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Interpretation of static and dynamic neutron and light scattering
from microemulsion droplets: Effects of shape fluctuations

V. Lisy and B. Brutovsky
Department of Biophysics, P. J. Safarik University, Jesenna 5, 041 54 Kosice, Slovakia

~Received 20 September 1999!

The theory of static and dynamic scattering of neutrons and light on microemulsion droplets is developed.
The droplets are modeled by double-layered fluid spheres immersed in another fluid. The surface layer of
arbitrary thickness thermally fluctuates in the shape. The scattering functions are consistently calculated up to
the second order of the fluctuations. The bulk fluids and the layer are characterized by different scattering
length densities~or dielectric constants!. Involving the Helfrich’s concept of interfacial elasticity, the theory is
applied for the description of small-angle neutron scattering~SANS!, neutron spin echo~NSE!, and dynamic
light scattering~DLS! experiments on dilute microemulsions. From the fits to the experimental data the
bending elasticity and the Gaussian modulus are extracted. Due to the corrected account for the fluctuations,
their values differ markedly from those obtained in the original works. The theory well describes the SANS
experiments. In the case of DLS, we had to assume the shell of the solvent molecules to be built of several
layers. Previous theories were in a sharp disagreement with the NSE experiments. A better agreement with
these experiments is obtained if the dissipation in the surface layer is included into the consideration. From the
experiments, the viscosity of the layer is estimated for a concrete microemulsion system.

PACS number~s!: 68.10.2m, 68.35.Ja, 78.35.1c, 78.70.Nx
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I. INTRODUCTION

Microemulsions, thermodynamically stable dispersions
oil and water, are intensively studied in recent years beca
of their interesting physical properties and great practical
portance@1#. A homogeneous mixture of the two in princip
immiscible liquids is achieved by the stabilizing effect
some surfactants or a surfactant and a cosurfactant. In dro
microemulsions, the surface-active molecules are sprea
the oil-water interface and form a dense monolayer. T
characteristics of the layer determine to a large degree
properties of the microemulsion. Within the widely us
Helfrich’s model of interfacial elasticity@2#, the interface is
characterized by a few parameters: the bending and sa
splay modulik and k̄, the spontaneous curvatureCs , the
surface tension coefficienta, and the equilibrium radius o
the droplet,R0 . The determination of these constants h
been attempted by several macroscopic and microsc
methods~see, e.g., Refs.@3–6# and citations therein!. How-
ever, different experimental methods yield very different p
rameters of the surface film. So, the neutron scattering a
ciated with spin echoes~NSE! @6# gives significantly larger
values ofk than indirect macroscopical or optical techniqu
@7# or a combination of dynamic light scattering~DLS! and
NSE @5,8#. The difference between the hydrodynamic rad
of the droplets determined from DLS and the mean rad
found from NSE and small-angle neutron scattering~SANS!
is surprisingly large that can be only attributed to the pr
ence of several hydration layers@5,8#. There are also diffi-
culties with the fit of the intermediate scattering function
the NSE experimental data@6# and the height of the observe
peak in theQ ~wave-vector transfer! dependence of the ef
fective diffusion coefficientDeff of the microemulsion drop-
lets @5,6,9,10# is in a sharp disagreement@11# with the exist-
ing theory @12#. For other problems we refer to our rece
studies@13–16#.
PRE 611063-651X/2000/61~4!/4045~9!/$15.00
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To our opinion, the above problems are partially due
the fact that the thermal fluctuations of the droplets in mic
emulsions are not appropriately taken into account in
interpretation of the experiments. It is known that because
the low interfacial tension of the surface film~typically be-
low 1022 mN/m! the droplet shape easily fluctuates at roo
temperatures. The effect of the fluctuations on the measu
scattering functions in the static and dynamic experime
depends mainly on the values of the bending rigidity co
stants. Often the reported values ofk are of the order ofkBT
or even smaller@4# when the effect is essential@11#. How-
ever, in the interpretations of the SANS spectra the fluct
tions are not taken into account@5,8#. The intermediate scat
tering function ~calculated up to the second order of th
small fluctuations@5,6,8,9–12#! used to describe the NSE
experiments should be corrected as shown below; in the
place it does not contain all the necessary contributi
within the approximation. While the neutron scattering e
periments are carried out at conditions of the shell contr
the light scattering on the same systems should be descr
taking into account the difference between the dielectric c
stants of the three microemulsion components, which is
the case@5,8#. Finally, we have already discussed@13,14,16#
that the decay rates of the droplet fluctuations used to
scribe the NSE data~e.g., Refs.@5# and@8#! correspond to the
case of highly compressible surface layer while it is gen
ally accepted that the layer is almost incompressible@4,12#
~the use of corrected frequencies of the droplet vibratio
allowed us recently@14,15# to obtain a very good agreemen
with the diffusing-wave spectroscopy experiments on em
sions @17#!. Owing to the discussed problems, we sugg
that the characteristics of the surfactant film of microem
sion droplets have not been reliably extracted from the s
tering experiments so far.

In this paper, we calculate the intermediate scatter
function F(Q,t) of microemulsion droplets that consistent
4045 © 2000 The American Physical Society
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4046 PRE 61V. LISY AND B. BRUTOVSKY
takes into account the droplet fluctuations in the shape. T
function is appropriate to describe the static and dyna
scattering of neutrons and light from dilute microemulsi
and emulsion dispersions. We take into account the dif
ence in the scattering length densities~dielectric constants!.
The droplet is modeled by a double layered sphere with
bitrary thickness of the layer,d. The layer fluctuates in
shape; we account for all the contributions toF(Q,t) up to
the second order of the~presumably small! fluctuations of
the droplet radius. The theory is applied to the description
SANS, NSE, and DLS experiments on some concrete mi
emulsions. To do this, we use the Helfrich’s theory for flu
tuating curved interfaces. From the fits to the experimen
data the basic parameters of the systems are extracte
some cases their values differ markedly from those obtai
in the original works. The theory well reproduces the cor
sponding SANS experiments. To describe the DLS, we
to assume the shell of the solvent molecules to be buil
several layers. Previous theories were in a sharp disag
ment with the NSE experiments. To obtain an agreem
with these experiments, we included into the considera
the viscosity of the surface layer. Its estimation for t
octane–C10E5— water microemulsion system@8# is given.
An alternative approach to explain the difference betwe
the radii of the droplets as obtained from the neutron sca
ing and DLS@5,8# is discussed.

II. SCATTERING FUNCTIONS

For homogeneous systems, in the long-wavelength
proximation, the inelastic scattering of neutrons is det
mined by the temporal evolution of the scattering length d
sity r(r ,t) ~Ref. @18#! ~as far as the scattering of light i
considered,r(r ,t) has to be simply replaced by«(r ,t), «
being the dielectric constant@19,20#!. Neglecting multiple
effects, the scattering from a single particle is essential
our case, the particle that models the microemulsion dro
is a double-layered sphere immersed in a fluid. Let the s
tering length density isr1 in the droplet interior,r2 in its
exterior, and the surface shell is characterized by the cons
r0 . The deviation from the mean (R0) of the inner (R1
5R02d/2) and outer (R25R01d/2) radii of the nonde-
formed shell is described by the quantityu5R(t)2R0 . As
distinct from the previous theories of the dynamic scatter
from fluctuating liquid drops@5,6,10–17,21#, the thicknessd
of the layer is not assumed to be small. The scattering len
density of such a system is

r~r ,t !5r1Q~R11u2r !1r2Q~r 2R22u!1r0

3$Q~r 2R12u!1Q~R22r 1u!21%. ~1!

Here,Q is the Heaviside function. To the second order in t
small quantityu one has

r~r ,t !'r~r !1u@~r12r0!d~r 2R1!1~r02r2!d~r 2R2!#

2~u2/2!@~r12r0!d8~r 2R1!1~r02r2!d8~r

2R2!#, ~2!
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whered andd8 are the delta function and its derivative wit
respect to the argument. The first term in Eq.~2! corresponds
to the density in a nonfluctuating system. Its space Fou
transform (QÞ0)

r~Q!5E eiQrr~r !dr

54pH ~r12r0!R1
3 j 1~x1!

x1
1~r02r2!R2

3 j 1~x2!

x2
J ,

~3!

@x1,25QR1,2 and j 1(x) is the spherical Bessel function o
order 1~Ref. @22#!# determines the well-known form facto
of the static scattering,P(Q)5r2(Q) ~Ref. @23#! that is used
in the conventional description of SANS experiments on m
croemulsions, e.g., Refs.@5#, @8#, @21#, and @24–27#. The
quasielastic scattering of neutrons, in the classical limit wh
both the energy and momentum transfers are small, in B
approximation, is described by the Van Hove scatter
function for coherent scattering~intermediate scattering
function! F(Q,t)5^r(Q,t)r* (Q,0)& ~Ref. @18#!. To calcu-
late this correlator for our fluctuating droplet, we express
quantityu as an expansion in spherical harmonicsYJm(q,w)
~Refs.@12# and @22#!.

u~q,w,t !5R0(
l ,m

ulm~ t !Ylm~q,w!, ~4!

wherem52 l , 2 l 11,..., l, and l 50,1,2,..., is smaller than
somel max;R0 /a, a being a typical molecular diameter. Th
fluctuations of the molecules in the layer are neglected,
is, in agreement with the common opinion, the layer is
compressible@12#. The shape fluctuations with differen
numbersl and m are uncorrelated, and̂ulm&50 for l .1
~Refs. @28# and @29#!. With the use of known properties o
the spherical harmonics and Bessel functions@22#, the inter-
mediate scattering function can be written in the followi
form ~valid to the second order in the fluctuations, whenR0
is the equivalent-volume radius!:

F~Q,t !

~4pR0
2dD!2 5F212FF0

^u00&

A4p
1(

l .1

2l 11

4p

3$FC^ul0
2 &1F l

2^ul0~0!ul0~ t !&%. ~5!

Here,D5(r11r2)/22r0 characterizes the contrast betwe
the scattering length densities of the bulk fluids and the sh
and

F~Q!5
r~Q!

4pR0
2dD

,

F l~Q!5
1

R0dD
@~r12r0!R1

2 j l~x1!1~r02r2!R2
2 j l~x2!#,
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PRE 61 4047INTERPRETATION OF STATIC AND DYNAMIC . . .
C~Q!5
1

dD
@~r12r0!R1w~x1!1~r02r2!R2w~x2!#,

w~x!52 j 0~x!2x j1~x!. ~6!

The l 51 mode was automatically excluded during the c
culations that coincides with the fact~known for droplets
with thin adsorbed layers! that this mode corresponds to th
translational motion of the droplet@12#. For l 51 there is no
motion in the layer and the droplet moves like a hard sph
@13,30#. The calculations were carried out in the coordina
system connected with the droplet; the effect of translatio
motion is incorporated into Eq.~5! by assumption that the
translational and other degrees of freedom are statistic
independent. Then, the right-hand side of Eq.~5! must be
multiplied by the factor exp(2Q2Dt), whereD is the self-
diffusion coefficient of the droplet~the same as for a har
sphere with the hydrodynamic radiusRH that is in general
larger than the outer radius of the droplet due to the she
solvent molecules moving together with the droplet!.

Equation~5! is the basic result of the paper. Due to t
account for all second-order corrections in the fluctuat
density expansion~2! it significantly differs from analogous
expressions for the functionF(Q,t) or the form factor
P(Q)5F(Q,0) that can be found in the cited literature so w
shall discuss it in more details. The first term in Eq.~5!
exactly corresponds to the scattering on the undisto
double-layered sphere@23#. The second term reflects a co
tribution from thel 50 mode. This contribution did not ap
pear in previous works. However, for incompressible b
fluids, using the constraint on the droplet volume,^u00&Þ0,
namely@12#,

^u00&52
1

A4p
(
l .1

~2l 11!^ul0
2 &, ~7!

that should be inserted in Eq.~5!. The third ~time-
independent! term in Eq. ~5! does not appear in Ref.@12#
where the intermediate scattering function for droplet mic
emulsions was calculated for the first time; it also absent
the interpretation of experimental data@5,8,9#. The expres-
sions for this term that can be found in Refs.@6# and @10#
were later corrected@21#, however, thel 50 contribution is
missing in that work. All the above works assume the perf
shell contrast when the scattering length densities of the d
terated bulk fluidsr1'r2 significantly differ from the den-
sity of the hydrogenated layer. The scattering function w
obtained for the thickness of the layer,d, negligible in com-
parison with the droplet radius. In such an approximat
F(Q,t) does not contain terms;(r12r2) and is thus inap-
propriate for the description of the scattering in conditio
far from the shell contrast. In the limitd→0, F(Q,t) disap-
pears so it cannot describe the scattering from vesicle
emulsion droplets. As to the last term in Eq.~5!, it agrees
with the corresponding expressions from the literature
small d/R0 and r15r2 . Taking into account Eq.~7!, the
scattering function is
-
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F~Q,t !5~4pR0
2dD!2e2Q2DtH F21(

l .1

2l 11

4p

3@F~C22F0!^ul0
2 &1F l

2^ul0~0!ul0~ t !&#J .

~8!

Whend is small@the density~2! is expanded to the first orde
in d/R0#, instead of Eq.~6! one has

F~Q!5l~R0!
j 1~x!

x
2 j 0~x!,

F l~Q!5x j l 11~x!2@ l 122l~R0!# j l~x!, ~9!

C~Q!5x j1~x!@22l~R0!#1 j 0~x!@2l~R0!221x2#,

x5QR0 , l~R0!5
R0

d

r12r2

D
.

Contrary to the previous works wherel50, Eqs.~5! and~8!
contain thed→0 limit,

F~Q,t !'@4pR0
3~r12r2!#2e2Q2DtH j 1

2~x!

x2 1(
l .1

2l 11

4p

3@ j l
2~x!^ul0~0!ul0~ t !&2 j 1

2~x!^ul0
2 &#J , ~10!

applicable for emulsion@17# or vesicle@31# droplets, or cells
@32#; in all these systems the thickness of the surface m
brane is negligible compared with the radiusR0 .

The above equations must be completed by the exp
sions for the correlators of the fluctuations of the drop
radius. Available equations assume isothermal fluctuatio
small thicknesses of the surface layer, and the conserva
of the droplet volume as well as the total number of t
molecules in the shell. Under these conditions we ha
@29,33#

^ul0~ t !ul0~0!&'
kBT

a lR0
2~ l 12!~ l 21!

exp~2v l t !,

~11!

a l5a22kCsR0
211k l ~ l 11!R0

21.

Here,a5s1Cs
2k/2 ~s is the microscopic interfacial tensio

@34#!. The decay ratesv l for compressible surface layer
have been studied in detail in our previous papers@13,16#.
The relaxation modes in the limit of incompressible laye
were described by the formula~see also Ref.@35#!
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v l'
a1

R0
F 2l 13

l ~ l 12!
h11

2l 21

~ l 21!~ l 11!
h2G21

, ~12!

with h1 and h2 being the viscosity coefficients of the flui
inside and outside the droplet, respectively.

Finally, the experimental samples always contain drop
with different radii. For the self-consistence of the consid
ation, instead of the often used Schulz distribution@21# we
prefer to employ the distributionf (R0) of the droplets in
radii as it follows from the theory of the droplet formatio
Within the phenomenological approach,f (R0) found
through the free energy of a spherical microemulsion dro
@34# is

f ~R0!}expF2
1

2« S 12
R0

Rm
D 2G

5expF2
4p

kBT
~a2RmDp!~R02Rm!2G , ~13!

whereRm is the mean radius of the droplets andDp is the
pressure difference~pressure inside the droplet minus ou
side!. The generalized Laplace condition@34# RmDp52a
24k/RsRm ~Rs52/Cs is the spontaneous radius of curv
ture! relates the polydispersity to the characteristics of
layer,

«5
kBT

8pRm
2 ~4k/RsRm2a!

, «2F5
kBT

8p~2k1k̄ !
, ~14!

with the second equation written for the case of the so-ca
two-phase coexistence@4,34# when a5(2k1k̄)/Rm

2

52k/RsRm . For small« the distribution~13! has a sharp
maximum around Rm , ^R0&'Rm , and ^(R02Rm)2&
'«Rm

2 , neglecting exponentially small terms;exp(21/2«!.
The above formulas can be applied to noninteract

droplets in an infinitely diluted dispersion. For dense mic
emulsions the scattering function should take into acco
the interaction between the droplets. Also the expressions
the quantitieŝul0

2 &, the polydispersity and decay rates of t
fluctuations should be changed due to the interaction
dispersion of the globules in the continuous phase@4,5,8,21#.
This question will be considered below in Sec. III.

The shape fluctuations can have a significant effects
the scattering functions. It can be shown by the followi
consideration of the form factorP(Q)5F(Q,0) from Eqs.
~5!–~9!. If the fluctuations were negligible, the minimum o
P(Q) would correspond to the first zero of the functio
F(x), i.e.,x0'p2l/p in conditions close to the shell con
trast. Since thel 52 mode of the fluctuations is dominan
P(Q) for a droplet with the mean radiusRm can be approxi-
mated byP(Q);F2(x)1x@F(x)C(x)1F2

2(x)#, wherex
55/@96pk/kBT22/«#. For very smallx, P(Q) is deter-
mined mainly by the functionj 0

2(x), its minima are close to
x'p, 2p, ..., and a local maximum is atx'4.5 @the root of
j 1(x)#. With growing x the fluctuation terms change th
character ofP(Q): the second minimum disappears a
turns into a maximum. A new minimum arises between t
ts
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maximum and the former maximum atx'4.5. This takes
place forx'0.025. With a further growth ofx the location
of this new minimum moves towardsx'4.5, its depth be-
comes larger, and the height of the original maximum in t
region decreases together with the depth of the minimum
x'p. Finally ~at x'0.035!, the original minimum~at x
'p! and maximum~at x'4.5! both disappear and the ne
minimum is shifted tox'4.5. For very large fluctuations
(x'0.05), the approximation no longer holds sinceP(Q)
takes unphysical negative values near its minimum@they ap-
pear because third and higher order terms inu were ne-
glected obtaining Eqs.~5! and~8!#. Unphysical values of the
form factor from Eqs.~8! and ~9! appear also for largex
@1 well out of the range of experimental values ofQ; this is
a property of the approximationd/R0!1 @Eqs.~5!–~7! pos-
sess the correct limitP→0 asx→`#.

In Fig. 1, the normalized from factor from Eqs.~5!–~7! is
shown for the octane-d18-surfactant (Cl0E5)-water micro-
emulsion system@8#. The scattering length densities of th
deuterated bulk fluids are close@21#, r156.3531010 and
r256.3631010cm22, and the surfactant is characterized
the densityr051.653109 cm22 @36#. The system was in
conditions of the two-phase coexistence. The thickness of
surface layer isd54.3(2p)1/2Å @8,37#, and the mean radius
Rm548 Å and the polydispersity«'0.04 were determined
in the SANS study@8# using the polydisperse shell mod
without fluctuations. Figure 1 shows the form factor for t
bending elasticitiesk53kBT ~x'0.006, small fluctuations!
and k50.92kBT ~when x'0.025 and the fluctuations ar
relatively large! found in Ref.@8# by a combination of SANS
and NSE. In the calculations we account for the modes u
l max520. The behavior of the form factor withk is in agree-
ment with the above qualitative discussion. For real polyd

FIG. 1. The normalized formfactorF(Q,0) calculated from Eqs.
~8!, ~13!, and~19! for the bending rigidity valuesk50.92~full line!
and k53.0 kBT ~dashed line!. The octane-d18-surfactant
(C10E5)-water microemulsion~Ref. @8#! in conditions of two-phase
coexistence at the temperatureT5305.2 K is characterized by the
parameters r156.3531010, r256.3631010 and r051.65
3109 cm22, «50.04, d510.8 Å, andRm548 Å. For illustration
~points! the formfactor corresponding to the scattering of light
shown. In this case the dielectric constants are«151.946, «2

51.769, and«052.106.
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perse systems the form factor~5! has to be averaged over th
droplet radii. This leads, in particular, to a shift of th
minima in P(Q) to smaller wave vectors: a minimum lo
cated at someQ0 will be in ^P(Q)& shifted toQmin'Q0 /(1
1«). Depending on the value of«, the average somewha
smooths out the details of theQ dependence of the form
factor; for example, having originally the two above di
cussed minima inP(Q), we can have in̂P(Q)& one broader
minimum located between the positions of the origin
minima. This consideration indicates that the account for
fluctuations can be important for the determination of
parameters of microemulsion systems from SANS. Part
larly, in our example the position of the minimum~observed
in the experiment@8# at Q'0.06 Å21! does not satisfy the
condition x'p as assumed in Ref.@8#: if k50.92kBT, the
mean radius should be notably larger. For illustration,
show also on Fig. 1 the form factor calculated for the para
eters corresponding to the scattering of light. The dielec
constants for the system studied in Ref.@8# are approxi-
mately«151.946,«251.769, and«052.106@38#, the rest of
the parameters are the same as above. Now the scatt
conditions are far from the shell contrast that can be cha
terized by the parameterl from Eq. ~9!: herel(Rm)'22
while for the neutron scattering it was approximate
20.015. It is seen that the changes of the form factor
significant so that a correct analysis of the DLS data can
be done without the account for the difference in dielec
constants of the three microemulsion components.

III. QUANTITATIVE DESCRIPTION OF THE
SCATTERING EXPERIMENTS

In the strict sense the theory developed in the preced
section is restricted to small thicknessesd of the surface
layer. This restriction is due to the Helfrich’s model of inte
facial elasticity that is valid to the second order ind ~relative
to the principal radii of curvature of the droplet! @2,4#, and to
the approximations used in obtaining the correlators^uu& and
decay rates of the shape fluctuations@13,29,35#. However,
we shall proceed with Eqs.~5!–~7! obtained with no explicit
limitation on d except the natural inequality for a doubl
layered sphere,d,2R0 . The reason for this is to use th
form factor that in the absence of fluctuations exactly cor
sponds to the form factor@23# used in the analysis of SANS
@5,8,24–27#. Comparing our results with the previous ana
ses we thus have a better possibility to see how the fluc
tions influence the values of the microemulsion parame
extracted from the experiments.

A. Small-angle neutron scattering

Using Eq.~5!, the SANS intensity is calculated accordin
to the formula@5,8,21,27#

I ~Q!5N^F~Q,0!S~Q!&. ~15!

Here, the average is over the droplet distribution in radii,N is
the number density of the scattering droplets, andS(Q) is an
interference function~the static structure factor! describing
the interactions between the droplets. For dilute nonionic
croemulsions a hard sphere structure factor@39# is usually
l
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employed@21,27#. For largerQ @but smaller than the mini-
mum of I (Q)#, S(Q) approaches unity@8,40#. Since the
value of the droplet radius is fixed by the position of t
minimum of I (Q), S(Q)'1 is a good approximation in the
determination ofRm if the low-Q data are omitted in the
fitting procedure@5,8#. The influence of the entropy of dis
persion can be taken into account as follows. In conditions
the two-phase equilibrium and within the random mixin
approximation@12# the quantitya l in Eq. ~11! becomes

R0
2a l5k~ l 21!~ l 12!2k̄2~kBT/4p!F~F!, ~16!

and the polydispersity from Eq.~14! is now

«2F5
kBT

8p~2k1k̄ !12kBTF~F!
, ~17!

F~F!5 ln F1
12F

F
ln~12F!' ln F21, ~18!

where the approximation is for small volume fractions of t
droplets,F. The last three equations allow us to rewrite t
mean quadrate of the amplitude of fluctuations in the for

^ul0
2 &5H ~ l 21!~ l 12!F k

kBT
l ~ l 11!2

1

8p«G J 21

, ~19!

that is particularly suitable for the fits to experimental da
due to its invariance with respect to the functionF(F).

We used Eqs.~5!–~7!, ~15!, ~17!–~19! in the case of two-
phase coexistence to calculate the SANS intensity as sh
on Fig. 2. The microemulsion parameters are taken from
work @8# @k50.92kBT at T5305.2 K, «50.0356, Rm
548 Å, d510.78 Å @8,37#, fhs50.049 ~the hard-sphere

FIG. 2. The SANS intensity calculated from Eqs.~8!, ~13!, and
~15!, ~17!–~19! with ~the upper full line! and without~dashed line!
the droplet fluctuations in the shape. The experimental points
from the work~Ref. @8#! for the same system and conditions as
Fig. 1. Here,k50.92 kBT, «50.036,d510.8 Å, Rm548 Å, and
the hard-sphere volume fraction of the droplets is 0.049~Ref. @8#!.
The lower line is our fit to the experimental data that yielded
valuesk51.93kBT, «50.046,Rm547.7 Å andd56.4 Å.



th

.

rib
n

fi

s

-

ld

n

e

t
a
lu
t

am
re
th
y
s

s
t
t
io

he

n

e
ts
b

w
uc
by

p-
n
r

ot
d

ri-

nt
s in

uc-

s,
ac-
a-
an
er-

re is
ram-

q.
ble
d

m-
in

is
e it
ro-
ad-

e

-

e-

4050 PRE 61V. LISY AND B. BRUTOVSKY
volume fraction!, and the scattering length densities are
same as in the calculations to Fig. 1#. The intensity is com-
pared with the intensity that does not include fluctuations
is seen that due to the fluctuations the minimum inI (Q) is
shifted to higherQs so that, for given« andd, the used mean
radius ork are smaller than their values needed to desc
the experiment. It is thus seen that if the droplet fluctuatio
are taken into account, the set of the parametersk, «, Rm ,
andd, as they were determined in Ref.@8#, cannot describe
the experiment. Figure 2 shows also the result of our own
of Eq. ~15! to the experimental SANS data@8#. The volume
fraction of the droplets was the same as in Ref.@8# and
following that work the regionQ.0.03 Å21 was considered
to have S(Q)'1. The best fit to the experiment wa
achieved for the valuesk51.93kBT, «50.0463, Rm
547.7 Å, andd56.44 Å. The difference from the param
eters found in Ref.@8# is reflected mainly in the elasticity
coefficients: together with a largerk we have nowk̄'
22.68kBT instead ofk̄'20.38kBT @8#. If the entropy-of-
mixing contributions are not taken into account, the fit yie
uk̄u slightly larger ('23 kBT) while k and « remain un-
changed. One more fit was done for a differe
D22-decane-surfactant (C12E5)2D2O microemulsion sys-
tem at 10 °C @21# described by the parametersr156.54
31010, r256.3631010, and r052.763109 cm22, and the
volume fractionfhs50.0765. Instead of the parameters d
termined in the original work@21#, 2k1k̄53.42kBT, «
50.0127,Rm549.1 Å, andd515.2 Å ~the elasticityk was
not found!, our fit yielded the values 2k1k̄51.97kBT, ~k
54.05 andk̄526.13kBT!, «50.0236,Rm549.1 Å, andd
514.6 Å. The presented values should be considered jus
estimations of the system parameters within the used
proximations. Despite this it allows us to make some conc
sions about the studied systems. In both the examples
best fits to the experiments were obtained for such par
eters when the fluctuations are relatively small. This is
flected by rather large bending elasticities, especially in
second case. In the first example the bending elasticit
smaller but our calculations suggest that it was undere
mated in the original work@8#. The thickness of the layer i
relatively large compared withRm so that a more exac
theory, not limited to small values ofd, is needed. Note tha
on the basis of our qualitative consideration of the behav
of SANS intensity we expected to obtain a good fit to t
experiment for smallerk and largerRm . However, such at-
tempts gave somewhat worse results than those prese
here~see below!.

Despite the approximations used, our calculations giv
good quantitative description of the SANS experimen
Moreover, a decision about the role of the fluctuations can
made that was not possible in previous theories where it
thought that the SANS results are connected with the fl
tuations through the polydispersity formally determined
«5^u00

2 &/4p @21# with ^u00
2 &5kBT/(22R0

2a l 50), wherea l

is from Eq.~11!. However, due to the constraint on the dro
let volume, a very different expression follows for the qua
tity ^u00

2 &. The free energy of the droplet fluctuations in ha
monic approximation @34# is a sum of the terms
kBTuulmu2/2^uulmu2& that does not contain thel 50 mode
contribution. With the use of Eq.~7! ~before averaging!, we
thus obtain
e
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4p^u00
2 &5S (

l .1
~2l 11!^ul0

2 & D 2

12(
l .1

~2l 11!^ul0
2 &2.

~20!

The total polydispersity in a microemulsion sample is n
only due to the droplet distribution in radii; it is also affecte
by the droplet fluctuations in the shape:« tot5^(R
2^R&)2&^R&22, whereR5R01u is the fluctuating radius as
given by Eq.~4! and the average is over the fluctuating va
ablesulm and over the radiiR0 . Since by assumption the
volume of the droplets with the equilibrium radiusR0 does
not change@Eq. ~7!#, and the shape fluctuations of differe
droplets does not influence each other, the average give
the main approximation@21#

« tot'«1S, S5(
l .1

l max 2l 11

4p
^ul0

2 &. ~21!

This equation again illustrates that the role of the shape fl
tuations can be important@for example, for a dilute micro-
emulsion characterized byk'0.5kBT @7# and a typical poly-
dispersity«'0.04 when 2k1k̄'kBT, Eqs. ~18! and ~11!
give « tot'2.75«#. Thus, as opposite to the previous studie
the description of the SANS experiments must take into
count the fluctuations. The inclusion of the droplet fluctu
tions into the consideration allowed us to obtain the me
radius of the droplets, their shell thickness, the polydisp
sity, and the bending elasticity. As a result~since in the case
of two-phase coexistence« is through Eq.~14! or ~17! con-
nected with 2k1k̄!, both the elasticity coefficientsk and k̄
can be found. In the case of one-phase coexistence the
one more parameter to be determined: the set of the pa
eters describing the properties of the droplet isRm ,Cs , k, a,
d, and« is connected with the first three parameters by E
~14!. Due to a large number of the parameters it is desira
to supply the information from SANS with data obtaine
from other sources@3–5,8,27#. Below we consider SANS in
combination with dynamic scattering experiments. A co
bined analysis of the static and dynamic data was done
Ref. @8#.

B. Dynamic light scattering

In general, the interpretation of dynamic experiments
more model dependent than that of the static ones sinc
requires additional knowledge of the dynamics of the mic
emulsion. However, the DLS on microemulsions has an
vantage that the knowledge of the decay ratesv l for indi-
vidual droplets is of less importance. DLS yields th
effective diffusion coefficientDeff of the droplets in the
range of the wave-vector transferQ much smaller than in
SANS ~Deff5G/Q2, whereG is the first cumulant to the scat
tering signal,G52^dF(Q,t)/dt&/^F(Q,0)& at t50; the av-
erage is over the distribution in radii!. In this regionDeff is
practically constant. It is only weakly influenced by the tim
dependent term in Eq.~5! that dissapears whenQ→0 (x
→0); thus DLS is not so sensitive to a model forv l as the
dynamic scattering of neutrons.Deff differs from the mutual
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diffusion coefficient of the droplets~even in the limit Q
→0! or, in the case of their small concentration, from t
self-diffusion coefficientDm5kBT/6ph2RH , where the hy-
drodynamic radiusRH5Rm1d/21d ~d accounts for the
shell of solvent molecules!. This is because the calculation o
Deff must take into account the dielectric constants of
three microemulsion components, as it was done in the
culations of the form factor in Fig. 1. As a result, due to
different functional dependence onR0 of the numerator and
denominator that formDeff , Deff differs after averaging from
Dm . Neglecting this, the Stokes’ formula for the diffusio
coefficient can lead to incorrect values ofRH . In Ref. @8#
where the dependence of the autocorrelation function of
scattering amplitude~it corresponds to the intermediate sca
tering functionF(Q,t) when in Eq.~5! the scattering length
densities are replaced by dielectric constants! was not con-
sidered, a valueDm53.6310211m2/s for the translationa
diffusion coefficient was found. The hydrodynamic radius
81 Å determined from this value was surprisingly larger th
the droplet radiusRm'48 Å obtained by SANS. Similar dif-
ferences were reported for the dodecane-C10E5-water@5# and
decane-C12E5-water microemulsions@40,41#. To explain
such differences between the two radii, in Ref.@8# the pres-
ence of four hydration shells was assumed.

Within our theory a smaller hydrodynamic radius follow
from the simultaneous description of the SANS and D
data @8#. The fit to the experimental SANS intensity wa
carried out as in Sec. III.A, with the additional requireme
to satisfy the value of the effective diffusion coefficient me
sured by DLS,Deff53.8310211m2/s ~with the tolerance
65%!. The optical characteristics of the microemulsion we
the same as in Fig. 1. For the beginning we assumed
monomolecular hydration layer withd52 Å @27#. The fit
yielded the following values of the microemulsion para
eters: k50.50kBT, «50.075, Rm557.4 Å, andd59.6 Å.
One thus findsRH'64.2 Å and Dm54.56310211m2/s.
These results essentially differ from the parameters obta
from the fit to SANS data only as well as from the para
eters found in Ref.@8#. In agreement with our qualitative
consideration of the behavior of the scattering form fact
the bending elasticity is smaller and the radius is larger. T
seemingly resolves the discrepancy between the radii fo
from DLS and SANS in Ref.@8#, however, the quantitative
agreement with the SANS data is now notably worse th
the previous fit to SANS alone, presented in Fig. 2. Since
analysis of the SANS spectra is not influenced by the cha
of this parameter, we used the droplet parameters as fo
from the fit to SANS in the previous section and changed
to obtain the best agreement with the experimentalDeff . This
was achieved ford513421 Å ~the meand517 Å!. In this
case the meanRH'68 Å andDm54.3310211m2/s. Follow-
ing Refs.@5# and @8#, we thus also have to assume that t
hydration shell consists of several layers.

Note that describing the DLS and NSE experiments~see
below!, in Ref. @8# the scattering function was taken in th
form of Eq.~8! but without the first term in the sum and wit
l(R0)50. The used decay rates of the fluctuations cor
sponded to the expression firstly obtained in our work@33#,
and only the model 52 was taken into account. In our ca
culations we considered the modes up tol max520 and use a
more adequate, corresponding to incompressible surface
e
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ers, expression forv l ~12!. The employed viscosities atT
5305.9 K were h150.4675 cP ~n-octane! and h2

50.7632 cP~water! @8#.

C. Neutron spin-echo spectroscopy

The microemulsion dynamics is studied by NSE beg
ning from the works@9,10#. In these experiments the inte
mediate functionF(Q,t) is measured directly. The effectiv
diffusion coefficientDeff determined from this function es
sentially depends onQ: a pronounced peak is observed
Deff nearQRm5p @5,6,8–10#. This peak was attributed to
the shape fluctuations of microemulsion droplets and a
lyzed within the theory by Milner and Safran@12# ~the works
@8,9#! or alternative theories@5,6,10# that have to be, how-
ever, changed as discussed in Sec. II. The values of the b
ing elasticity of the layer,k, obtained in such ways are ver
different from about 1 to 5kBT and differ from the values
found in other experiments~see Introduction!. The problems
with the fit of the theoretical scattering function onto th
experimental spin-echo data@6,8# stimulated our detailed
analysis of the NSE experiments. We reconsidered the o
nal interpretation of the mentioned experiments. First,
used the theory@12# just generalized for different scatterin
length densities of the oil, water, and the interfacial surf
tant film @11#. As distinct from the previous works, we con
sidered not only thel 52 mode of the fluctuations, but too
into account the higherl modes and showed that their co
tribution to the scattering function is essential. The dec
rates of the fluctuations were taken in the form of Eq.~12!
that reflects the difference between the viscosities of the b
fluids. As a result, we came to a significant discrepancy w
the experiments. The fit to the measured peaks inDeff was
not possible for the microemulsion parameters extrac
from the NSE studies: the height of the theoretical peak w
essentially larger than the experimental one. An agreem
with the experiment@8# was not possible for any realistic se
of the parameters and to satisfy the experiments@9,10# we
had to significantly lower the bending elasticityk ~more than
10 times!. We thus conclude that the theory@12#, neither its
originally proposed form nor its modifications@5,6,10,11#,
does not adequately describe the NSE experiments.

Here we present the description of the NSE experime
using the intermediate scattering function~5!–~7!. Let us re-
turn to the experiment@8#. In our calculations ofDeff one set
of the microemulsion parameters corresponded to those
termined in the original work@8# ~see Fig. 2!, the other two
sets were found above from the combined analysis of SA
and DLS. In all the cases there is a disagreement with
experiment: the height of the peak is several times lar
compared with the measured one. We propose to solve
problem by taking into account the viscosity of the surfa
layer. The dissipation in the layer leads to a decrease of
decay rates of the droplet fluctuations. Correspondingly,
contribution inDeff that is mainly responsible for the peak@it
comes from the time-dependent term of Eq.~5! and, from the
definition of Deff is a sum of terms proportional tov l# also
decreases. The available decay rates that reflect the inte
viscosity h0 of an incompressible surface layer have be
found by Fujitani@42#,
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Figure 3 presents the calculation ofDeff(Q) using this equa-
tion instead of Eq.~12!. The unknown parameterh0 was
found from the correspondence between the calculated
experimental@8# heights of the peak inDeff . As found in the
previous section, the best coincidence with the SANS
DLS experiments was achieved for the parametersk
51.93kBT, «50.046, Rm547.7 Å, and d56.4 Å deter-
mined from the fit to SANS data in Sec. III A, andd
'17 Å determined from DLS. For these values the estim
of the viscosity of the layer ish055.6310211Ns/m. As-
suming a smaller thickness of the hydration layer, an ag
ment with the NSE experiment~as well as before for SANS
combined with DLS! becomes worse. We thus again come
the conclusion that within the presented model the hydra
shell is built of several layers@8#.

At this point, we would like to mention a possible alte
native approach to the consideration of the scattering by
croemulsion droplets. It could come from the assumpt
that the hydration shell of the water bound to the drople
characterized by different physical properties~i.e., also the
dielectric constant! than the free water@43#. Then, instead of
one dielectric constant for the water we have to characte
the hydration layer by one constant and the solvent by
other. In such a model there is a possibility to describe
DLS experiments@8# with a smallerd than it was found in
the present work. This can be supported by the follow
calculations: characterizing the bound and free water by
‘‘effective’’ dielectric constant«eff , we calculatedDeff mea-

FIG. 3. The effective diffusion coefficient measured by NS
~points! ~Ref. @8#! on the same system as in Fig. 1, and calculated
Deff5G/Q2, whereG5^dF(Q,t)/dt&/^F(Q,0)& at t50, from Eqs.
~8!, ~11!, ~13!, ~17!, ~19!, and~22! using the parameters found from
the fit to SANS~Fig. 2!. The height of the peak corresponds to t
experimental one if the viscosity of the surface layerh055.6
310211 Ns/m is employed in the calculations. The thickness of
hydration shelld517 Å was obtained fromDeff measured in the
DLS experiment~Ref. @8#!. The viscosities of the bulk fluids wer
h150.4675 andh250.7632 cP.
nd
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sured by DLS as a function of«eff . This function is practi-
cally constant for«eff,«151.946 and«eff.«052.106. When
«eff increases,Deff has near«'2 a maximum and then a
minimum. At the minimum the experimental value forDeff is
obtained from our formulas whend is about 10 Å.

IV. CONCLUSIONS

We have calculated the intermediate scattering funct
F(Q,t) that is measured in quasielastic neutron scatter
~neutron spin echo! from droplet microemulsions. This func
tion can be also used to describe dynamic light scatte
experiments and the form factor and intensity of the sta
scattering of neutrons. Our aim was to consider the role
the droplet fluctuations in the shape. The droplet was m
eled by a double-layered sphere in a fluid. The fluid core,
surfactant layer and the solvent are characterized by diffe
scattering length densities~or dielectric constants in the cas
of light scattering! and viscosities. We have accounted for
the contributions to the scattering up to the second orde
the fluctuations. As a result, the functionF(Q,t) differs from
the previously known expressions by a time-independ
term that is determined by the fluctuations and essenti
influences the interpretation of the scattering experime
The results are applicable for the description of SANS, NS
and DLS on dilute microemulsions, as well as on emuls
or vesicle systems. From such experiments the crucial
rameters determining the properties of the droplets can
extracted, like their mean radiusRm , the polydispersity«,
and the Helfrich’s elasticity coefficientsk and k̄. Using
SANS,Rm , «, and, in favorable conditions~two-phase coex-
istence!, the combination 2k1k̄ have been determined s
far fitting the experimental data with the model of nonflu
tuating double-layered spheres. In our approach, both
bending elasticityk and the saddle-splay modulusk̄ can be
determined simultaneously. We have also demonstrated
the effect of the fluctuations on the SANS spectra canno
a priori neglected. The bending elasticitiesk are often
thought to be of the order ofkBT or smaller. For such value
of k and usual polydispersities the role of the fluctuations
important. In particular, when the experimental conditio
are close to the shell contrast, the account for the fluctuat
leads to a notable shift of the observed minimum in t
SANS intensity to higher wave-vector transfers of the sc
tering than it follows from the theory without fluctuation
As a result, an agreement with the experiment requires la
k and/orRm . Compared with the recent work on octane
C10E5-water microemulsion@8#, a good agreement with th
experiment was achieved for a notably largerk while the
radius did not change significantly. The following set of t
parameters has been found:k51.93(0.92)kBT, «
50.046(0.036), k̄522.68(20.38)kBT, Rm547.7(48) Å,
andd56.4(10.8) Å ~in parenthesis the values from Ref.@8#
are shown!. Concerning the dynamic experiments, we ha
shown that the previous theories do not correctly describe
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DLS and NSE data. These experiments yield an effec
diffusion coefficient of the microemulsion droplets,Deff .
The peak inDeff(Q) observed by NSE~connected with the
shape fluctuations of the droplets! was significantly smaller
than predicted by the existing theories. In our approach,
three experiments can be described more satisfactorily.
have presented two ways of the combined analysis of
SANS, NSF, and DLS data. In the first approach we assum
a small thickness of the hydration shell and fitted the co
sponding scattering functions to the experiments. This
proach yielded the estimations for the elasticity coefficie
that markedly differ from their values found in the work@8#
and the obtained hydrodynamic radius was much sma
However, the agreement with SANS became worse tha
the independent description of this experiment alone.
suming the dissipation in the surfactant layer we found fr
the NSE experiment a valueh051.42310210Ns/m for the
viscosity coefficient of the layer. In the second approach,
used the parameters found from the description of SAN
Independent DLS data that are necessary to treat chara
izing the microemulsion components by different dielect
ys
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constants allowed us to determine the thickness of the hy
tion shell, which is now about 17 Å. This assumes the ex
tence of several hydration layers that is a question for fut
investigations.~We suppose however that first a mod
should be built that takes into account different physi
properties of the bound and free bulk fluids.! Finally, in this
case the viscosity coefficient of the layer ish055.6
310211Ns/m. This second approach gives the best qua
tative description of all the three experiments and on t
stage of the theory~when the microemulsion droplets ar
modeled as double-layered spheres! can be used to estimat
the droplet parameters by their extraction from the exp
ments. We suppose that in further studies the role of
hydration and oil layers bound to the droplets must be c
sidered. Also, more should be known about the interact
between the droplets and the entropy of dispersion@44#.
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