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Global exponential stability and periodic solutions of cellular neural networks with delay

Hui Fang* and Jibin Li
Center for Nonlinear Science Studies, Kunming University of Science and Technology, Kunming 650093, People’s Republic of

~Received 13 September 1999!

In this paper, some sufficient conditions for the global exponential stability and the existence of periodic
solutions of cellular neural networks with delay~DCNN! model are obtained by means of a Lyapunov func-
tional approach. These conditions can be used to design globally stable DCNN’s and periodic oscillatory
DCNN’s and thus have important significance in both theory and applications.

PACS number~s!: 87.18.Sn
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I. INTRODUCTION

Consider the following cellular neural networks with d
lay ~DCNN! model:

xi8~ t !52cixi~ t !1(
j 51

n

ai j f j„xj~ t !…1(
j 51

n

bi j f j„s j xj~ t2t i j !…

1I i~ t !, ci.0, i 51,2, . . . ,n ~1!

in which n corresponds the number of units in a neural n
work, xi(t) corresponds to the state vector of thei th unit at
time t, f j„xj (t)… denotes the output of thej th unit at time
t, ai j , bi j , t i j , s i , ci are constants,ai j denotes the
strength of thej th unit on thei th unit at timet, bi j denotes
the strength of thej th unit on the i th unit at time t
2t i j , I i(t) denotes the external bias on thei th unit at time
t, t i j corresponds to the transmission delay in the comm
nication from thei th unit to thej th unit and is non-negative
s i denotes the amplifier gain, andci represents the rate wit
which thei th unit will reset its potential to the resting state
isolation when disconnected from the network and exter
inputs.

In the following, we assume that each of the relatio
between the output of the cellf i ( i 51,2, . . . ,n) and the
state of the cell possess the following properties.

~H1! f i ( i 51,2, . . . ,n) is bounded onR.
~H2! There is a numberm i.0 such that

u f i~u!2 f i~v !u<m i uu2vu

for any u,vPR.
The initial conditions associated with Eq.~1! are of the

form

xi~s!5f i~s!, sP@2t,0#, t5 max
1< i , j <n

t i j , ~2!

where it is usually assumed thatf i is continuous,f i :
@2t,0#→R, i 51,2, . . . ,n.

Recently, the study of the DCNN model~1! has received
much attention. See, for instance, Refs.@1–8# and the refer-
ences cited therein. However, most of these papers only
tained the sufficient conditions for the global asymptotic s
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bility of the DCNN model~1! in some special cases@1–7#.
The purpose of this paper is to establish some sufficient c
ditions for the global exponential stability and the existen
of periodic solutions of the DCNN model~1!. Our results
extend and improve the corresponding results in the ab
works.

II. STABILITY ANALYSIS

Consider the special case of the DCNN model~1! as
I i(t)5I i , i.e.,

xi8~ t !52cixi~ t !1(
j 51

n

ai j f j„xj~ t !…1(
j 51

n

bi j f j„s j xj~ t2t i j !…

1I i , ci.0, i 51,2, . . . ,n, ~3!

whereI i , i 51,2, . . . ,n are constant numbers.
Lemma 1.Assume that the output of the cell functio

f i ( i 51,2, . . . ,n) satisfies the hypotheses~H1! and ~H2!
above. Then there exists an equilibrium for the DCNN mo
~3!.

The proof is similar to that of Lemma 1 in Ref.@2# and is
omitted.

Remark 1.Lemma 1 does not guarantee the uniquenes
the equilibrium. However, in this paper, we derive some c
teria on the DCNN model~3!, which will guarantee not only
the uniqueness of the equilibrium but also the global ex
nential stability. The uniqueness of the equilibrium will fo
low from the global exponential stability to be establish
below.

Lemma 2.The following inequality holds:

y)
k51

m

xk
pk<

1

a (
k51

m

pkxk
a1

1

a
ya for any

a.1, xk>0 ~k51,2, . . . ,m!, y>0;

where pk.0 (k51,2, . . . ,m) are constants, and(k51
m pk

5a21.
Proof. For fixedxk>0 (k51,2, . . . ,m), let

g~y!5
1

a (
k51

m

pkxk
a1

1

a
ya2y)

k51

m

xk
pk .

Then, we have
4212 © 2000 The American Physical Society
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g8~y!5ya212)
k51

m

xk
pk , g9~y!5~a21!ya22.0

for y.0.

From Theorem 1 in Ref.@10#, we get

)
k51

m

xk
apk /~a21!

<
1

a21 (
k51

m

pkxk
a .

Therefore,

inf
0<y,1`

g~y!5gS )
k51

m

xk
pk /~a21!D

5
1

a S (
k51

m

pkxk
a2~a21!)

k51

m

xk
apk /(a21)D

>0.

This leads to the conclusion of Lemma 2.
Theorem 1.Suppose that the output of the cell functio

f i ( i 51,2, . . . ,n) satisfies the hypotheses~H1! and ~H2!
above. Assume, furthermore, that the system parameters
isfy the following condition.

~H3! There exist constantsa.1, di.0, i 51,2, . . . ,n,
such that

ci.
1

a (
j 51

n S uai j u(
k51

m

pkm j
aak j /pk1ubi j uus j u(

k51

m

pkm j
abk j /pkD

1
1

adi
(
j 51

n

~ uaji udjm i
aam11,i1ubji uus i udjm i

abm11,i !,

i 51,2, . . . ,n,

where a i j ,b i j ( i 51,2, . . . ,m11, j 51,2, . . . ,n) are con-
stants, and( i 51

m11a i j 51, ( i 51
m11b i j 51 ( j 51,2, . . . ,n), pk

.0 (k51,2, . . . ,m) are constants, and(k51
m pk5a21.

Then the equilibriumx* of the DCNN model~3! is glo-
bally exponentially stable.

Proof. The existence of solutions of Eqs.~3! and ~2! for
all t>0 is an immediate consequence of Corollary D in R
@9#. If x* 5(x1* ,x2* , . . . ,xn* )T is an equilibrium of the
DCNN model~3!, one can derive from Eq.~3! that the de-
viations

yi~ t !5xi~ t !2xi* ~ i 51,2, . . . ,n!

satisfy

yi8~ t !52ciyi~ t !1(
j 51

n

ai j @ f j„xj* 1yj~ t !…2 f j~xj* !#

1(
j 51

n

bi j $ f j„s j@xj* 1yj~ t2t i j !#…2 f j~s j xj* !%.

~4!
at-

.

Clearly, (0,0, . . . ,0)T is an equilibrium of Eq.~4!. There-
fore, to prove the global exponential stability of the DCN
model ~3!, it is sufficient to prove the global exponentia
stability of Eq.~4!.

From hypothesis~H3!, we know that there exists a pos
tive constantl,ci such that

ci2l.
1

a (
j 51

n S uai j u(
k51

m

pkm j
aak j /pk

1ubi j uus j uelt i j (
k51

m

pkm j
abk j /pkD

1
1

adi
(
j 51

n

~ uaji udjm i
aam11,i

1ubji uus i uelt j i djm i
abm11,i !, i 51,2, . . . ,n.

Let

zi~ t !5yi~ t !elt ~ i 51,2, . . . ,n!.

Substituting them into Eq.~4! and simplifying, we get

zi8~ t !5~l2ci !zi~ t !1eltH (
j 51

n

ai j @ f j„xj* 1e2ltzj~ t !…

2 f j~xj* !#1(
j 51

n

bi j $ f j„s j@xj* 1e2l(t2t i j )zj~ t2t i j !#…

2 f j~s j xj* !%J . ~5!

Consider the following Lyapunov functional defined by

V~ t !5
1

a (
i 51

n

diF uzi~ t !ua1(
j 51

n

ubi j uus j uelt i j m j
abm11,j

3E
t2t i j

t

uzj~s!uadsG . ~6!

Calculating the upper right derivativeD1V of V along the
solutions of Eq.~5!, we get
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D1V5(
i 51

n

di H uzi~ t !ua21D1uzi~ t !u1
1

a (
j 51

n

ubi j uus j uelt i j m j
abm11,j@ uzj~ t !ua2uzj~ t2t i j !ua#J

<(
i 51

n

di H ~l2ci !uzi~ t !ua1eltuzi~ t !ua21F (
j 51

n

uai j uu f j„xj* 1e2ltzj~ t !…2 f j~xj* !u

1(
j 51

n

ubi j uu f j„s j@xj* 1e2l(t2t i j )zj~ t2t i j !#…2 f j~s j xj* !uG1
1

a (
j 51

n

ubi j uus j uelt i j m j
abm11,j@ uzj~ t !ua2uzj~ t2t i j !ua#J

<(
i 51

n

di H ~l2ci !uzi~ t !ua1F (
j 51

n

uai j uuzi~ t !ua21m j uzj~ t !u1(
j 51

n

ubi j uus j uelt i j m j uzi~ t !ua21uzj~ t2t i j !uG
1

1

a (
j 51

n

ubi j uus j uelt i j m j
abm11,j@ uzj~ t !ua2uzj~ t2t i j !ua#J

5(
i 51

n

di H ~l2ci !uzi~ t !ua1F (
j 51

n

uai j uum j
am11,jzj~ t !u)

k51

m

um j
ak j /pkzi~ t !upk

1(
j 51

n

ubi j uus j uelt i j um j
bm11,jzj~ t2t i j !u)

k51

m

um j
bk j /pkzi~ t !upkG1

1

a (
j 51

n

ubi j uus j uelt i j m j
abm11,j@ uzj~ t !ua2uzj~ t2t i j !ua#J .

By Lemma 2, we get

D1V<(
i 51

n

di H ~l2ci !uzi~ t !ua1F (
j 51

n

uai j uS 1

a (
k51

m

pkm j
aak j /pkuzi~ t !ua1

1

a
m j

aam11,j uzj~ t !uaD
1(

j 51

n

ubi j uus j uelt i j S 1

a (
k51

m

pkm j
abk j /pkuzi~ t !ua1

1

a
m j

abm11,j uzj~ t2t i j !uaD G
1

1

a (
j 51

n

ubi j uus j uelt i j m j
abm11,j@ uzj~ t !ua2uzj~ t2t i j !ua#J

<(
i 51

n

di H l2ci1
1

a (
j 51

n S uai j u(
k51

m

pkm j
aak j /pk1ubi j uus j uelt i j (

k51

m

pkm j
abk j /pkD

1
1

adi
(
j 51

n

~ uaji udjm i
aam11,i1ubji uus i uelt j i djm i

abm11,i !J uzi~ t !ua

<0.

Thus, we have

V~ t !<V~0!, t>0.

Therefore, we get

(
i 51

n

di uzi~ t !ua<(
i 51

n

diF uzi~0!ua1(
j 51

n

ubi j uus j uelt i j m j
abm11,jE

2t i j

0

uzj~s!uadsG
<(

i 51

n

diF uf i~0!2xi* ua1(
j 51

n

ubi j uus j uelt i j m j
abm11,jt i j sup

2t i j <s<0
uf j~s!2xj* uaG

<F(
i 51

n

di1(
i 51

n

(
j 51

n

di ubi j uus j uelt i j m j
abm11,jt i j Gfa,
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wheref5max2t<s<0 max1<i<nufi(s)2xi* u.
Hence, we have

uyi~ t !u<F 1

di
S (

i 51

n

di1(
i 51

n

(
j 51

n

di ubi j uus j u

3elt i j m j
abm11,jt i j D G1/a

fe2lt,

t>0, i 51,2, . . . ,n.

This implies that the equilibriumx* of the DCNN model~3!
is globally exponentially stable.

Corollary 1. Suppose that the output of the cell functio
f i ( i 51,2, . . . ,n) satisfies the hypotheses~H1! and ~H2!
above. Assume, furthermore, that the system parameters
isfy one of the following conditions:

~ I! ci.
m i

di
(
j 51

n

~ uaji udj1ubji uus i udj !, i 51,2, . . . ,n;

~ II ! ci.(
j 51

n

~ uai j um j1ubi j uus j um j !, i 51,2, . . . ,n;

~ III ! 2ci.(
j 51

n

~ uai j um j

2a j* 1ubi j uus j um j
2a j !1(

j 51

n

~ uaji um i

2b i*

1ubji uus i um i
2b i !,

where a i ,b i ,a i* ,b i* are constants, anda i1b i51, a i*
1b i* 51, i 51,2, . . . ,n;

~ IV ! 3ci.(
j 51

n

~ uai j um j

3a j* 1uai j um j

3b j* 1ubi j uus j um j
3a j

1ubi j uus j um j
3b j !1(

j 51

n

~ uaji um i

3g i*

1ubji uus i um i
3g i !,

wherea i ,b i ,g i ,a i* ,b i* ,g i* are constants, anda i1b i1g i

51, a i* 1b i* 1g i* 51, i 51,2, . . . ,n.
Then the equilibriumx* of DCNN model~3! is globally

exponentially stable.
Proof. Assume condition~I! holds; then there exists

numbera.1 such that

ci.
a21

a (
j 51

n

~ uai j u1ubi j uus j u!1
1

adi
(
j 51

n

~ uaji udjm i
a

1ubji uus i udjm i
a!, i 51,2, . . . ,n;

which is the special case of hypothesis~H3! as a i j 5b i j
50 (i 51,2, . . . ,m), am11,j5bm11,j51, j 51,2, . . . ,n.

Assume condition~II ! holds; then there exists a numb
a.1 such that
at-

ci.
a21

a (
j 51

n

~ uai j um j
a/~a21!1ubi j uus j um j

a/~a21!!

1
1

adi
(
j 51

n

~ uaji udj1ubji uus i udj !, i 51,2, . . . ,n;

which is the special case of hypothesis~H3! as m51, a1 j
5b1 j51, a2 j5b2 j50, j 51,2, . . . ,n.

Condition ~III ! is the special case of hypothesis~H3! as
m51, a52, di51 (i 51,2, . . . ,n).

Condition ~IV ! is the special case of hypothesis~H3! as
m52, a53, p15p251, di51 (i 51,2, . . . ,n).

Remark 2.
~1! Corollary ~I! extends and improves Proposition 1

Ref. @1#, Conclusion~i! of Theorem in Ref.@2#, Conclusion
~I! of Theorem 1 in Ref.@3#; and extends Theorem 1 in Re
@8#.

~2! Corollary~II ! extends and improves Theorem 1 in Re
@5#.

~3! Corollary~II ! extends Theorem 1 in Ref.@4#, Theorem
1 in Ref. @6#.

~4! Corollary ~III ! extends and improves Conclusion
~ii !–~v! of Theorem in Ref.@2#, Theorem 2 in Ref.@6#, Con-
clusions~II !–~IV ! of Theorem 1 in Ref.@3#, Theorem 1 in
Ref. @7#.

~5! Corollary ~IV ! extends and improves Theorem 2
Ref. @7#.

III. EXISTENCE OF PERIODIC SOLUTIONS

In this section, we study the periodic solutions of t
DCNN of the type

xi8~ t !52cixi~ t !1(
j 51

n

ai j f j„xj~ t !…1(
j 51

n

bi j f j„s j xj~ t2t i j !…

1I i~ t !, ci.0, i 51,2, . . . ,n; ~7!

in which I i :R1→R, i 51,2, . . . ,n are continuously peri-
odic functions with periodv, i.e., I i(t1v)5I i(t). Other
symbols possess the same meaning as that Eq.~1!.

Theorem 2.Suppose that the output of the cell functionf i
( i 51,2, . . . ,n) satisfies the hypotheses~H1! and ~H2!
above. Assume, furthermore, that the system parameters
isfy the condition~H3!, as given earlier. Then there exis
exactly onev2 periodic solution of Eq.~7! and all other
solutions of Eq.~7! converge exponentially to it ast→
1`.

Proof. Let C5C(@2t,0#,Rn) are the Banach space o
continuous functions which map@2t,0# into Rn with the
topology of uniform convergence. For anyfPC,
we define ifi5sup2t<u<0uf(u)u, in which uf(u)u
5max1<i<nufi(u)u.

For ; f,cPC, we denote the solutions of Eq.~7!
through (0,f) and (0,c) as

x~ t,f!5„x1~ t,f!,x2~ t,f!, . . . ,xn~ t,f!…T,

x~ t,c!5„x1~ t,c!,x2~ t,c!, . . . ,xn~ t,c!…T,

respectively.
Define

xt~f!5x~ t1u,f!, uP@2t,0#, t>0,
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Thenxt(f)PC for ; t>0.
Thus, we follow from system~7! that

@xi~ t,f!2xi~ t,c!#852ci@xi~ t,f!2xi~ t,c!#

1(
j 51

n

ai j @ f j„xj~ t,f!…2 f j„xj~ t,c!…#

1(
j 51

n

bi j @ f j„s j xj~ t2t i j ,f!…

2 f j„s j xj~ t2t i j ,c!…# ~8!

for t>0, i 51,2, . . . ,n.
Let

zi~ t !5@xi~ t,f!2xi~ t,c!#elt ~ i 51,2, . . . ,n!,
wherel,Ci , as given earlier.

Substituting them into Eq.~8! and simplifying, we get

zi8~ t !5~l2ci !zi~ t !1eltH (
j 51

n

ai j @ f j„xj~ t,c!1e2ltzj~ t !…

2 f j„xj~ t,c!…#1(
j 51

n

bi j $ f j„s j@xj~ t2t i j ,c!

1e2l(t2t i j )zj~ t2t i j !#…2 f j„s j xj~ t2t i j ,c!…%J .

Consider the Lyapunov functionalV(t), as given earlier.
By a minor modification of the proof of Theorem 1, on

can easily get

uxi~ t,f!2xi~ t,c!u<Ke2ltif2ci ,

whereK.1 is a constant.
The rest of the proof is similar to that of Theorem 4 in@8#.

We omit it here to avoid repetition.
Remark 3.Theorem 4 in Ref.@8# is an immediate conse

quence of Theorem 2 above.

IV. EXAMPLES

Example 1.Consider the following neural networks wit
delays

x18~ t !52c1x1~ t !1a11f „x1~ t !…1a12f „x2~ t !…

1b11f „s1x1~ t2t1!…1b12f „s2x2~ t2t2!…1I 1 ,
~9!

x28~ t !52c2x2~ t !1a21f „x1~ t !…1a22f „x2~ t !…

1b21f „s1x1~ t2t1!…1b22f „s2x2~ t2t2!…1I 2 ,

where the relation between the output of the cell and the s
of the cell is described by a piecewise-linear functionf i(x)
[ f (x)5 1

2 (ux11u2ux21u), t i>0, i 51,2. It is easy to see
that the functionf i clearly satisfies the hypotheses~H1! and
~H2! above, andm15m251. Hence, the condition~H3! in
Theorem 1 can be reduced to
te

c1.
a21

a
~ ua11u1ua12u1ub11uus1u1ub12uus2u!

1
1

ad1
~ ua11ud11ua21ud21ub11uus1ud11ub21uus1ud2!,

~10!

c2.
a21

a
~ ua21u1ua22u1ub21uus1u1ub22uus2u!

1
1

ad2
~ ua12ud11ua22ud21ub12uus2ud11ub22uus2ud2!.

Consider the special case of the model~9! as

c150.6, c250.7, a1150.1, a1250.1,

a2150.2, a2250.1,

b1150.2, b1250.5, b2150.4, b2250.5,

s150.5, s250.4,

I 150.1, I 250, t150.2, t250.3.

In this case, Eq.~10! can be reduced to

~0.1a10.3!d1.0.4d2 , 0.4d2.0.3d1 .

Therefore, if we takea52, d15d251, then Eq.~10! holds.
Thus by Theorem 1, the equilibrium of the model~9! is
globally exponentially stable. It is easy to verify that~1,1! is
an equilibrium of the model~9!.

Example 2.Consider the following neural networks wit
delays

x18~ t !52c1x1~ t !1a11f „x1~ t !…1a12f „x2~ t !…

1b11f „s1x1~ t2t1!…1b12f „s2x2~ t2t2!…1I 1~ t !,
~11!

x28~ t !52c2x2~ t !1a21f „x1~ t !…1a22f „x2~ t !…

1b21f „s1x1~ t2t1!…1b22f „s2x2~ t2t2!…1I 2~ t !,

where the relation between the output of the cell and the s
of the cell is described byf i(x)[ f (x)5tanh(x), ti>0, i
51,2. It is easy to see that the functionf i clearly satisfies the
hypotheses~H1! and ~H2! above, andm15m251. Hence,
the condition~H3! in Theorem 2 can be reduced to Eq.~10!.

Consider the special case of the model~11! as

c151, c250.9, a1150.1, a1250.2,

a2150.1, a2250.1,

b1150.4, b1250.5, b2150.6, b2250.5,

s150.5, s250.8, t150.3, t250.4,

I 15cost1sint20.1 tanh~sint !20.2 tanh~cost !

20.4 tanh@0.5 sin~ t2t1!#20.5 tanh@0.8 cos~ t2t2!#,
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I 250.9 cost2sint20.1 tanh~sint !20.1 tanh~cost !

20.6 tanh@0.5 sin~ t2t1!#20.5 tanh@0.8 cos~ t2t2!#.

In this case, Eq.~10! can be reduced to

~0.1a10.6!d1.0.4d2 , 0.4d2.0.6d1 .

Therefore, if we takea53, d151, d252, then Eq.~10!
holds. Thus by Theorem 2, the model~11! has a unique
2p-periodic solution, and all other solutions of the mod
~11! converge exponentially to it ast→1`. It is easy to
verify that (sint,cost) is the 2p-periodic solution of the
model ~11!.
l

l

V. CONCLUSION

All of the obtained criteria are independent of delay
Since the conditions of Theorems 1 and 2 include some
justable parameters, the results have a wider adaptive ra
Specially, the conditions of Corollary 1 are easily verifie
These factors play an important role in the design of unc
ditioned globally exponentially stable DCNN’s and period
oscillatory DCNN’s.
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