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In this paper we present an experimental and theoretical description of the dynamic of spatial patterns
obtained in a video feedback loop. A video camera monitors the screen to which it is connected and can turn
around its optical axis at an angle Under certain conditions of brightness and magnification, this optoelec-
tronic system produces spatiotemporal patterns in the form of spots located on a circle on the screen. These
patterns are very similar to the spatial transverse modes obtained in other optical devices such as lasers or
photorefractive media. It is possible to generate stationary patternsfafl symmetries for anglesy
=2m/n. When the angler varies around z/n, the pattern rotates with a certain frequency proportional to the
difference between2/n anda. We discover more general patterns at angles(p/k) with p-fold symmetry,
following the hierarchy of the Farey algorithm which theoretically can produce stationary patterns at any angle
a. Very accurate experiments were performed to observe these patterns up to the=l6vdihis is the first
time a Farey tree has been observed as a sequence of spatial patterns to our knowledge. Previous observations
of this hierarchy were made only in the temporal domain.

PACS numbes): 42.65.Sf, 45.70.Qj, 47.20.Ky, 47.54

[. INTRODUCTION sents an experiment that allows for the study of spatiotem-
poral patterns produced with a delayed feedback loop where
Physical systems where the “input’ receives phase orMost of thg parameters can be controllgd: the video feedback
amplitude information from the “output,” inducing a de- System. Video feedbackl3] is an optical loop produced
layed feedback loop, can show interesting temporal behavio¥/hen & video camera monitors the screen to which it is con-
including self-oscillations. Regular and chaotic spatiotemponected. The camera can rotate around its optical axis at an
ral regimes have been obtained in different systems witngle« with respect to the monitor. .
these characteristics, arising from electronics cirduitshy- This optoelectronic arrangement can produce peculiar
drodynamic Se'f-osc“'atorEZl optics[s_]_];l, and laser de- Spathtemporal patt?rns with |nterest|ng Symmet”es and was
vices[12]. A particular example of hydrodynamic nature is €xperimentally studied by Hausler and co-workek$—17,
given by the jet instability: the shear layer instability of a Crutchfield[18], and Goulobe\et al. [19]. The existence of
free jet is convectively unstabléno noise amplification, these patterns can be explained on the basis of the feedback
showing a large temporal spectriiivhen an obstacle is put 100p: the input(video camergis nonlocally coupled to the
in its path, as in the case of the geometry called “jet edge”angular-shifted outpuimoniton, which sends information to
or the “edge tone,” the spectrum shows a well-defined peakthe input, and so on. The saturation in the pixel intensity in
as in the case of absolute instabilities. This global cohereril® photosensitive sensor is the source of nonlinearity. In
behavior is due to the feedback introduced between the ougddition, short range coupling is obtained by “diffusion”
put and the input, by any kind of temporal delayed physi(:(—ii:)et\Neen an excited plxel' and its nearest nelghbor§ on the
information of acoustic or hydrodynamic nature. In laserS€nsor, so that they are stimulated even if only one pixel was
physics, present interest is focused on the dynamics of lojrst excited. This question has been studied in Refd—
frequency bursts produced by reinjection of the output signal8]- Very accurate experiments on the spatiotemporal evolu-
into the cavity, especially in the case of semiconductor laser§on of the patterns observed in this system are presented in
[12]. In spatially extended systems, the feedback and codhis paper. An mt_ermedlat_e state is pomted out _that follows
pling of oscillators can generate particular modes includinghe Farey scenarif20-23 in the spatial symmetries gener-
ordered patterns. In general, the coupling mechariiffu-  ated by this optoelectronic device.
sive or nonlocal, with specified long range correlatiamd
nonlinear saturgtion aIquv for the emergence of par'ticul'ar Il EXPERIMENTAL SETUP
patterns. Experiments with the nonlinear photorefractive in-
dex, such as those with liquid crystals, where light is rein- The “feedback loop” is obtained by making the camera
jected and where, in addition, the image is shifted, generateatch the center of the monitor to which it is directly con-
spatial patterns that are the most similar to those obtained inected(Fig. 1). The camera is a classical charge-coupled
the experiments described in this pagpét. This problem device black and white video device. It can turn around its
including a feedback loop is an active subject of research imptical axis with an anglex thanks to a microcontrol stage
the field of nonlinear dynamical systems, in order to underwhich allows an angle accuracy of 1 minute. This is much
stand the complex behavior of turbulen@aspecially spa- better than what was achieved in most previous experiments
tiotemporal intermittencyas well as study living systems on this subject. This leads to a relative accuracy of order
such as neural networks and cardiac waves. This paper pré0~* in the case ol=4, a=2w/4 (see Sec. Ill for the
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FIG. 3. An initial perturbation(here directly saturated light,
shorter than the loop duratippropagates on the screen and 2
feedback loops are needed to build msspot pattern. The case
=3 is shown here with six loops until the three spots are saturated
(gray levels are invertgdwith persistencd®=30%. At each loop,
FIG. 1. Experimental setup. one spot has intensity equal to the sum of 30% of the same spot
intensity in the previous loop, and the total intensity of the spot
situated just before it in the previous loop.

L y

pattern description Different pattern configurations can ap-
ear depending on the parameters of this optoelectronic sys- . _ . e
Fem. Thl?a maing parame?ers are the magnifirc)ation, the focﬁgre_ interested in the case where there is no magnificétfien
and diaphragm aperture for the camera, and the brightneatio Ris equal to unity [Fig. 2(c)].
and contrast for the monitor. If the camera is defocused from
the image on the screen, a diffusionlike effect is produced. lIl. PATTERN DESCRIPTION
Indeed, defocusing allows for the information of each pixel
to be received by the surrounding pixels. The characteristi
diffusion length is scaled by the gap between the focused an
defocused positions. In our experiments, those paramete?%
are chosen so as to get clear images and low diffusion. Thd
ambient light is chosen to be dark. When the magnificatio
ratio R is smaller than 1, the image is reduced at each loop. . )
until the original image is lost. If the angle is not zero, the sistence of the screen is 5. e remains aftgr 40 msand
image is rotated with respect to the previous one, resulting iﬁhe delay of the _elec_tromc setup Is f‘eg"g'.b'e- _In conse-
an image with a spiral aspect. This pattern is static since each cnce: the resulting image saturates if the light intensity is

feedback loop induces exactly the same pro¢Eig 2a)]. enhanced because each image is superimposed on the re-

i convast, when i magnicaton s lrger han 1. even[A1X1 O D recedi one 1 coniast e e
image of the central portion of the monitor grows to the 9 9 y 9

dimensions of the screen. Whenis not zero. the observed previous one. In the experiment, the parameters are chosen
pattern looks like a sudden spiral burst with iregular fre_such that white patterns are observed on a dark background.

guency[Fig. 2b)]. Under certain conditions, we obtain the ctjirn(;jlgraizec?besgg/r:e(jﬁgi%nzg?I?hisspggsttel?rfitzg brggsttjﬁirc%:rg a
equivalent of optical developed turbulence. In this paper, W%r not (rotation, as explained latefSec. V.
When a=27/n (where n is an integer, the feedback

loops create am-fold symmetry, leading ton stationary
spots located on a circlgFig. 2(c)]. Hence, whernx is ex-
actly 27r/n, the pattern is rotated at each loop by/2 rad,
and exactly matches the remainder of the previous one, giv-
ing a stationary image. Figure 3 describes the transient pro-
cess during which tha spots are built. An adequate initial
perturbation(light with intensity equal to or larger than what
FIG. 2. Three typical patterns obtained by video feedb&tis IS needed to reach a white spas needed to initiate the
the magnification ratio. processes. If the perturbation is shorter than the duration of

When there is no magnification, the image of the screen
s the same size as the original onex# 0, the image is
perimposed on the previous one and a large white spot is
served.

The persistencéremaining intensity of the camera is
0% after 40 mgtime of one feedback iterationThe per-

R<l1 R>1 R=1
(a) (b) (©
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TABLE I. Example of the intensityX,(t=qr,i)/X, at timet=q7 in the casen=3. The intensity at timé=q7 is the sum of the
intensities of the spdt— 1 and the persistence of the spatt the previous looptime (q— 1)7]. The sum of the intensities of all spots at a
given timet=qr is (P+1)%X,.

t=0 t=1 t=271 t=37 t=47 t=57 t=67 t=77 t=87
i=1 1 P p? P3+1 P*+4P  P°+10P? PS+20P3+1 P7+35P*+7P  P8+56P%+28P?
i=2 0 1 2P 3pP? 4P%+1  5P*+5P  6P°+15pP? 7P6+35P3+1  8P’+70P*+8P
i=3 0 0 1 P 6P2 10P3+1 15P*+ 6P 21P5+ 21P? 28P6+56P3+ 1
Total (P+1)° (P+1)' (P+1)2 (P+1)® (P+1)* (P+1)° (P+1)® (P+1)’ (P+1)8

one feedback loop, a certain number of loops is needed to It is possible to express the intensityof each spot at the
obtain a permanent imagesee Fig. 3. If the perturbation locationi at any timet as a function of the initial perturba-
remains in its position for a longer time, then omyloops  tion intensityX,, the numbemn of spots, and the persistence
are needed to generate the whole pattern. This longer time & after one loop. An example of the intensitf(,(t
perturbation should be at least the time needed forrthe =qr,i)/X, at a timet=qr, i.e., afterq iterations(or feed-
loops. back loops, is given in Table | in the case=3. The inten-

sity at timet=qr is the sum of the intensities of the sgot
2 | | —1 and the persistence of the spdtom the previous loop

10" [ [time (q—1)7].
10° 323;{;;5’6 ~ The sum of the intensities of all spots at a given time
S 400 =qris (P+1)9X,. From this observation, an expression for
L ) the intensity of each spot has been deduced and is given by
= 4 /
§ Lol nj+i-1=q
10° Xp(t=qri)= 2~ Cprimtparni-itix, (1)
i ' : q 0
10° %% =0
0P e e The parameteP takes the value of zero when there is no
0 10 20 30 40 5 60 70 8 90 100 persistence and 1 when the persistence is total. The intensity
q globally increases with time as shown Figa¥ The slope of
] B the curve does not depend on the number of spotthe
102 ] angle isa=2m/n), but the time needed to reach a quasiper-
) 3220%,20%,..., 100% g maner_1t growth of the intensity is longer if the number of
107 spots increases.
a . ?/ The growth of the intensity with time depends on the
g” = = persistenceé® with a quasiexponential law as shown in Fig.
Emm ] ? 4(b). The analytical expression is given by the form(da,
] //; B | which can be expressed with hypergeo_metrlc functions. In
10° —= e P the casen=3, the hypergeometric function reduces to the
] %Zéi L expression
10° - e
= /AR SRR SIS S VTR RO T S e o Xp_s(t=qri=1) 1 1\9 1\9
1 n=3
0 10 20 30 4 5 6 70 8 9 100 =-||1+=| + 1—(—1)1/3—
q Xo 3 P P
1 o ! 2/31 K 1/3
e, = am )] +11+(=1) E) P 2
P
=
/"//‘

This law tends asymptotically to an exponential growth:

0.1

o(s")

X_lUt 3
X_o_ﬁe’ (3

wheret=q7. The growth rater is plotted as a function d?

R ! in Fig. 4(c), and shows an evolution like~ P%°. Whatever

FAl the initial perturbation intensity, the maximum intensity
reached by the system cannot exceed a saturation ¥a|ye

of the iteration numbeg for the casen=3, 4, 5, and 6 spots, and imposed by the system it§elf. In.th.e}t case, the intensity in-
for a persistenc®=30%. (b) Intensity X/X, of the spot number ~ Créases exponentially until the limiting valog,,, above

= 1 as a function of the iteration numberfor the casen = 3, and  Which the system cannot go. This is a linear description since

for different persistenc®. (c) Growth rates as a function of the the intensity is built as the sum of the intensities of the spot
persistencé. i —1 and the persistence of the spdtom the previous loop

0.01

0.01

FIG. 4. (a) IntensityX/X, of the spot number=1 as a function
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[time (g—1)7]. The equation governing the temporal evolu- lows (Fig. 5). From the two parenta; at the levek; anda,

tion of the intensityX can be written as follows: at the levek, the new numbec at the levek is given by the
relation
dX
T KX, (4
c=a;+a,, k=k;t+k,. (6)

whereK is a constant, and where E®) is the solution. This
equation is similar to the linear amplitude equation of clas-
sical linear stability problems. It is possible to imagine

physical systems where the persistefcaould depend on is equal ton+1, as described before. As already suggested,

ti“; ;r(lten_?rl;ty X, trlleadlngt to more co[lnp_lex behaworﬁ! | stationary patterns were observed for anglbetween Zr/n
=P ).' en, the system can reach Its maximum value,, 2w/(n+1). The Farey tree representation shows that for
Xmax With a different law. This implies nonlinearity, which

ional I 2rin+1 ion-
would depend oP(X). any rational anglea between 2r/n and 2r/n+1, a station

. . . ary pattern exists with a number of spots different froror
A new important behavior to note is that the system ca yp P

L . . : +1). = [
reach another equilibrium state by disturbing the basic part‘tn 1). The casex=2m/n appears (o be the particular case

tern. This disturbance is created by occulting a small part ok( =1, and the other patterns corresponckte1. For each
: y 9 P new pattern k>1), its number of spots results from the

dummation of the numbers of spats anda, at lower levels
k, andk, as shown in Eq(6). The number of stationary
spots at a levek is given byk/c= a/27, wherek/c is the
irreducible ratio ofa/27. In the experiment, stationary spots
up to levelk=6 were observed. For example, 19 stationary
spots were obtained far=1.98 rad=6/19X 27 (Fig. 5.
IV. FAREY TREE The levelk is understood as the number of revolutions

The Farey tree is a geometrical representation of a nu?€eded to build spots(Fig. €. For instance, nine spots can
merical series. Between two consecutive integerandn D€ built by adding one spot just after the previous one, i.e.,
+1, all the nonirrational numbers are given by the ratie. e first one at location 1, the second at location 2, the third

Those ratios are represented on a two dimensional diagrafit 3: corresponding fo the leved=1 at the anglea
wherek, called the “level,” is on the ordinate axis. The = 1/9X2m [Fig. 6@]. However, nine spots can also be built

ratios c/k are located on the abscissa with their numericaPy @dding one spot by jumping over one location, i.e., the
value. The general relation to build a Farey tree is as follows{i'St Spot on the first location, but the second one on the third
location, the third one on the fifth location, and so on, in such

a way that the final pattern is built after exploring the com-
plete circle twice, which corresponds to the lekel 2 at the
anglea=2/9x 2# [Fig. 6(b)].

with ab—cd=1, and where the coefficients are related to Equation(1) for the intensity of the spots can be general-
preceding nodetsee Ref[24] for more details In the case ized to any levek. The intensityX, ((t=qr,i) of the spot

of two coupled oscillator§20], the series is reduced as fol- at the timet=qx, i.e., afterq iterations(or feedback loops

In our casec, a;, anda, correspond to the number of
spots. At the levek= 1, the numbeg; is equal ton, anda,

or not, does not obey the lam=27/«, i.e., it has a number
of spots different fromn or n+1 although the angler is
between 2Zr/n and 2m/n+1. This complex feature can be
understood with the help of the Farey tree.

c ka+a'

d  kb+b’

: ©)

11 I | ! | I

10

FIG. 5. Farey tree limited to
angles between 2/3 and 2r/5,
up to levelk=10.

Angle o (rad)
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of spots, but also by the frequendy= 1/T, whereT is the

time needed for the whole pattern to make a complete turn.
By continuously changing the angle from 2x/n to
27/(n+1), the n-spot pattern begins to rotate with a fre-
quency that increases linearly with the difference between
and the angle 2/n of the stationary pattern. After a more
complex transition state, the spots reorganize into an (
+1)-spot pattern rotating in the opposite direction. The fre-
quency decreases until it completely stops. This corresponds
(b) to a transition where the lev&lremains equal to 1. In other
cases, patterns of different levédscan be observed during
FIG. 6. Two ways of creating a nine-spot patte@: by build-  the transition, as described in the following example.
ing a spot on one location after the other, corresponding to the case The transition from case 9/2 to case 5/1 is represented in
!<=1 anda=l/9>< 24r; (b) or by jumping over one Iot_:ation, mean- Fig, 7. A circular line intercepting all the spots was sampled
ing that the entire pattern explores the complete circle twice. Th'%very 1/25 s. Then the lines are horizontally plotted one be-
case corresponds to=2 anda=2/9X 2. low the other. This represents a spatiotemporal diagram. The
juxtaposition of these lines shows the evolution of the pattern
as the anglex is continuously decreased from 2(2 to
1/5X 27 rad (time increases from top to bottgnEach spot
appears as a white strip, and its rotation speed is given by the
_ ni+i—koq_nj_itk slope of the strip. The 9/2 spots are stationary at the begin-
Xek(t=0m1)= Z Cq pa= Xo- () ning of the transition, but they progressively rotate as the
angle is decreased. They rotate with an increasing frequency.
The expressioiX (t=qr,i)/X, is illustrated in Table Il in  Before reaching the equilibrium state=5, k=1, other dif-
the casec=7, k=2. This table explains the construction ferent states can be observed in this figure and can be fol-
process ofX,,  (t=q7,i). lowed on the Farey tree: 24, 19, and 14 spots can be seen
If the persistence® depends on the intensity, then the corresponding, respectively, to the nodes 24/5, 19/4, and
comments given in Sec. Il about nonlinear evolution of thel4/3. In this transition, an analogy with a superposition of a
intensity are also relevant. right- and a left-circular-traveling wave of different ampli-
What has been described until now corresponds to thiudes can be made. Each one corresponds to a different quan-
cases where the spots are stationary. Nonstationary patterfi§y of spots. For instance, at the angt on Fig. 7, a right-

have also been observed and are described in the next sdeaveling wave of 19 spots and a left-traveling wave of 5
tion. spots can be simultaneously distinguished. When the angle

moves away froma*, the amplitude of one of the waves
V. PATTERN ROTATION increases compared to the other one, which progressively
disappears. At the end of the transition, 5 spots are found
If « is slightly different from 27/n, the spots rotate on rotating more and more slowly, until they completely stop.
the screen with a constant velocity that depends on the diffhe frequency of the rotation can be expressed as a function
ference betweemr and 27/n. This motion is explained by of the different parameters of the experiment. It was mea-
the fact that, after one loop, the pattern does not match thsured with a photomultiplier watching a small area of the
previous one exactly, but is slightly moved forward or back-screen, and connected to a Fourier analyzer. The fast Fourier
ward, so that the system gives the visual impression of @ransform shows a spectrum of predominant frequenaf/
rotation of the spots. This is very similar to what is observedarge amplitude, and a second frequency of smaller ampli-
when a rotating object is illuminated with a stroboscope.tude. During the transition, the amplitude of the first fre-
This rotating pattern is characterized not only by the numbeguency decreases while the amplitude of the second one in-

as a function of the initial intensit¥, produced at the time
t=0 at the positiori=1 of the first spot, and of the persis-
tenceP is as follows:

nj+i—k=<q

TABLE Il. Example of the intensityX; (t=q7,i)/Xy at timet=qr in the casec=7 andk=2. The
intensity at timet=qr is the sum of the intensities of the spget 1 and the persistence of the spait the
previous loogtime (q—1)7]. The sum of the intensities of all spots at a given tiveg 7 is (P+ 1)9X,.

i=1 1 P P? p3 p* P> pe P’+1 P8+8P P°+36P2
i=2 0 0 0 0 1 P 15P2  35P%  70P* 126P°
i=3 0 1 2P 3P2 4p3 5p4 6P° 7P8 8P’+1 9P%+9P
i=4 0 0 0 0 0 1 & 21P?  56pP3 126rP*
i=5 0 0 1 P 6P2 10P3 15P*  21P5  28P%  36P7+1
i=6 0 0 0 0 0 0 1 P 28P2  84p3
i=7 0 0 0 1 P 10P2  20P®  35P*  56P°  84p®

Total (P+1)° (P+1)* (P+1)? (P+1)® (P+1)* (P+1)° (P+1)® (P+1)" (P+1)® (P+1)°
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' slightly larger size than the original pixel because of defo-
2m*2/9 rad ’ cusing. As the intensity of each pixel diffuses to its neigh-
‘ bors, the gray level information is mixed. The characteristic
length of diffusion depends on the gap between the focused
position and the defocused one where diffusion appears. In
our case, diffusion plays an important part in explaining the
existence of the spots. The regime associated with the ap-
pearance of spots is located exactly betw&nl andR
>1, whereR is the magnification ratio, i.e., between the
behavior in which images are enlarged and the behavior
where they are shrunk. The regiRe=1 is thus unstable; the
image on the screen should either grow or diminish slowly.
Assuming that the magnification ratio B=1+¢, a crown
pattern should progressively disappear from the center of the
screen to its edges. On the other hand i$ exactly equal to
1, the image should grow with a time constant depending on
27/5 ra ‘ the defocusing. We assume that the spots can exist only
when the experimental setup is such that the disappearance
FIG. 7. lllustration of a transition between 9 and 5 spots crossOf the spots at the edges of the screen is exactly compensated
ing the 14-, 19-, and 24-spot symmetries. Each spot appears asby diffusion.
white stripe, and its rotation speed is given by the slope of the
stripe. At the anglen*, a right-traveling wave of 19 spots and a

21*4/19 rad

left-traveling wave of 5 spots can be simultaneously distinguished. VII. CONCLUSION
At the end of the transition, 5 spots are found rotating more and ) ) ) )
more slowly, until they completely stop. This experiment is a model system to study spatial pat-

terns with feedback loops, such as lasers, liquid crystals, or
creases and becomes predominant. On the Farey tree, for asgme hydrodynamic instabilities. The angular dependence of
given anglea, each line between two nodes means that the number of spots is shown to follow a sequence known as
spots of the first node, /k; can be found rotating at a fre- the Farey tree. The patterns observed have been described
quencyf,, or a, spots(nodea; /k,) can be found rotating at and the mechanisms of their formation are given. The laws
another frequency, in the opposite direction. The rotation governing the intensities of the spots, such as the frequency
frequency of any of those patterns at the anglés given by  of circular waves, have been expressed as a function of the
f(a/k)=K(a—2wk/a) whereK=0.1352 is a constant that different parameters of the system.
depends on the experimental system. This law simply means
that the rotation frequency is proportional to the distance
betweena and the angle whera/k spots are stationary. ACKNOWLEDGMENTS
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