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Femtosecond pulse propagation in air: Variational analysis
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We use a variational method to study the phenomenon of intense femtosecond pulse propagation in air. This
method allows us to obtain a semianalytical solution to the problem in which a wide range of initial conditions
can be studied. In addition, it provides a simple physical interpertation, where the problem is reduced to an
analogous problem of a particle moving in a potential well. Different types of possible solutions are consid-
ered, with focus upon the main physical interpretations. The results recapture at least qualitatively some of the
major experimental observations, and previous numerical simulations.

PACS number~s!: 42.65.Jx, 52.35.Mw
t
lt
-

s
m
u
d
-
nt
th
t

es
a
io
ul

a
th
a
he
ch
ba

t
hi

-
th
th
th

s
to
t
ti

ib
-
a
u

nal
ous
ium

ut

the
on
ents
be
u-

s-
be

la-
ees
en

lf
a via
ga-
an

ga-
ef-
ur
on-
in a
e-

al-
ee-
ical

ed
he
I. INTRODUCTION

In the last several years, there has been an interest in
propagation of femtosecond pulses in air undergoing mu
photon ionization@1–8#. Experimental studies in the labora
tory have shown that such pulses can propagate ten
meters@1–3#, beyond the Rayleigh range of the laser bea
In fact it has been suggested that these pulses propagate
12 km in the atmosphere, based upon experimental stu
by the group in Jena, Germany@4#. The detailed characteris
tic of the produced filament is not known in their experime
but they do observe the generation of white-light along
filament. Applications of this phenomenon include remo
sensing@4# and lightning discharge control@8#.

The problem is complicated in general since it involv
pulses that are on the order of the femtosecond scale
undergo strong spatial and temporal reshaping. In addit
the field interacts strongly with the medium, leading to m
tiphoton ionization of air molecules, which in turn creates
plasma. This is a regime not widely studied, in which bo
the temporal as well as spatial dynamics of the laser
equally important and cannot be separated from each ot

It has been suggested that the underlying physical me
nism leading to the long-range propagation is a dynamic
ance between self focusing and defocusing, created by
plasma via multiphoton ionization. Several models in t
respect including the self-guided pulse propagation@1,2#,
modified moving-focus model@3# and dynamic spatial re
plenishment@5# have been proposed. Due to the fact that
dynamics is complicated it has not been easy to interpret
experimental results through numerical simulations using
nonlinear Schro¨diger equation.

Our aim here is to make a qualitative analytical asse
ment of the problem and to provide direct physical insight
an otherwise complicated problem. Particularly, our aim is
show that the defocusing created by the plasma genera
behaves like an effective higher-order nonlinear suscept
ity, x (n). This explicit connection will provide a better un
derstanding on how the balance between self focusing
defocusing is created and its consequence on the p
PRE 611063-651X/2000/61~4!/4540~10!/$15.00
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propagation. Our methods are based on the variatio
method, which has been successfully implemented in vari
propagation problems such as self focusing in a bulk med
@9#, and pulse propagation in dissipative systems@10#. It has
the advantage of providing a semi-analytical result witho
resorting to lengthy computational simulations.

Since the plasma generation plays an important role in
defocusing mechanism it is important that the multiphot
ionization model based on direct experimental measurem
for the constituents of air, namely nitrogen and oxygen
used in numerical simulations. In previous numerical sim
lations, multiphoton ionization models based on Szo¨ke, ADK
~Ammasov, Delone, Kraniov! and Keldysh models have
been used to describe the multiphoton ionization in air. U
ing these models some of the experimental results can
explained qualitatively, however for more realistic calcu
tions it is necessary to use an ionization model that agr
well with the experiment. A semiempirical model has be
obtained for the ionization rates of nitrogen and oxygen@11#,
which we will make use of in our calculations.

We will show using our analytical model how the se
focusing and defocusing created by the generated plasm
multiphoton ionization can lead to a long distance propa
tion. Our analysis is not restricted to pulse propagation in
ionizing medium but can also be applied to pulse propa
tion in a medium that exhibits higher-order defocusing
fects arising from a different physical origin. This makes o
approach more general in that certain results can be c
nected to other studies related to laser beam propagation
medium that exhibits higher-order defocusing effects. D
spite the simplicity and approximations employed in our c
culations, the results are at least qualitatively in good agr
ment with experimental observations and previous numer
simulations.

II. MODEL

Here, we consider the propagation of a linearly polariz
laser beam in air. From Maxwell’s equations we obtain t
following scalar wave equation@12#
4540 © 2000 The American Physical Society
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~1!

Here, PNL5x (3)E31x (5)E5 is the nonlinear polarization
wherex (3) andx (5), respectively, are the third and fifth orde
nonlinear susceptibility coefficients of the medium, ande0 is
the linear dielectric constant of air. The strong interaction
the radiation field with the air molecules produces an el
tron density, through the multiphoton ionization process, t
in the Drude model can be described by the current den
as J5sE, where s5s0 /(12 ivtcol) is the conductivity
ands05Nee

2tcol /me @12#. Here,Ne is the electron density
andtcol is the collision time of the electrons in air, which
on the order of picoseconds. The electric field can be writ
as

E~x,y,z,t !5E~x,y,z,t !eikx2 ivt1c.c., ~2!

whereE is assumed to be a slowly varying envelope fun
tion. Using Eq.~2! in Eq. ~1! and applying the slowly vary-
ing envelope approximation, Eq.~1! takes the following
form in the retarded coordinate system (t5t2z/vg and vg

5c/Ae0):

i
]E
]z

1
1

2k S ]2E
]x2

1
]2E
]y2D 1DnE1 i F2pe2Ne~ uEu2!

kmec
2vtcol

1GMPAuEu2n22GE50 ~3!

and

Dn5n2k0uEu22n4k0uEu42
2pe2Ne~ uEu2!

kmec
2

. ~4!

Here, n2512p2x (3)/n0
2c, and n4580p3ux (5)u/n0

3c2, which
are given in units of cm2/W and cm4/W2, respectively, and
n05Ae0 is the index of refraction of air. The last term inDn
comes from the contribution of the plasma, where we
sumed thatvtcol@1. The last two terms in Eq.~3! represent
absorption by the plasma and multiphoton absorption los
respectively, whereGMPA5N0s (n)/2n\v. The generated
electron density,Ne is governed by

]Ne

]t
5N0R~ uEu2!. ~5!

Here N0 is the density of neutral atoms, andR(uEu2)
5s (n)uEu2n is the rate of ionization for nitrogen~oxygen!,
where n is the effective order of the ionization proces
which is determined from direct experimental measureme
@11#. We assume that air is a mixture of nitrogen~80%! and
oxygen~20%!. Equation~5! can be integrated to yield

Ne5E
2`

t

N0s (n)uEu2ndt8. ~6!

Using a simple integration rule, the electron density can
approximated for an integration up to the peak of the pu
f
-
t
ty

n

-

-

s,

,
ts

e
e,

as Ne5g(t)N0s (n)uEu2n, where g(t)50.5(tmin1t). Here,
tmin is a cutoff determined by the initial pulse. It is importa
to note that the electron density has to be evaluated at e
propagation distance, which does not pertain in this ca
However, as we will demonstrate later most of the import
physics is still retained in this approximation. Making th
approximation not only simplifies the calculations but al
makes the interpretation more transparent. Then Eq.~3! can
be written as

i
]E
]z

1
1

2k S ]2E
]x2

1
]2E
]y2D 1auEu2E2buEu4E2guEu2nE

1 i ~GPuEu2n1GMPAuEu2n22!E50, ~7!

wherea5n2k0 , b5n4k0 , g52pe2/kmec
2N0s (n)g(t), and

GP52pe2g(t)N0s (n)/kmec
2vtcol . Equation~7! describes

the propagation of an intense femtosecond pulse in the p
ence of a self-induced plasma and possible higher-order n
resonant nonlinear effectsx (5), arising from the higher-orde
polarizability of the air molecules. Equation~7! includes the
most important physical ingredients of the more gene
propagation problem, such as diffraction, self focusing a
defocusing. Here, we use parameters close to the experim
performed at Laval University@7# in order to make a quali-
tative comparison with their results. We consider the pro
gation of a 800 nm laser pulse with a pulse duration of 220
@full width at half maximum~FWHM!#. The nonlinear index
of refraction for air is taken asn254.0310219 cm2/W @13#
corresponding to a critical powerPcr52.5 GW, wherePcr

5l0
2/2pn0n2 is the critical power for self focusing for a CW

beam in a simple Kerr medium. The density of neutral ato
in air is taken to beN053.031019 cm23. The multiphoton
ionization transition rates were obtained from the expe
ments at Laval University. We find that their experimen
data can be fitted to the forms (n)uEu2n, that is valid in the
intensity range of 1013 W/cm2 to 2.031014 W/cm2. This
yields for oxygens (n)51.29310265 s21(cm2/W)n with n
55.51 and for nitrogens (n)54.45310284 s21 (cm2/W)n

with n56.78@11#. Since there is no experimental data ava
able below 1013 W/cm2, we do not know if the slopes ca
be extended to lower intensities. However, in our analysi
is estimated that self focusing is mostly dominant up
1013 W/cm2. Thus the plasma contribution may be n
glected below 1013 W/cm2. From the fitted slopes, it turn
out that oxygen is more dominant in the plasma genera
than nitrogen, which is reasonable in view of the lower io
ization potential of O2 ~12.1 eV! as compared to that of N2
~15.58 eV!. In our model we have included the next highe
order nonlinear term of the susceptibility function, corr
sponding to ax (5) effect. Information on the sign and mag
nitude on higher-order nonlinear susceptibilities are not
widely available asx (3). However, in this paper we will use
an estimated value forx (5) and determine its effect on th
pulse propagation. One possible estimate forx (5) can be es-
timated from the fact thatx (5);1/Eat

4 andx (3);1/Eat
2 where

Eat.106 statvolt/cm is the atomic electric field strengt
then x (5)/x (3);10212 @14# ~for nonresonant interactions!.
For typical gases x (3);10218210217(esu) then x (5)

;10230210229(esu). This is only an estimate for the ma



n.
o

er

n

-
io
e
r

um

q

n
th
c
ze
l i
o

ch

ss

ow
on

nd
n
ec

e

m

to
nd
nti-

e

-

of

n-

of
t
ga-
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nitude ofx (5) but does not give any information on the sig
Some numerical and experimental studies have been d
for some gases in regard to higher-order harmonic gen
tion. For some noble gases such asAr, ux (5)u.10229(esu)
and Xe, ux (5)u.10228(esu) (l051064 nm,694 nm)
@15,16#, whose ionization energies are close to nitrogen a
oxygen, respectively. In our calculations we will useux (5)u
.23.6310229(esu) which corresponds to n4
510232 cm4/W2 and determine qualitatively its contribu
tion to the defocusing in addition to the plasma generat
via multiphoton ionization. It is important to note that th
magnitude and sign ofx (5) strongly depends on the lase
frequency as well as on the structure of the atomic spectr

A. Variational method

Equation~3! in general must be solved together with E
~5! numerically. However, in regard to Eq.~7! the problem
can be solved by using a variational method. The variatio
approach is only an approximation and is as good as
initial trial solution. However, the advantage of this approa
is that it provides a semianalytical result that can be analy
much easier and in most cases gives a simple physica
sight to the problem. The variational method is based
defining a Lagrangian functional for the system from whi
the equations of motions can be derived.

Let us write the total Lagrangian as

L5LC1LNC , ~8!

whereLC denotes the conservative andLNC the nonconser-
vative part of the total Lagrangian, respectively. Equation~7!
can be derived from the Lagrangian in the presence of lo
as @10#:

dL
dE*

5
]

]zF ]LC

]S ]E*

]z D G2
]LC

]E*
5Q, ~9!

where

LC5
i

2 S E]E*

]z
2E*

]E
]zD1

1

2k S U]E
]xU

2

1U]E
]yU

2D2
a

2
uEu4

1
b

3
uEu61

g

~n11!
uEu2n12 ~10!

and Q52 iGMPAuEu2n22E2 iGPuEu2nE. In general,E can be
expanded in terms of a complete set of eigenfunctions. H
ever, here we restrict ourselves to the following trial soluti
for the electric field envelope,

E~z,x,y,t!5A~z,t!e2(x21y2)/a2(z,t)eib(z,t)(x21y2)1 if(z,t).
~11!

Here,A, a, b, andf are variational parameters and depe
both onz and t. These variational parameters are sufficie
to describe the dynamics of the problem, including the eff
of self-phase modulation throughb(z,t). We consider a col-
limated input laser pulse focused by a lens. The focused fi
is assumed to be
ne
a-

d

n

.

.

al
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h
d
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n

es

-

t
t

ld

E~0,x,y,t!5E 0e2t2/t0
2
1(x21y2)/a0

2
2 ik(x21y2)/2f . ~12!

Here, the pulse length at full width at half maximu
~FWHM! of the irradiance is given bytFWHM5A2 ln 2t0,
~for tFWHM5220 fs,t05187 fs),a0 is defined as the beam
radius at 1/e2 of the irradiance, andf is the focal length of the
lens. The Rayleigh range~diffraction length! of the input
beam is defined aszR5ka0

2/25pa0
2n0 /l0.43104a0

2 for
l05800 nm.

In what follows, we neglect the absorption losses due
the plasma (GP50). In general this may not be the case a
losses due to the plasma should be included in more qua
tative numerical calculations. Inserting the trail solution~11!
into the Lagrangian~10! and integrating over the transvers
coordinate we obtain the reduced Lagrangian^LC&(z,t)
5*LCdx dy, which depends only on the variational param
eters and the independent variablesz andt. The equations of
motion for those variational parameters in the presence
MPA, are found from@10#,

]

]m i
S ]^LC&

]m iz
D2

]^LC&
]m i

52 ReE Q
]E*

]m i
dx dy,i 51, . . . ,4,

~13!

wherem i5A,a,b,f ( i 51, . . .,4). This leads to the follow-
ing set of coupled equations:

]a

]z
52ba1GMPAk

2nPcr
n21

npn21a0
2n24

Pn21

a2n23 S 12
a0

4

2nD ~14!

]P

]z
52GMPAk

2nPcr
n21

npn21a0
2n24

Pn

a2n22
~15!

]b

]z
5

2

a4
22b22

2P

a4
1F 4gnk2nPcr

n

pn~n11!~2n12!a0
2n22G Pn

a2n12

1S 16bkPcr
2

9p2a0
2 D P2

a6
. ~16!

Equations~14!–~16! are rescaled so that they are in dime
sionless units:z is in units ofka0

2, a/a0→a, ba0
2→b, t/t0

→t, and P/Pcr→P. Here, the total powerP5* uEu2dxdy
5A2a2p/2, and Pcr5l0

2/2pn0n2 is the critical power for
self focusing for a CW laser beam. Consider first the case
no losses (GMPA50) then from Eq.~15! it can be seen tha
the total power is conserved along the direction of propa
tion, so thatP(z,t)5P0(t). In this case Eqs.~14!–~16! can
be combined to give

1

2 S ]a

]zD 2

1U~a!50, ~17!

where
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U~a!5
2

a2
2

2P0~t!

a2
1F 8gnkPcr

n 2n

2npn~n11!~2n12!a0
2n22GP0

n~t!

a2n

1S 8bkPcr
2

9p2a0
2 D P0

2~t!

a4
1C~t! ~18!

andC(t) is a constant of integration determined by the i
tial conditions

C~t!52212P0~t!2F 8gnk2nPcr
n

2npn~n11!~2n12!a0
2n22GP0

n~t!

2S 8bkPcr
2

9p2a0
2 D P0

2~t!22b0
2 . ~19!

Here,b0 describes the initial wave front divergences of t
laser beam, i.e., for a collimated beamb050. Equation~17!
describes the motion of a classical particle moving in a
tential well U(a).

Here,a describes the position of the particle, andz acts as
a fictitious time variable. As we can see from Eq.~18! in the
absence of defocusing effects the initial beam radius as
as critical power does not appear explicitly in the equatio
however, in the presence of defocusing effects the equat
are dependent on the initial beam radius as well as crit
power. This dependence scales in powers ofn, in other
words small changes in these parameters could result in
nificantly different results.

B. Self-focusing in a simple Kerr Medium „gÄbÄ0…

Neglecting ionization and higher-order nonlinearity (g
5b50), Eq.~17! can be integrated exactly to yield~here we
assume an initially collimated beam so thatb050)

a~z,t!5A124„P0~t!21…z2 ~20!

The intensity is then easily found as

I ~z,t!5
2P0

pa2
5S 2

p D P0~t!

124@P0~t!21#z2
. ~21!

Considering the CW case (t50) it can easily be seen from
Eq. ~20! that when the initial powerP0,1, the beam radius
a(z) increases withz ~diffraction!, whereas whenP0.1 the
beam radius decreases withz ~self focusing! and collapses
@a(zc)50# at a finite distance given byzc50.5/AP021 ~in
units of ka0

2).
When the input power is time dependent it is known th

self focusing leads to the compression of the pulse@17#. This
effect can be seen in Fig. 1, where the on-axis temp
intensity profile is plotted as a function of the propagati
distance. Clearly, as the pulse approaches the distanc
collapse, it has been significantly compressed due to
focusing.
-
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s,
ns
al
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lf

C. Self-focusing in a Kerr medium in the presence
of self-induced plasma„bÄ0,gÅ0…

As the intensity increases during the self-focusing p
cess, at high-enough intensities higher-order effects suc
negativex (5) or the generation of a plasma will become im
portant in stopping the selffocusing by defocusing the bea
It is clear from the experimental observations that the plas
generation plays an important role in the defocusing proc
Although the plasma generation is only approximately inc
porated into our model the results are in agreement w
experimental observations. We neglect the contribution fr
x (5) (b50), but will come back to this effect later. Below
we discuss in detail the effect of the plasma generation
the beam dynamics by first considering the dynamics of
temporal slice (t50), and then analyzing both the tempor
and spatial dynamics of the laser pulse.

1. Dynamics of one time slice (tÄ0) of the pulse

First we consider the dynamics of the central part of
pulse,P0(0)5P0, theng(0)51 where we have takentmin

52, and consider a collimated input laser beam (b050).
Depending on the initial condition there are several poss
solutions. Keeping the input powerP0510 ~in units of Pcr)
fixed we vary the initial beam radiusa0. As can be seen in
Eq. ~18! the effect of the defocusing depends on the init
beam radius. In Fig. 2~a!, we plot the potentialU(a) as a
function of the beam radiusa ~in units of a0) for an initial
beam radiusa050.05 cm. The solution corresponds to th
case in which the particle is released from rest at the posi
a51. If there is no defocusing effect it can be seen that
potential diverges@see Fig. 2~a! ~dotted-line!#, which causes
catastrophic beam collapse. However, in the presence of
focusing arounda.0.55 the defocusing starts to overcom
the self focusing and eventually stops the selffocusing wh
the particle comes to rest atamin , whereU(amin)50. Since
there are no losses considered, the total energy is conse
and the particle will come back to its initial position (a
51). This will continue in a periodic manner. In Fig. 2~b!
the position of the particlea(z) ~beam radius!, which is

FIG. 1. Plotted is the on-axis temporal intensity~in units of
Pcr /a0

2) profile in the retarded coordinatet ~in units of t0) as a
function of propagation distancez ~in units of ka0

2) for the case of
a pulsed laser beam propagating in a simple Kerr medium. P
compression due to self-focusing can clearly be seen when the
focal point is approached.
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found by solving Eq.~17! numerically, is plotted as function
of propagation distancez, in agreement with the potentia
analogy.

As the initial beam radius is decreased to somea05as
~for fixed P0) the minimum point of the potential in Fig. 2~a!
will move and coincide exactly ata51, whereU(a)50. In
this case the beam diameter remains unchanged du
propagation. This condition can be found fromdU/daua51
50, which leads to the following relation between the pow
and beam radius:

F 8gn2kPcr
n 2n

2npn~n11!~2n12!as
2n22GPs

n22Ps1250. ~22!

Here,Ps is the power of the self-trapped beam with a be
radius ofas . Wheng50 the condition reduces to the one f
a simple Kerr medium,Ps51 ~in units Pcr). However, the

FIG. 2. Shown are~a! the potentialU(a) in which the particle
moves as a function ofa, and~b! the beam radiusa(z) ~in units of
the initial beam radiusa0) as a function of propagation distancez.
The initial beam radius isa050.05 cm andP0510. The solution
corresponds to the case where the particle is released froma51 at
rest. When there is no defocusing effect the potential diverges~dot-
ted line! and the particle~open circle! rolls towardsa50, i.e., the
beam radius approaches zero~beam collapse!. However, in the
presence of defocusing there is significant change in which the
focusing effect becomes dominant at some position and stops
focusing atamin ~solid line!. Here the particle~solid circle! will
oscillate betweena51 andamin . If there are no losses these osc
lations will continue indefinitely. This oscillation manifests itself
a focusing and defocusing of the beam radius shown in~b!.
ng

r

main difference is that in a defocusing medium the poten
has a local minimum, thus the propagation is expected to
stable.

Next, we consider the case when the laser beam is
cused with a positive lens~creating an initial converging
beam wave front!. This might change significantly the cha
acteristics of the beam propagation, depending on the in
beam radius and the focal length of the converging lens.
consider the case of a beam being focused by a positive
with a focal lengthf 5150 cm ~we choose this particula
value in order to make a comparison with experimental
sults!. First, we consider a larger beam radiusa050.55 cm.
In Fig. 3~a! the potential is plotted without the lens~colli-
mated beam! ~solid line! and using the lens~converging
beam! ~dotted line!. As it can be seen for a collimated bea
the potential crosses at two points on the axis which wo

e-
he

FIG. 3. Plotted is~a! the potentialU(a) for a laser beam with
a050.55 cm andP0510 and~b! the peak intensity~in units of
Pcr /a0

2) as a function of the propagation distance. In the case o
initially collimated beam the potential crosses the axis at two po
~a! ~solid line!, whereas for an initially converging beam~focus by
a converging lens withf 5150 cm) the potential crosses the axis
one point only~a! ~dotted line!. For the case of an initially converg
ing beam the solution corresponds to case where the partic
initially pushed~dotted line! and comes to rest at someamin . How-
ever, since the potential does not cross the axis again the pa
escapes to infinity and the beam diffracts. The solution to this c
is given in ~b! where the peak intensity is plotted as function
distance. As it can be seen the particle focuses once and then
idly defocuses, in agreement with the potential analogy.
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result in an oscillatory solution discussed earlier. Howev
in the presence of a converging lens, the effect of the l
has pushed down the potential such that it only crosses at
point of the axis which is the point where self focusing
stopped. In this case the solution corresponds to the cas
which the particle is pushed ata51 ~in other words the lens
provides an initial kinetic energy to the particle!, and the
particle as before will come to rest at someamin , however,
on the way back, since the potential does not cross the ax
will escape to infinity, causing diffraction. The solution
this case is given in Fig. 3~b!, in agreement with our quali
tative discussion. As the initial power is further increased
initial gap created by the lens effect will close, in oth
words the potential will eventually cross two points on t
axis. However, this may occur at very high input powers.
the initial beam radius is decreased the effect of the l
becomes negligible. In our analysis, there is a transit
arounda050.1 where the lens effect becomes less imp
tant. Thus the beam radius as well as the focal length of
lens ~i.e., curvature of the beam front! have an important
effect on the beam propagation, which will become mo
apparent in the next section. It is important to note that
period as well as the amplitude of these oscillations dep
strongly on the input power and beam radius. For a lar
beam radius the refocusing occurs at further distances
with a smaller beam diameter. In addition, for a given init
beam radius the distance between focusing and refocu
decreases as the initial power is increased.

2. Dynamics of the entire pulse

To make a connection with specific experiments we c
sider that the laser beam is focused with a lens of focal p
f 5150 cm. We start by settingg(t)51, which would cor-
respond to a case where defocusing is created by a hig
order nonlinear susceptibility. First, we consider an inp
beam radiusa050.55 cm and initial powerP055.0. In Fig.
4, we plot the on-axis peak intensity as a function of t
propagation distance~we define the on-axis intensity as th
global maximum value of the pulse for the transverse co
dinater 50) ~solid line!. It can be seen that the beam focus
before the linear focal point due to self focusing but th
diffracts after the geometrical focal point. The dotted a
dotted-dashed lines correspond to two different pulse sl
for t50 andt520.5 ~in units oft05187 fs), respectively,
which correspond to slices that are above the critical po
for self focusing. The long-dash line on the other hand c
responds to a time slice (t521.25) that is below the critica
power so that self focusing does not take place, and
maximum of the intensity occurs betweenzL5 f /@1
1( f /zR)2# and f.

In Fig. 5 we plot the on-axis temporal intensity profile f
z5145 cm~solid line! andz5147 cm~dotted line!. As can
be seen the pulse is reshaped around the focal region
which two peaks appear, that on further propagation sepa
from each other. The peak of the leading pulse is shif
towards earlier times. This is consistent with previous n
merical simulations@3,5,6#. However, the appearance of th
second peak behind the leading one would be suppre
since it interacts with the plasma. In addition, this reshap
can significantly differ when the retarded Kerr nonlinear
and/or group velocity dispersion~GVD! are taken into ac-
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count @5,6#. The important result is that as the pulse a
proaches the focal region a strong reshaping of the p
occurs. This is a consequence of the combined effect of
focusing and defocusing. The strongest slice (t50) focuses
first. Other slices will focus further away. Around the foc
point the t50 slice has started to defocus, but the earl
slices are still coming to a focus. Thus when looking at th
propagation distance we see the reshaping of the pulse.
fact that each time slice experiences a different portion of
defocusing can be qualitatively accounted for by consider
g(t)50.5(21t). In Fig. 6, the on-axis intensity is plotte
for the same initial conditions as in Fig. 4. Here, some of
early slices (t,0) experience less defocusing and reach
higher intensity in order to stop the focusing. As a result

FIG. 4. Plotted is the on-axis intensity~in units ofPcr /a0
2! ~solid

line! for the case of a pulsed laser beam focused by a conver
lens with f 5150 cm, P055, a050.55 cm, andg(t)51.0. The
behavior of different slices of the pulse are plotted fort50 ~dotted
line!, t520.4 ~dash-dotted line! and t521.0 ~dash line!. Slices
that are above the crtical power for selffocusing focus before
geometrical focal point whereas slices that are below crtical po
~dash line! come to a focus between the linear focal pointzL and the
geometrical focal point.

FIG. 5. The on-axis temporal intensity profile in the retard
time coordinatet/t0 are plotted forz5145 cm~solid line! and z
5147 cm ~dotted line!. The intial conditions are the same as
Fig. 4. Around the focal point two peaks appear, which get se
rated temporally away from each other on further propagation.
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overall on-axis intensity profile is smoother when compa
to Fig. 4.

In previous experiments the critical power for self focu
ing in air was estimated to be in the range of 6-10 GW@1,3#.
In the present mentioned experiment this would corresp
to about 1.522.5 mJ. In the experiment performed by th
group at Laval University, the photon signal of bothN2 and
N2

1 are collected along the propagation direction for vario
input energies. The photon signal is related to the peak
tensity of the pulse, the higher the intensity, the higher is
photon signal@7#. In Fig. 7~a! the experimental results ar
shown for an input beam radius of 0.55 cm. Up to 20 mJ
intensity profile is approximately symmetric with respect
the maximum intensity and only one focal point is prese
This is in good agreement with our variational result, whe
no refocusing occurs beyond the geometrical focal poin
seen in Fig. 6.

As the initial pulse energy is increased further the on-a
intensity does not fall rapidly beyond the geometrical fo
point in which a shoulder is developed@see Fig. 7~a!#. One
possible explanation to this phenomenon might be due
absorption losses. In Fig. 8, the on axis intensity is plot
for a050.55 cm in the presence of multiphoton absorptio
As we can see there is a shoulder beyond the geomet
focal point in the presence of losses~solid line! when com-
pared without any losses~dotted line!. One can explain this
effect in terms of the mechanical analogy in which the p
ticle loses sufficient energy to be trapped in the well fo
while causing small oscillations.

When the initial beam radius is increased even further
potential is pushed further down by the lens effect such
one would expect the on-axis intensity to resemble the
given in Fig. 6. In fact this has been seen experimentally
Laval University where they used a beam with radius o
cm focused by a lens withf 5100 cm, and a pulse energy o
20 mJ. The one axis intensity shows a behavior similar to
one shown in Fig. 6. The effect of the focal length on t
pulse propagation was also observed experimentally

FIG. 6. Plotted is the on-axis intensity for the same condition
in Fig. 4 except that hereg(t)50.5(21t). Due to the fact that
earlier slices of the pulse~dotted-dash line! see a smaller defocusin
and consequently reach a higher intensity in order to stop the
focusing. This in turn creates a more smoother on-axis inten
profile when compared with Fig. 4. The result is in qualitati
agreement with the experimental observation given in Fig. 7~a!.
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Nishioka et al. @18#. They observe no filament formation
when a smaller focal length was used, which is consiste
with our analysis.

On the other hand, when the beam radius is reduced
0.05 cm a dramatic change occurs in the propagation. Fro
the previous analysis we showed that the beam undergoes
oscillatory behavior. In Fig. 9, we plot the on-axis intensit
as a function ofz for g(t)51. The situation is now signifi-
cantly different than the previous case where there was
refocusing. As can be seen from Fig. 9 each slice above
critical power refocuses again, but at different location
When we look at the overall on-axis intensity we see that th
pulse first focuses and then defocuses and focuses again
this may repeat itself at further distances but it is not a
apparent as the first one. The refocusing of the pulse h
been previously observed in numerical simulations@3,5,6#. It
seems that as the pulse further propagates the on-axis in
sity appears to be unchanged despite the fact that all
different slices still oscillate. However, it is important to note
that although the intensity remains unchanged over a lo
distance this is quite different than the usual self guidin

s

elf
ty

FIG. 7. Shown are the experimental results obtained by t
group at Laval University~Ref. @7#!. The experimental setup corre-
sponds to the case of a 220-fs laser pulse focused by a converg
lens with f 5150 cm for an initial beam radius of~a! 0.55 cm and
~b! 0.2 cm, for various input energies. The signal corresponds to t
photon signal from bothN2 and N2

1 which is related to the peak
intensity of the pulse. The higher the intensity, the higher is th
photon signal.
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mode discussed first by Chiaoet al. @19#. Here, the situation
is more dynamic and involves both the temporal as well
spatial variation of the laser beam.

Perhaps, a more interesting aspect of the pulse prop
tion is the reshaping of the pulse during propagation. As
have shown in the previous case, there is a significant
shaping of the pulse whenever the pulse starts to focus.
phenomenon also occurs in this case but it is more dyna
In Fig. 10, the temporal on-axis intensity profile is plotted
a function of the propagation distance. In Fig. 9, we see
aroundz540 cm the pulse has come to a focus, when co
pared with Fig. 10 we see the reshaping of the pulse aro

FIG. 8. The effect of multiphoton absorption is shown for t
propagation of a laser beam witha050.55 cm focused by a len
with f 5150 cm. In the presence of multiphoton absorption los
~solid line! the beam significantly propagates beyond the geome
cal focal point when compared for the case without absorp
losses~dotted line!.

FIG. 9. Plotted is the on-axis intensity~solid line! for a0

50.05 cm,P057, andg(t)51.0. The propgation properties hav
significantly changed when comparing with the case ofa0

50.55 cm shown in Fig. 4. Different slices of the pulse are plot
as a function of propagation distance. For slices that are above
critical power~dotted line! and~dash-dotted line!, show an oscilla-
tory behavior, whereas for a slice below critical power~dash line!
the slice exhibits only one focal point. The superposition of all th
different time slices creates an overall on-axis intensity pro
shown by the solid line.
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that point. Again from Fig. 9 it can be seen that a seco
refocusing occurs aroundz5120 cm, which manifests itsel
as a second pulse reshaping process as it can be seen i
10. This observation agrees qualitatively with previous n
merical simulations@3,5,6#. In Ref. @6#, the pulse splitting is
clearly demonstrated in their numerical simulations for
instantaneous Kerr response. The two pulses then sep
further away from each other upon further propagatio
which is also seen in our calculations. The subsequent
shaping of the pulse and a secondary splitting has also b
shown in Ref.@5#. The main difference between their resu
and ours is in the quantitative temporal shape of the pu
The physical reason for the reshaping of the pulse com
from the fact that each slice focuses and refocus at diffe
positions, so that at a given position one slice might come
a minimum whereas another slice might be at its maximu
Consequently, when we look at a certain position we see
pulse being reshaped. This reshaping process will furthe
affected when other effects such as GVD and/or retar
Kerr nonlinearity are included in the propagation mod
@5,6#. However, in our model we can identify explicitly th
reshaping of the pulse when it refocuses again.

In Fig. 11, we plot the on-axis intensity for two differen
input powers. It can be seen that for higher input powers
dip in the on-axis intensity becomes smaller; this feature
consisted with experimental result@7# @see Fig. 7~b!#. In ad-
dition we see that the minimum point for the on-axis inte
sity further away from the lens for higher input powers,
agreement with the experimental observation@7#. It is also
important to emphasize that this refocusing phenome
does not appear very strongly in the case of a 0.275 cm l
beam. The experimental results have not been analyzed c
pletely, but it is clear that there is a significant difference
the propagation between a 0.275 and 0.2 cm beam rad
Such a transition is clearly seen in our analysis as well.
our analysis the transition appears around a beam radiu
0.1 cm, which is much lower than the experimental obser
tion. However, this discrepancy can be attributed to our
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FIG. 10. Plotted is the on-axis temporal intensity profile in t
retarded time coortinatet ~in units of t0) for the same initial con-
ditions as in Fig. 9. When compared with Fig. 9, it can be se
whenever the pulse refocuses it undergoes a pulse reshaping
cess in which two peaks start to develop. This is clearly seen aro
z540 cm andz5120 cm.
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proximate method. In summary, we can explain the origin
the refocusing phenomenon from a simple model which is
qualitative agreement with the experiment@7#.

D. Effect of higher-order nonresonant susceptibility
„bÅ0,gÅ0…

In the previous section, we have shown how the plas
generation through multiphoton ionization can lead to a b
ance between self focusing and defocusing. It is clear fr
Eqs. ~17!–~19! that if there are any other higher-order co
tributions to the nonlinear susceptibility function, they m
have an important role in the defocusing process. Here,
show that if there is a negativex (5) effect it can significantly
contribute to the defocusing process depending on the m
nitude of thex (5) value. Let us assume thatx (5)523.6
310229(esu) which corresponds ton4510232 cm4/W2. To
demonstrate the effect ofx (5) we consider only one particu
lar slice of the pulse namelyt50 and a collimated beam
with a beam radiusa050.5 cm. In Fig. 12, the peak inten
sity ~normalized to the input intensityI 0) is plotted as a
function of z ~in units of ka0

2). The solid and dotted lines
represent the case when the defocusing is entirely du
multiphoton ionization andx (5), respectively. The dotted
dashed line includes the effect of both multiphoton ioniz
tion andx (5). It can be seen in Fig. 12~a! that when the input
power is just above the critical power thex (5) effect domi-
nates the defocusing process, and depending on the co
tions a strong plasma may not be generated in this reg
On the other hand, when the input power is well above
critical power, then both the ionization andx (5) contribute to
the defocusing process@see Fig. 12~b!#. In this case both
effects may not be separated from each other, and clea
strong plasma would be generated as well. Furthermore
the sign ofx (5) is positive then we may have a case whe
even more plasma is generated in order to overcome a
tional focusing due to a positivex (5). As we pointed out

FIG. 11. On-axis intensites fora050.05 cm withP0515 ~solid
line! andP058 ~dotted line!. For higher input powers the minimum
point for the on-axis intensity moves away from the lens, and
minimum dip becomes smaller. This is in agreement with the
perimental observation shown in Fig. 7~b!. Here g(t)50.5(1.55
1t).
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earlier, at this point we do not have specific values on
magnitude and sign of thex (5) coefficient for nitrogen or
oxygen. Thus whether higher-order susceptibility terms h
an effect will rely on further experimental studies.

III. CONCLUSION

In conclusion, we have demonstrated that using an a
lytical method many of the properties of the femtoseco
pulse propagation in air can be explained in a much simp
physical form than previously studied. The most importa
result is the fact that we are able to show that the defocus
created by the plasma generation can be described, at
qualitatively, as an effective higher-orderx (n) like effect.
This connection provides a much more transparent inter
tation of the pulse propagation phenomenon in air. Furth
more, certain connections can be made between the p
propagation in an ionizing medium and in a saturable orx (5)

medium. Using our method, we were not only able to rec
ture some of the previous numerical simulations and prov

e
-

FIG. 12. Plotted are the normalized peak intensities as a fu
tion of z ~in units of ka0

2) and t50, for ~a! P051.5 and~b! P0

56.5. The solid line and dotted line represent when the defocu
is entirely due to the multiphoton ionization andx (5), respectively.
Whereas the dotted-dash line includes both ionization andx (5) con-
tributions. It can be seen when the input power is just above
critical power thex (5) is dominant, whereas well above the critic
power both ionization andx (5) and contributions are important
Herex (5)523.6310229(esu).
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analytical interpretation, but we obtained qualitative agr
ment with experimental results as well. In this respect
approach could be used to make certain predictions and
guide the numerical simulations.

The possible effect of higher-order nonresonant susce
bilities, namely ax (5) effect is described qualitatively. W
showed that although the magnitude ofx (5) is small it can
contribute significantly to the defocusing process. Since
u,
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do not have specific values for the sign or the magnitude
x (5) we are not able to provide absolute conclusions.
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