~3!G1n1~2 j 11! (

q50

`

f 2q1 j 11
~3!

1 l 1F j ~ j 21!

2 j 21
f j 21

~3! 2
~ j 11!~ j 12!

2 j 13
f j 11

~3! 1~2 j 11! (
q50

`

f 2q1 j 11
~3! G1m1F j

2 j 21
f j 21

~3! 1
j 11

2 j 13
f j 11

~3! G1o1f j
~5!

1p1F j ~ j 21!

~2 j 21!~2 j 23!
f j 22

~5! 1S ~ j 11!2

~2 j 13!~2 j 11!
1

j 2

~2 j 21!~2 j 11! D f j
~5!1

~ j 12!~ j 11!

~2 j 13!~2 j 15!
f j 12

~5! G
5Bo2Fq11r 1S 2

3
d j ,21

1

3
d j ,0D G , ~C1!

a2f j
~1!1b2r 2f j9

~2!1c2r f j8
~2!1d2F j ~12 j ! f j

~2!12~2 j 11! (
q51

`

f 2q1 j
~2! G1e2F j f j

~2!1~2 j 11! (
q51

`

f 2q1 j
~2! G

1 f 2f j
~2!1g2F j

2 j 21
f j 21

~3! 1
j 11

2 j 13
f j 11

~3! G1k2f j
~5!

1 l 2F j ~ j 21!

~2 j 21!~2 j 23!
f j 22

~5! 1S ~ j 11!2

~2 j 13!~2 j 11!
1

j 2

~2 j 21!~2 j 11! D f j
~5!1

~ j 12!~ j 11!

~2 j 13!~2 j 15!
f j 12

~5! G
5Bo2Fm21n2S 2

3
d j ,21

1

3
d j,0D G , ~C2!

a3~2 j 11! (
q50

`

f 2q1 j 11
~1! 1b3~2 j 11! (

q50

`

f 2q1 j 11
~2! 1c3r 2f j9

~3!1d3r f j8
~3!1e3F j ~12 j ! f j

~3!12~2 j 11! (
q51

`

f 2q1 j
~3! G

1 f 3F j f j
~3!1~2 j 11! (

q51

`

f 2q1 j
~3! G1g3f j

~3!1 j 3r F j

2 j 21
f j 218~5!1

j 11

2 j 13
f j 118~5!G1k3~2 j 11! (

q50

`

f 2q1 j 11
~5!

1 l 3F j ~ j 21!

2 j 21
f j 21

~5! 2
~ j 11!~ j 12!

2 j 13
f j 11

~5! 1~2 j 11! (
q50

`

f 2q1 j 11
~5! G1m3F j

2 j 21
f j 21

~5! 1
j 11

2 j 13
f j 11

~5! G
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