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Critical dynamics of Heisenberg fluids at the gas-liquid transition

R. Folk1 and G. Moser2
1Institute for Theoretical Physics, University of Linz, Linz, Austria

2Institute for Physics and Biophysics, University of Salzburg, Salzburg, Austria
~Received 22 July 1999!

We derive the static and dynamical model describing the critical statics and dynamics of a Heisenberg fluid
in a magnetic field near its gas-liquid critical point. It turns out that the model is equivalent to the one
describing a liquid mixture near its plait point. Using the results known for that case we predict the critical
behavior of the liquid and magnetic transport coefficients and the velocity and absorption of the sound mode.

PACS number~s!: 64.60.Ht, 05.70.Jk, 75.50.Mm, 64.70.Fx
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I. INTRODUCTION

We consider a fluid whose molecules have both trans
tional and spin degrees of freedom. We assume that the
teraction of the spins is described by a Heisenberg mo
Such a magnetic fluid in zero magnetic field manifests a
of magnetic transitions of second order and a gas-liq
phase transition. The topology of the phase diagram depe
on the ratio of the strength of the magnetic to the nonm
netic interaction~for example, see Ref.@1# for the phase
diagram in mean field theory and Refs.@2,3# for Monte Carlo
calculations at the magnetic phase transition!. In a finite ex-
ternal field the magnetic transition is absent but the g
liquid transition remains. There might be another liqu
liquid transition@4# but this transition is of no interest here
Due to the finite field the fluid has a finite magnetization a
therefore the spin and transnational degrees of freedom
coupled. This coupling in a finite field makes the investig
tion of the gas-liquid transition interesting@5–7#. Until now,
investigations of the critical behavior have been restricted
static phenomena. In this paper we consider the dynam
critical behavior of the system. We set up a dynamical mo
suitable for the description of the dynamical critical beha
ior.

The hydrodynamics of such fluids are well known a
have been derived using several methods~see, e.g., Refs.@8#,
@9#!. The dynamical critical model is compatible with linea
ized hydrodynamics in the region where the wave vecto
smaller than the inverse correlation length. By methods
nonequilibrium thermodynamics@10,11# we derive the re-
versible and irreversible terms in the equations of motion
the conserved quantities containing the order paramete
the gas-liquid critical point. Further it is shown that th
model for the critical dynamic behavior is equivalent to t
model H describing the critical dynamics of a mixture ne
the plait point@12#. Thus, asymptotically a Heisenberg ma
netic liquid in a homogenousfield lies in the universality
class of modelH ~pure fluid!. This correspondence allows u
to use the results obtained in Ref.@12# by renormalization
group theory and to predict the critical temperature dep
dence of hydrodynamic transport coefficients such as ther
conductivity, magnetic diffusion, and the thermomagne
diffusion ratio. In addition, we consider sound propagat
and predict the frequency and temperature dependence o
PRE 611063-651X/2000/61~3!/2864~15!/$15.00
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sound velocity and sound absorption as well. As one kno
from the critical behavior at a plait point the asymptotic b
havior might be masked by strong nonasymptotic effec
Thus, we expect the situation in magnetic fluids to be sim
lar; however, this has to await computer simulations, exp
mental realizations of such a magnetic fluid are not yet av
able.

II. HYDRODYNAMICS OF HEISENBERG FLUIDS

A. Continuity equations and dissipation

In order to obtain the hydrodynamic equations for
Heisenberg fluid we have to consider the corresponding c
served densities. Of course, all conserved local densities~per
volume! of a normal fluid@namely, the entropy densitys(x),
the mass densityr(x), and the momentum densityW(x)#
have to be taken into account. In addition, a classical s
densitymW (x) enters the hydrodynamics. The correspond
intensive local fields are then the temperatureT(x), the
chemical potentialm(x), the velocityvW (x), and the magnetic
field HW (x). The reversible continuity equations can be e
pressed by generalized Poisson bracket relations and a
responding HamiltonianH:

]a

]t
5$a,H%, ~2.1!

wherea denotess, r, jW, or mW . The Hamiltonian is the tota
energy of the system,

H5E d3xe„s~x!,r~x!, jW~x!,mW ~x!… ~2.2!

where e is the total energy density of the system. In t
presence of an external magnetic fieldHW ex, the energy den-
sity separates into three parts,

e5u1ekin2HW ex
•mW ~2.3!

with the internal energyu and the kinetic energyekin defined
by

du5Tds1mdr1HW •dmW , ekin5
1

2
rvW 2. ~2.4!
2864 ©2000 The American Physical Society
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The magnetic field in Eq. ~2.4! is defined by HW
5(]u/]mW )s,r,W , which represents the internal magnetic fie
produced by the spin density. Following Ref.@11#, the gen-
eralized Poisson brackets$a, b% between the conserved de
sities are determined from the group generators of operat
in coordinate and spin space. The momentum density, as
generator of translations in coordinate space, determines
Poisson brackets,

$s~x!, jW~x8!%5s~x8!¹W 8d~x2x8!, ~2.5!

$r~x!, jW~x8!%5r~x8!¹W 8d~x2x8!, ~2.6!

$ j i~x!, j k~x8!%5 j i~x8!¹k8d~x2x8!2 j k~x!¹ id~x2x8!.

~2.7!

In quantum mechanics, the spin operator is the generato
rotations in spin space, acting only on the spin and not qu
tities in coordinate space. The commutator between the
components corresponds to a classical Poisson bracke
tween the classical spin density components,

$mi~x!,mk~x8!%52e iklml~x!d~x2x8!. ~2.8!

We use the Einstein summation convention throughout.
spin density is given bymW (x)5S iSW id(x2xi), where in a
coarse grained theory theSW i represents the mean spin in
small volume aroundxi . The spin vectorSW i itself is not
affected by transformations in coordinate space such
translation or rotation. This is in contrast to a classical m
netization density in the Maxwell theory. Thus, the trans
tion operator acts only on the scalard function; and the Pois-
son bracket between the components ofmW and the
momentum density are the same as for the scalar field
Eqs.~2.5! and ~2.6!:

$mi~x!,W~x8!%5mi~x8!¹W 8d~x2x8!. ~2.9!

Inserting Eqs.~2.5!–~2.8! and ~2.2! into Eq. ~2.1!, the fol-
lowing continuity equations are obtained:

]s

]t
1¹W •~svW !50, ~2.10!

]r

]t
1¹W •~rvW !50, ~2.11!

] j i

]t
1¹ i P1¹ lv l j i50, ~2.12!

]mi

]t
1e ikl~Hk2Hk

ex!ml1¹ lv lmi50. ~2.13!

In Eqs.~2.10! and~2.11! the symbol ‘‘•’’ denotes the scalar
product of vectors. So far, Eqs.~2.10!–~2.13! do not contain
dissipative processes. We have made use of the fact tha
external field is homogeneous, otherwise an additional t
proportional to the scalar product between the magnetiza
and the gradient of the field appears. This would change
resulting critical model drastically and is not consider
here. In fact, it would lead to anisotropies in the fluid syst
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@9#. Thus, the total energyH has to remain constant in time
which can be immediately verified by inserting Eqs.~2.10!–
~2.13! into

]H
]t

5E d3x
]e

]t
50. ~2.14!

Defining jW(x)5r(x)vW (x), and introducing the tensor

@P#ki5Pki[Pdki , ~2.15!

we rewrite Eq.~2.12! as

] j i

]t
1¹k@rvkv i1Pki#50. ~2.16!

From the conservation equations for the mass density~2.11!
and the momentum density~2.12!, we immediately obtain
the equation

]v i

]t
1vk¹kv i1

1

r
¹kPki50 ~2.17!

for the velocity. The hydrodynamic equation for the kine
energy is completely determined by Eqs.~2.12! and ~2.17!.
We get

]ekin

]t
52¹W •@ekinvW 1P•vW #1Pki¹kv i . ~2.18!

The first term on the right hand side in Eq.~2.18! represents
the divergence of the kinetic energy currentekinvW 1P•vW . In
addition, an energy source term appears in Eq.~2.18! be-
cause the kinetic energy is not a conserved density. The
energy densitye is conserved and therefore obeys the con
nuity equation,

]e

]t
52¹W •JWe , ~2.19!

whereJWe is the total energy current. Without dissipative e
fects, the total energy current is the sum of the convec
flow evW and the flow of mechanical workP•vW .

In order to treat dissipation we have to amend the to
energy current in order to include two dissipative proces
@10#. The first of these accounts for the finite viscosity of t
fluid. Viscosity causes additional mechanical work when d
ferent fluid layers shift against each other, and is taken i
account using an extension of the pressure tensor,

Pki5Pdki1Pki , ~2.20!

wherePki is a symmetric tensor. The second dissipative p
cess takes into account the energy transport by heat con
tion, which may be included by adding a heat currentJWq to
the total energy current. Thus we get

JWe5evW 1P•vW 1JWq ~2.21!

for the total energy current with dissipation. From Eq.~2.3!
we obtain the hydrodynamic equation for the internal ene
u. It is given by
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]u

]t
5

]e

]t
2

]ekin

]t
1HW ex

•

]mW

]t
. ~2.22!

Inserting Eqs.~2.13!, ~2.18!, and ~2.19! into Eq. ~2.21! we
obtain for the internal energy the equation

]u

]t
52¹W •@uvW 1JWq#2Pki¹kv i2HW ex

•~HW 3mW !.

~2.23!

From Eq.~2.4! we also determine the equation for the e
tropy density conservation

T
]s

]t
5

]u

]t
2HW •

]mW

]t
2m

]r

]t
. ~2.24!

The final equation for the entropy density is found by inse
ing Eqs.~2.23! and ~2.11! into Eq. ~2.24!. The Heisenberg
energy of a spin system depends only on the orientation
the spins. So we assume that the spin density does not
tribute to the energy transport, which is expressed in
~2.21! for the case of the absence of a magnetic current. A
consequence, only the continuity equation~2.13! has been
used to obtain Eq.~2.23!. Changes in the spin orientatio
cause magnetic spin currents that affect the structure of
system, and therefore, the density of entropy. In order
obtain an equation for the entropy densitys we have to in-
clude the dissipative processes in Eq.~2.13!. These processe
depend on the external magnetic field. In the following
will consider two cases. First, the case of zero external m
netic field and, second, the case of a homogeneous mag
field.

B. Zero external magnetic field

In the case of a zero external magnetic fieldHW ex50W all
spin components are conserved, and Eq.~2.13! is extended to

]mi

]t
1e iklHkml1¹ lv lmi52¹ lJli

~m! , ~2.25!

whereJli
(m) is the spin current tensor. The resulting equat

for the energy density is

]s

]t
1¹W •~svW !52¹W •S JWq2J~m!

•HW

T
D 1qs , ~2.26!

where the first term on the right hand side is the diverge
of the entropy current, andqs denotes the source term for th
entropy, which is given by

qs52~JWq2J~m!
•HW !•

¹W T

T2 2J~m!:
“H

T
2P:

“v

T
.

~2.27!

In the above equationab denotes the dyadic product@ab# i j

5aibj of two vectorsaW and bW . The symbol ‘‘:’’ expresses
the total contraction,A:B5Ai j Bi j , of two second rank ten
sors. Separating the tensors into traceless symmetric p
e.g., intoP (s), together with the tracesP51/3P l l , and us-
ing Eq. ~2.12! together with~2.20!, we get the following
equation:
-

-

of
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] j i

]t
1¹ i P1¹ lv l j i52¹ lP l i

~s!2¹ i ,P ~2.28!

for the momentum density when dissipative processes
included. The entropy source term~2.27! is given explicitly
by

qs52~JWq2J~m!
•HW !•

¹W T

T2 2J~m!:
“H~s!

T

2P~s!:
“v~s!

T
2P

¹W •vW
T

, ~2.29!

whereJ(m) and P(s) are symmetric tensors. The total co
traction with the antisymmetric part of“H and, respectively,
with “v vanishes, leading to the absence of antisymme
contributions in Eq.~2.29!. In the absence of boundaries, th
relation BW 5HW 24pMW between the vacuum fieldBW ~which
obeys the Maxwell equation¹W •BW 50), the macroscopic
magnetic fieldHW , and the magnetizationMW , reduces toBW

5mHW ~m is the permeability!. In this case the macroscopi
magnetic fieldHW also obeys the Maxwell equation¹W •HW
50. Therefore“H is a traceless tensor and no term prop
tional to the divergence of the magnetic field appears in
~2.29!. From Eq.~2.29! we can see that the entropy sour
has the structure

qs52(
i

JiXi , ~2.30!

with the currentsJi and corresponding thermodynam
forcesXi listed in Table I. The thermodynamic forces ha
different tensor characters. The first one in Table I is a sca
the second is a polar vector, the third is a polar tensor of
second rank, and the last one is an axial tensor of the sec
rank. The currents in Table I are functions of the thermod
namic forcesJi5Ji($Xj%). For small gradients we can as
sume a linear dependenceJi5S jL i j Xj , where Li j are the
Onsager coefficients. Generally, all currents may depend
all thermodynamic forces that define a set of Onsager c
ficients, which, of course, have different tensor character
pending on the tensor character of the connected current
force. But the interaction symmetry and the tensor chara

TABLE I. CurrentsJi and conjugated thermodynamic forcesXi

in a Heisenberg ferrofluid at zero external field.

Ji Xi

P
1

T
¹W •vW

JWq2J(m)
•HW

1

T 2 ¹W T

J(m) 1

T
“H~s!

P
1

T
“v~s!
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of the thermodynamic forces restrict the form of the therm
dynamic forces in a current, thus reducing the number
nonvanishing Onsager coefficients. For an isotropic syst
the form of the thermodynamic forces follows from inva
ance under coordinate inversion and arbitrary rotation,
that the four different tensor characters in Table I can
have any cross coefficients. The currents decouple to

JWq2J~m!
•HW 52kT¹W T, ~2.31!

J~m!522ls“H~s!, ~2.32!

P522h̄“v~s!, ~2.33!

P52z¹W •vW , ~2.34!

with the thermal conductivitykT , the coefficient for the spin
diffusion ls , the shear viscosityh̄, and the bulk viscosityz.
Equations~2.25!, ~2.26!, ~2.29!, ~2.28!, and ~2.11! together
with the currents~2.31!, constitute the hydrodynamic equa
tion for the Heisenberg fluid at zero external magnetic fie
For the hydrodynamic equations linearized about the m

valuess̄, r̄, mW̄ 50 and jW̄50 we obtain

]s

]t
1 s̄¹W •vW 5

kT

T
¹2T, ~2.35!

]mW

]t
5ls¹

2HW , ~2.36!

]r

]t
1 r̄¹W •vW 50, ~2.37!

]W

]t
1¹W P5h̄¹2vW 1S z1

4

3
h̄ D¹W ~¹W •vW !. ~2.38!

C. Homogeneous external magnetic field

In the following, we will consider a fluid in an externa
magnetic fieldHW ex5HexeW z , with eW z the unit vector in thez
direction. In this case only thez componentmz(x) of the spin
density is conserved. As a consequence spin diffusion ex
only for this component. The dissipation in thex-y plane
takes place via relaxation. Hence Eq.~2.25! splits into the
two equations,

]mz

]t
1@HW 3mW #z1¹ lv lmz52¹W JW z

~m! , ~2.39!

]ma

]t
1@~HW 2HW ex!3mW #a1¹ lv lma52r a , ~2.40!

wherea denotesx or y and r a a source term. Repeating th
steps of the previous subsection we obtain the contin
equation for the entropy density,

]s

]t
1¹W •~svW !52¹W •S JWq2JW z

~m!Hz

T
D 1qs , ~2.41!

with the entropy source term,
-
f
,

o
t

.
n

ts

ty

qs52~JWq2JW z
~m!Hz!•

¹W T

T2 2JW z
~m!

•

¹W Hz

T
2P~s!:

¹v ~s!

T

2P
¹W •vW

T
. ~2.42!

In Eq. ~2.42! we have neglected the contributions of the fa
modes, which are related to the relaxation process. The
tropy source term~2.42! includes the currents and the corr
sponding thermodynamic forces listed in Table II. The ten
character of the third thermodynamic force in Table II
different from that in the case of zero magnetic field given
Table I. The magnetic field in Eq.~2.42! is an axial vector,
therefore the gradient of thez component is a polar vector
The interaction between the molecules of the liquid rema
isotropic in the case of a finite external magnetic field. T
same symmetry arguments as before can be applied no
order to determine the nonvanishing Onsager coefficie
The main difference to the zero magnetic field case is that
now have the polar vector¹W T as well as¹W Hz . The symme-
try of the system permits a cross coefficient that couples
gradient of the temperature and the gradient of the magn
field component. Thus, the resulting currents are

JWq2JW z
~m!Hz52g¹W T2Tb¹W Hz , ~2.43!

JW z
~m!52b¹W T2a¹W Hz , ~2.44!

P522h̄“v~s!, ~2.45!

P52z¹W •vW . ~2.46!

In Eqs.~2.43! and~2.44! we have already used the symmet
properties of the Onsager coefficients. The resulting th
Onsager coefficientsa, b, and g determine the spin diffu-
sion, the thermomagnetic diffusion ratio, and the therm
conductivity. At vanishing external magnetic field, the sy
tem is described by the case of the previous subsect
where the heat and spin modes decouple. Thus, the c
coefficientb is a function of the external magnetic field, wit
the property,

b~HW ex50W !50. ~2.47!

TABLE II. CurrentsJi and conjugated thermodynamic forcesXi

in a Heisenberg ferrofluid in a fixed external field.

Ji Xi

P
1

T
¹W •vW

JWq2JW z
(m)Hz

1

T 2 ¹W T

JW z
(m) 1

T
¹W Hz

P
1

T
“v~s!
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As in the case of zero magnetic field, the coefficientsh̄ and
z represent the shear and bulk viscosity.

Linearizing the hydrodynamic equations about the me

valuess̄, m̄, r̄ and j̄W50 we obtain

]s

]t
1 s̄¹W •vW 5

g

T
¹2T1b¹2Hz , ~2.48!

]r

]t
1 r̄¹W •vW 50, ~2.49!

]mz

]t
1m̄¹W •vW 5b¹2T1a¹2Hz , ~2.50!

]mW '

]t
1HW 3m̄W 2HW ~ex!3mW 52aRmW ' , ~2.51!

] jW

]t
1¹W P5h̄¹2vW 1S z1

4

3
h̄ D¹W ~¹W •vW !. ~2.52!

In the equations above we have explicitely inserted an ex
nal homogeneous magnetic field inz direction, causing a
mean magnetizationm̄(Hz)5m̄eW z . The transverse magnet
zationmW ' is not conserved and does not belong to the se
slow variables. However, it couples via the nonlinear reve
ible terms considered below to the equations of the ot
densities. Therefore, we take into account the dynam
equation for the transverse components in the form of a
laxation equation. The relaxation coefficientaR is connected
to the source term in Eq.~2.40! by rW'5aRmW ' .

D. The hydrodynamic transport coefficients

The Onsager coefficients introduced in Eqs.~2.43! and
~2.44! are related to the thermal conductivity, thermoma
netic diffusion ratio, and spin diffusion coefficient in a wa
that is quite analogous to their relationship to the therm
conductivity, the thermodiffusion ratio, and the mass dif
sion in binary liquid mixtures. Assuming a vanishing sp
current ~2.44! (JW z

(m)50), the gradients of the temperatu

and magnetic field are related by¹W Hz52(b/a)¹W T. Insert-
ing this relation into Eq.~2.43!, we obtain for the heat cur
rent

JWq52S g2
Tb2

a D¹W T, ~2.53!

from which we identify the thermal conductivity at vanishin
spin current to be

kT5g2
Tb2

a
~JW z

~m!50!. ~2.54!

At constant spin density and pressure, the temperature g
ent is proportional to the gradient of the entropy density
unit masss5s/r,

¹W T5S ]T

]s D
mz ,P

¹W s. ~2.55!
n

r-

f
-
r

al
e-

-

l
-

di-
r

We have also introduced the spin density per unit massmz
5mz /r. The equation fors is easily derived from Eqs
~2.48! and ~2.49!,

]s

]t
5

kT

rT S ]T

]s D
mz ,P

¹2s, ~2.56!

and this describes heat conduction in the magnetic flu
From this equation we identify the thermal diffusion consta
to be

DT5
kT

rT S ]T

]s D
mz ,P

. ~2.57!

In general, at local thermodynamic equilibrium we have
the gradient of the internal magnetic field

¹W Hz5S ]Hz

]T D
mzP

¹W T1S ]Hz

]mz
D

T,P

¹W mz1S ]Hz

]P D
T,mz

¹W P.

~2.58!

Inserting this into the equation for the spin current~2.44!, we
obtain

JW z
~m!52aS ]Hz

]mz
D

T,P
H ¹W mz1S ]mz

]Hz
D

T,P
F S ]Hz

]T D
mz ,P

1
b

aG
3¹W T1S ]mz

]Hz
D

T,P
S ]Hz

]P D
T,mz

¹W PJ . ~2.59!

Considering a magnetic fluid at rest (vW 50W ), at constant tem-
perature and at constant pressure we derive from Eq.~2.50!
the following spin diffusion equation:

]mz

]t
5

a

r S ]Hz

]mz
D

T,P

¹2mz . ~2.60!

Thus, the spin diffusion coefficient reads

Dm5
a

r S ]Hz

]mz
D

T,P

~JW z
~m!50!. ~2.61!

At vanishing spin current and at constant pressure, a t
perature gradient causes a spin density gradient. From
~2.59! we immediately obtain

¹W mz52S ]mz

]Hz
D

T,P
F S ]Hz

]T D
mz ,P

1
b

aG¹W T, ~2.62!

which leads to the identification of the thermomagnetic d
fusion ratio,

kT

T
5S ]mz

]Hz
D

T,P
F S ]Hz

]T D
mz ,P

1
b

aG . ~2.63!

This transport coefficient corresponds to the thermodiffus
ratio in binary mixtures. In the same way, we obtain for t
magnetic pressure diffusion coefficient the expression,
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kP

P
5S ]mz

]Hz
D

T,P
S ]Hz

]P D
T,mz

. ~2.64!

With Eqs. ~2.61!–~2.64!, the spin current retains the sam
structure as the mass current in binary mixtures@13#:

JW z
~m!

r
52DmF¹W mz1

kT

T
¹W T1

kP

P
¹W PG . ~2.65!

III. STATIC FUNCTIONAL OF THE HEISENBERG FLUID

Static functional of the Heisenberg fluid
at the gas-liquid transition

The general steps of the derivation of the static functio
describing the critical behavior of a system is presented
the Appendix. In the case of the Heisenberg fluid, the lo
densitiesa i(x) introduced in the Appendix are the entrop
densitys(x), the mass densityr(x), the momentum density
jW(x), and the spin densitymW (x). The external fieldsFi(x)
are the temperatureT(x), the chemical potentialm(x), the
velocity vW (x), and the magnetic fieldHW (x). In respect to the
gas-liquid transition, the entropy density represents the o
parameter implying that the fluctuation terms of this dens
have to be taken into account up to fourth order. The rem
ing terms in the static functional~A20! are the quadratic
terms of all the densities mentioned,Da i(x)Da j (x), the
gradient term @¹Ds(x)#2, and the non-Gaussia
terms @Ds(x)#3, @Ds(x)#4, DmW (x)@Ds(x)#2, and
Dr(x)@Ds(x)#2. The total energy densitye(s,r,mW ,W) is the
sum of the internal energy densityu(s,r,mW ) and the kinetic
energyekin5 jW2/2r. Thus, the momentum density appears
Eq. ~A20! up to quadratic order and noD jW(x)@Ds(x)#2 term
exists~this follows from the different behavior of the dens
ties under time inversion!. In order to change from the
chemical potential to the experimentally accessible pres
it is convenient to introduce the entropy per unit ma
s(x)5s(x)/r(x) and the spin density per unit massmW m(x)
5mW (x)/r(x). The structure of the static functional remai
invariant, buts andmW are replaced bys andmW m . The third-
order term of the order parameter@Ds(x)#3 and the qua-
dratic couplings of the secondary densities to the order
rameter,Ds(x)Dr(x) and Ds(x)DmW m(x), are eliminated
by introducing the densities,

f̊~x!5ANA@Ds~x!2^s~x!&#, ~3.1!

qW̊ 1~x!5ANAFDmW m~x!2S ]mW m

]s D
HW ,P

@Ds~x!2^s~x!&#G ,

~3.2!

q̊2~x!5ANAFDr~x!2S ]r

]s D
HW ,P

@Ds~x!2^s~x!&#G .

~3.3!

NA denotes the Avogadro number. The momentum den
fluctuationsjW5ANAD jW are also rescaled by the square ro
of the Avogadro number. The overcircle denotes that th
quantities are unrenormalized. In the calculation of the tra
l
in
l

er
y
n-

re
s

a-

ty
t
e

s-

port coefficients their renormalized counterparts may app
~then without the overcircle!. Then the static functiona
~A20! reads

H5E d3xH 1

2
t̊f̊21

1

2
~¹W f̊ !21

1

2
qW̊ 1•a11•qW̊ 11aW 12•qW̊ 1q̊2

1
1

2
a22q̊2

21
1

2
aj jW• jW1

1

2
gW̊ 1•qW̊ 1f̊21

1

2
g̊2q̊2f̊21

ů̃

4!
f̊4

2hW̊ 1•qW̊ 12h̊2q̊2J . ~3.4!

The coefficientsai j are related to the thermodynamic deriv
tives,

@a11# i j 5
r

RT S ]Hi

]m j
D

s,r

~0!

, a225
1

RTr S ]P

]r D
s,mW m

~0!

, ~3.5!

aW 125
r

RT
S ]HW

]r
D

s,mW m

~0!

5
1

RTr S ]P

]mW m
D

s,r

~0!

, ~3.6!

where the superscript~0! indicates that the derivatives ar
uncritical background quantities. The components of the s
density are abbreviated as@mW m# i[m i . The coefficients~3.5!
and~3.6! represent the zeroth order contribution to the sta

vertex functionsG̊qiqj
. The fields hW̊ 15gW̊ 1^1/2f̊& and h̊2

5g̊2^1/2f̊& are chosen so as to compensate the finite exp
tation values ofqW̊ 1 and q̊2 . The spin density andqW̊ 1 are odd
quantities with respect to time inversion. The static fun
tional has to be invariant under time inversion and under
changeHW ex→2HW ex. This means that the couplinggW̊ 1(HW ex)

obeysgW̊ 1(2HW ex)52gW̊ 1(HW ex). At vanishing external mag-

netic field we havegW̊ 1(HW ex50W )50W , and the static functiona
~3.4! simplifies to

H5E d3xH 1

2
t̊f̊21

1

2
~¹W f̊ !21

1

2
qW̊ 1•a11•qW̊ 11aW 12•qW̊ 1q̊2

1
1

2
a22q̊2

21
1

2
aj jW• jW1

1

2
g̊2q̊2f̊21

ů̃

4!
f̊42h̊2q̊2J .

~3.7!

Then the spin density completely decouples from the or
parameter.

The order parameter correlation function, calculated fr
Eq. ~3.4! @for the cummulant̂ &c , see Eq.~A25!#,

^f̊f̊&c5
RT

r S ]s

]TD
HW ,P

~3.8!

is related to the specific heat at fixed pressure and magn
field, which is strongly divergent with exponentg, as ex-
pected. The correlations of the secondary densities,

^q̊1i q̊1 j&c5
RT

r S ]m i

]H j
D

s,P

, ^q̊2q̊2&c5RTrS ]r

]PD
s,HW

,

~3.9!
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^q̊1i q̊2&c5
RT

r S ]r

]Hi
D

s,P

5RTrS ]m i

]P D
s,Ĥ

, ~3.10!

are weakly divergent~with exponenta! @14#. The vertex
functions are calculated from the one-particle irreduci
graphs in a perturbative expansion in the couplings. The
tex functions are related to the correlations by

S G̊q1q1 GW̊ q1q2

GW̊ q1q2

T G̊q2q2

D 5S ^q̊1q̊1&c ^qW̊ 1q̊2&c

^q̊2qW̊ 1&c ^q̊2q̊2&c
D 21

, ~3.11!

where superscript ‘‘T’’ denotes the transpose of a vecto
From the perturbation expansion one can see that the s
vertex functions have the structure

G̊q1q1
5a112

1

2
g̊1g̊1G~ ů!, ~3.12!

GW̊ q1q2
5aW 122

1

2
gW̊ 1g̊2G~ ů!, ~3.13!

G̊q2q2
5a222

1

2
g̊2

2G~ ů!. ~3.14!

The functionG(ů) contains the contributions of the pertu
bation expansion in the static couplingů. This coupling is
the fourth-order coupling of thef4 model that is obtained
when the secondary densities in Eq.~3.4! are eliminated in
the partition function@15,12#. In Eqs. ~3.12!–~3.14!, G is
eliminated by inserting one of the equations into the t
remaining equations. This leads to two relations between
background parametersai j and the static vertex function
G̊qiqj

. Using the thermodynamic expressions~3.5!–~3.10!,
these may be expressed as

Fa112
a12g̊1

g̊2
G

i j

5
r

RT S ]Hi

]m j
D

s,t

, ~3.15!

aW 122a22

gW̊

g̊2
5

1

RTr S ]P

]mW m
D

s,t

, ~3.16!

gW̊ 1

g̊2
52S ]r

]mW m
D

s,t

, ~3.17!

The indext in Eqs.~3.15!–~3.17! denotes derivatives paralle
to the critical line. These themodynamic derivatives rem
finite at the critical point, and are treated as constants in
critical region.

Time inversion symmetry of the external magnetic fie
implies that the coupling between the order parameter

the secondary density vectorqW̊ 1 must have the structuregW̊ 1

5HW exf (uHW exu2) with a regular functionf. Applying an exter-
nal magnetic field in thez direction, the only nonzero com

ponent of the vectorgW̊ 1 is the z componentgW̊ 1
T5(0,0,gz).

From Eq. ~3.17!, it immediately follows that (]r/]mx)s,t
5(]r/]my)s,t50. Thus, along the critical line, the densi
e
r-

tic

e

n
e

d

and the pressure~which is the conjugated field! only depend
on thez component of the magnetization per unit massmz .
Then Eq.~3.17! reduces to

g̊z

g̊2
52S ]r

]mz
D

s,t

. ~3.18!

Inserting Eq.~3.18! into Eq.~3.16! shows that the vectoraW 12
T

in Eq. ~3.6! contains only az component. The relations
~3.16! and ~3.15! simplify to

az22a22

g̊z

g̊2
5

1

RTr S ]P

]mz
D

s,t

~3.19!

and

azz2az2

g̊z

g̊2
5

r

RT S ]Hz

]mz
D

s,t

. ~3.20!

The coefficienta22 is thez component of the vectoraW 12
T , and

azz is thezzelement of the matrixai j 5@a11# i j in Eq. ~3.5!.
Nondiagonal elements of this matrix vanish. Thus, for
external magnetic field in thez direction, the static functiona
~3.4! reduces to

H5E d3xH 1

2
t̊f̊21

1

2
~¹W f̊ !21

1

2
a'qW'•qW'1

1

2
azzq̊1z

2

1az2q̊1zq̊21
1

2
a22q̊2

21
1

2
aj jW• jW1

1

2
g̊zq̊1zf̊

2

1
1

2
g̊2q̊2f̊21

ů̃

4!
f̊42h̊zq̊1z2h̊2q̊2J . ~3.21!

qW'
T5(q1x ,q1y) denotes the secondary density vector in t

x-y subspace. The coefficient,

a'5
r

RT S ]Hx

]mx
D

s

5
r

RT S ]Hy

]my
D

s

, ~3.22!

is the inverse magnetic susceptibility in thex-y subspace,
which thermodynamically decouples completely from t
density-pressure subspace. Therefore no distinction is ne
sary between the derivative at constant density in Eq.~3.5!
and the derivative along the critical line in Eq.~3.15!. Thus
there is only a single indexs in Eq. ~3.22!. Due to the ab-
sence of a term in Eq.~3.21! which containsqW' , as well as
other densities, the corresponding static correlations are
stant,

^q1xq1x&c5^q1yq1y&c5
1

a'

. ~3.23!

The remaining nonzero correlations are those of the dens
q1z and q2 in Eqs. ~3.9! and ~3.10!. As in binary mixtures,
the secondary densities can be thermodynamically ortho
nalized by introducing proper linear combinations

S q̊1z

q̊2
D5S M̄11 M̄12

M̄21 M̄22
D S m̊1

m̊2
D . ~3.24!
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The elements of the transformation matrix are determined
two conditions: ~i! the thermodynamic correlations of th
secondary densities are diagonal; and~ii ! the g coupling of
m1 with the order parameter vanishes. This leads to

M̄115

azz2az2

g̊z

g̊2

azz22az2

g̊z

g̊2
1az2S g̊z

g̊2
D 2 5xs,t

21S ]mz

]Hz
D

s,t

,

~3.25!

M̄1252

az22a22

g̊z

g̊2

azz2az2

g̊z

g̊2

52
1

r2 S ]P

]Hz
D

s,t

, ~3.26!

M̄2152
g̊z

g̊2
5xs,t

21S ]r

]Hz
D

s,t

, ~3.27!

M̄2251. ~3.28!

The thermodynamic derivatives on the right hand side in
above equations are obtained by inserting relations~3.15!–
~3.17! into ~3.25!–~3.27!. We have also introduced

xs,t5S ]mz

]Hz
D

s,t

1
1

r2 S ]P

]Hz
D

s,t
S ]r

]Hz
D

s,t

. ~3.29!

The resulting static functional is then

H5E d3xH 1

2
t̊f̊1

1

2
~¹W f̊ !21

1

2
am1

m̊1
21

1

2
am2

m̊2
2

1
1

2
aj jW• jW1

1

2
a'qW'•qW'1

1

2
g̊m2

m̊2f̊21
ů̃

4!
f̊4

2h̊m2
m̊2J . ~3.30!

Sincem̊1 appears to quadratic order only, the coefficientam1

represents the complete static vertex functionG̊m1m1
, and we

have

^m̊1m̊1&c5
1

G̊m1m1

5
1

am1

5
RT

r
xs,t , ~3.31!

which does not contain a singular temperature depende
The coefficient of the quadratic term of the secondary d
sity am2

5G̊m2m2

(0) represents the zeroth order of the cor

sponding vertex function. The complete vertex function a
the corresponding correlation are related to the thermo
namic derivatives by
y

e

ce.
-

-

d
y-

^m̊2m̊2&c5
1

G̊m2m2

5RTr3S ]Hz

]P
D

s,t

2 F S ]mz

]Hz
D

s,P

2S ]mz

]Hz
D

s,t

2

xs,t
21G . ~3.32!

Thus, the vertex function contains the magnetic suscept
ity, which behaves like (]mz /]Hz)s,P;t2a in the
asymptotic critical region.

Apart from the Gaussian term of the transverse spin co
ponents, which do not contribute to the critical behavior,
static functionals~3.4! and ~3.30! are the same as those o
binary liquid mixtures at the plait point@12#. All thermody-
namic relations can be taken over from this system if o
replaces the concentrationc and the chemical potentialD of
the liquid mixture by the spin densitymz and the magnetic
field Hz of the magnetic liquid. Therefore the static critic
behavior of the quantities in the magnetic liquid is the sa
as the static critical behavior of the corresponding quanti
in the liquid mixture at the plait point.

IV. DYNAMIC MODEL FOR HEISENBERG FLUIDS

A. General relations

Using Zwanzig’s projection operator method, one can
rive dynamic equations that describe the time developm
of the slow densities~see Ref.@16#!. Considering a set
$ak(x,t)% of slow densities, one obtains

]a i~x,t !

]t
5Vi~$ak~x,t !%!2(

j
L i j

dH~$ak~x,t !%!

da j~x,t !
1u i~x,t !

~4.1!

with L i j 52Li j ¹
2 for conserved densities andL i j 5Li j for

nonconserved densities. The term

Vi~$ak~x,t !%!5E dx8(
j

FQi j ~x,t;x8,t8!
dH~$ak~x,t !%!

da j~x,t !

2
dQi j ~x,t;x8,t8!

da j~x,t ! G ~4.2!

constitutes the reversible part of the equations. The functi
Qi j are determined by

Qi j ~x,t;x8,t8!5kBT$a i~x,t !,ak~x8,t8!%, ~4.3!

where the curly brackets$.,.% denote generalized Poisso
brackets.H represents a static functional of the type d
cussed in Sec. II. The coefficientsL i j are related to the On
sager coefficients of hydrodynamic theory. The functio
u i(x,t) include the contributions of the fast variables, whi
will be considered as stochastic forces. Assuming that th
stochastic forcesu i(x,t) are determined by a Markov pro
cess, the coefficientsL i j fulfill the relations

^u i~x,t !u j~x8,t8!&5L i j d~x2x8!d~ t2t8!. ~4.4!
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B. Dynamic model equations

In the case of Heisenberg fluids the densities$ak(x,t)%
are represented by the hydrodynamic densitiess(x,t),
r(x,t), mW (x,t), and jW(x,t) considered in Sec. II. The gene
alized Poisson brackets~2.5!–~2.9! determine the reversible
part ~4.2!, which is independent of the external magne
field. The dissipative part described by the coefficientsL i j is
different depending on whether the external magnetic fiel
zero or nonzero. The coefficientsL i j are related to the On
sager coefficients introduced in Sec. II. They may be ide
fied by comparing the general structure of the dynamic eq
tions with the linearized hydrodynamic equations. These
given in Eqs.~2.35! and~2.37! for the zero external magneti
field, and in Eqs.~2.48!–~2.52! for a homogeneous externa
magnetic field in thez direction.

In the case of a homogeneous external magnetic fieldz
direction we obtain

]s

]t
5kBg¹2

dH
ds

1kBTb¹2
dH
dmz

1Vs~$ak%!1us ,

~4.5!

]mz

]t
5kBTb¹2

dH
ds

1kBTa¹2
dH
dmz

1Vmz
~$ak%!1umz

,

~4.6!

]r

]t
5Vr~$ak%!, ~4.7!

] jW

]t
5kBTS z~0!1

4

3
h̄~0!D ¹2

dH
d jW l

1kBTh̄~0!¹2
dH
d jW t

1VW j8~$ak%!1uW j , ~4.8!

]mW '

]t
52kBTaR

dH
dmW '

1VW m'
~$ak%!1uW' . ~4.9!

The Onsager coefficientsa, b, g, z (0), and h̄ (0) have been
introduced in Eqs.~2.43!–~2.46!. The superscript~0! indi-
cates uncritical background values. The equation of m
conservation~4.7! does not contain dissipative terms~On-
sager coefficients! or stochastic forces. In Eq.~4.8!, the mo-
mentum density has been separated into a longitudinal c
ponent jW l defined by¹W 3 jW l50W , which is necessary for the
description of the sound mode, and a transverse compo
jW t defined by¹W • jW t50, which is necessary for the descriptio
of the shear mode. Formally, we have added a relaxa
equation for the transverse components of the magnetiza
even though it does not belong to the set of densities
conserved variables. It turns out that the reversible coupli
to the other densities are irrelevant for the critical behav

In the case of zero external magnetic field, the Onsa
coefficientb50 and the heat conduction mode and the s
diffusion mode decouple. Equations~4.5!, ~4.6!, and ~4.9!
reduce to

]s

]t
5kBg¹2

dH
ds

1Vs~$ak%!1us , ~4.10!
is
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]mW

]t
5kBTa¹2

dH
dmW

1VW m~$ak%!1uW m , ~4.11!

while the equations for the mass density~4.7! and the mo-
mentum density~4.8! remain unchanged. The reversible co
tributions determined by the generalized Poisson brackets

Vs~$ak%!52kBT¹W •S s
dH
dW

D , ~4.12!

VW m~$ak%!52kBT (
i 5x,y,z

¹ imW
dH
d j i

1kBTmW 3
dH
dmW

,

~4.13!

Vr~$ak%!52kBT¹W •S r
dH
d jW

D , ~4.14!

VW j8~$ak%!52kBTS s¹W
dH
ds

1r¹W
dH
dr

1 (
i 5x,y,z

mi¹W
dH
dmi

D
2kBT (

i 5x,y,z
S j i¹W

dH
d j i

1¹ i jW
dH
d j i

D . ~4.15!

Introducing the order parameter~3.1! and the secondary den
sities ~3.2! and ~3.3!, we obtain the final dynamic equation
for the case of a homogeneous external magnetic field in
z direction,

]f̊

]t
5G̊¹2

dH
df̊

1L̊¹2
dH
dq̊1

1L̊f¹2
dH
dq̊2

2g̊
dH
dW

•¹W f̊1uf ,

~4.16!

]q̊1

]t
5L̊¹2

dH
df̊

1m̊¹2
dH
dq̊1

1L̊12¹
2

dH
dq̊2

2g̊
dH
dW

•¹W q̊11uq1 ,

~4.17!

]q̊2

]t
5L̊f¹2

dH
df̊

1L̊12¹
2

dH
dq̊1

1l̊¹2
dH
dq̊2

2 c̊¹W •

dH
d jW l

2g̊¹W •S q̊2

dH
d jW

D 2g̊lf̊¹W •
dH
dW l

1uq2 , ~4.18!

] jW

]t
5l̊ l¹

2
dH
d jW l

1l̊ t¹
2

dH
d jW t

2 c̊¹W
dH
dq̊2

2g̊F q̊2¹W
dH
dq̊2

2
dH
df̊

¹W f̊2
dH
dq̊1

¹W q̊12 (
i 5x,y

dH
dq̊i

¹W q̊iG
2g̊ (

i 5x,y,z
S j i¹W

dH
d j i

1¹ iW
dH
d j i

D 2g̊l¹W •S f̊
dH
dW l

D 1uW j ,

~4.19!
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]qW'

]t
52a'

dH
dqW'

2g̊S dH
dW

•¹W D qW̊'1vLeW z3
dH
dqW̊ 1

1g̊LqW̊ 1

3
dH
dqW̊ 1

1g̊L8f̊eW z3
dH
dqW̊ 1

1uW q' . ~4.20!

In the last equation we have introduced the thr

dimensional vectorqW̊ 1
T[(qW'

T ,q̊1). The corresponding stati
functionalH is given by Eq.~3.21!. Only three out of the six
kinetic coefficients appearing in Eqs.~4.16!–~4.20! are inde-
pendent. They are related to the Onsager coefficients in
duced in Eqs.~2.43! and ~2.44! by

G̊5
Rg

r2 , L̊5
RT

r2 Fb1S ]mz

]s D
HW ,P

g

T G , ~4.21!

m̊5
RT

r2 Fa22S ]mz

]s D
HW ,P

b1S ]mz

]s D
HW ,P

2 g

T G . ~4.22!

The remaining three coefficients are expressed by these
coefficients. We have

L̊f52S ]r

]s D
HW ,P

G̊, l̊5S ]r

]s D
HW ,P

2

G̊, L̊1252S ]r

]s D
HW ,P

L̊.

~4.23!

The relaxation coefficient in Eq.~4.20! is a'5RTaR /r.
The linear mode coupling parameters are

c̊5RTr, vL5
RT

r
mz , ~4.24!

while the nonlinear mode couplings are defined as

g̊5
RT

ANA

, g̊l5
RT

ANA
S ]r

]s D
HW ,P

, ~4.25!

g̊L5
RT

rANA

, g̊L85
RT

rANA
S ]mz

]s D
HW ,P

. ~4.26!

From power counting arguments we obtain the cutoff~L!
dimensions of the kinetic coefficients, as shown in Table
Within the perturbation expansion the kinetic coefficients
pear in the form of time scale ratios, which determine wh
contributions to the critical behavior are relevant and irr
evant. The time scale ratios and their cutoff dimension
shown in Table IV. From this table it is seen that the set
time scale ratios in the second row has a cutoff dimensio
L22, which means that contributions proportional to the

TABLE III. Cutoff dimensions of the kinetic coefficients.c

Cutoff dim. Kinetic coeff.

L0
G̊

L1
L̊,L̊f

L2
L̊12,l̊,l̊ l ,l̊ t

L4 a'
-

o-

ree

.
-

h
-
e
f
of
e

time scale ratios are irrelevant. The same is true for the t
scale ratios in the last row which is proportional toL24.
Only the ratios with a cutoff dimension ofL0, in the first
row in Table IV, are relevant in the critical region. In ord
to examine the influence of the transverse spin compon
to the remaining densities in the perturbation expansion,
have to consider the mode coupling terms, which include
transverse spin component and other densities. The cu
dimensions of the mode couplings are listed in Table V.

Within perturbation theory, the vertex functions can
expressed in terms of the time scale ratios introduced
Table IV and mode coupling parameters introduced in E
~4.25! and ~4.26!, namely,

g̊2

G̊l̊ t

,
g̊l

2

l̊l̊ l

,
g̊L

2

a'

, ~4.27!

which are all proportional toLe/2. Only those terms which
include relevant time scale ratios contribute to the criti
behavior.

In the dynamic equations~4.16!–~4.20! some further
terms do not lead to relevant contributions. First, Eq.~4.19!
for the momentum density and Eq.~4.20! for the transverse
spin components are coupled byg̊( i 5x,y(dH/dq̊i)¹W q̊i and

g̊@(dH/dW)•¹W #qW̊' . These terms lead to vertices with tw
transverse spin component lines in the dynamic function
Thus, contributions to each of the two two-point-vertex fun
tions always must have at least one internal transverse
line. As a result, one obtains a couplingg̊2/a';L221e that
is irrelevant. Combinations of these two vertices only p
duce irrelevant contributions. Second, inserting forH the

terms g̊LqW̊ 13(dH/ d̊qW 1) and g̊L8f̊eW z3(dH/ d̊qW 1) in Eq.

~4.20!, leads to expression 1/2g̊Lg̊zf̊
2(q̊y ,2q̊x,0)T and

TABLE IV. Cutoff dimensions of the time scale ratios.

Cutoff dim. Time scale ratio

L0
L̊

AG̊m̊
,

L̊f

AG̊l̊
,

L̊12

Al̊m̊

L22 G̊

m̊
,
G̊

l̊
,
G̊

l̊l

,
G̊

l̊t

L24
G̊

a'

TABLE V. Cutoff dimensions of the mode couplings. We ha
introducede542d.

Mode coupling Cutoff dim.

c̊ L3

v̊L L4

g̊ L11e/2

g̊l ,g̊L L21e/2

g̊L8 L31e/2
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a'g̊L8f̊(q̊y ,2q̊x,0)T. These axial vectors do not give pertu
bational contributions to the vertex functions with the po
vectors from above. Therefore, these two vertices contrib
to the q'2q'-two-point function only. Thus we can con
clude that in the perturbation expansion, the transverse
densities completely decouple from the remaining densit
and it is sufficient to consider only the equations forf̊, q̊1 ,
q̊2 , and W. Neglecting the g̊( i 5x,y(dH/dq̊i)¹W q̊i in Eq.

~4.19! and g̊@(dH/d jW)•¹W #qW̊' in Eq. ~4.20! the dynamic
equations~4.16!–~4.19! have the same form as in the case
binary liquid mixtures at the plait point@12#. Having consid-
ered the dynamical critical phenomena in the Heisenberg
uid, one can now proceed along the lines developed in R
@17,18#. From the dynamical functional one calculates t
dynamical correlations by a perturbation expansion in
mode couplings and the static couplings.

V. HYDRODYNAMIC TRANSPORT COEFFICIENTS

In the previous section we have shown that the dyna
model for the Heisenberg fluid in an external homogene
magnetic field reduces to the model known from binary l
uid mixtures. The relations of the hydrodynamic transp
coefficients to the model parameters and their explicit ca
lation within renormalization group theory for a liquid mix
ture have been treated in Ref.@12#. Therefore we shall no
repeat these steps in the present paper, and only summ
the results we obtained.

A. Critical heat and spin diffusion

From calculations analogous to those for binary liqu
mixtures at the plait point@12#, we obtain, at zero frequency
the thermal conductivity,

kT~ l !

rT
5

1

Dm~ l ! S r

RTD 2S ]Hz

]mz
D

T,P

m̊G~d!~ l !@12w3
2~ l !

1G„w3
2~ l !, f t~ l !,u~ l !…#, ~5.1!

whereG(w3 , f t ,u) contains the contributions of the pertu
bation expansion of the amplitude function for the dynam
order parameter two-point function. The corresponding o
loop expression is listed in Table VI. The quantityw3 de-

TABLE VI. One loop expressions of the dynamicz functions
and amplitude functions.

Function One loop expression

zG
(d)

2
3

4
ft
2

zlt 2
ft
2

24~12w3
2!

G 2
ft
2

16

Et
2

ft
2

36~12w3
2!
r
te

in
s,

f

-
fs.

e

ic
s

-
t
-

rize

c
e

notes the time scale ratio defined by the renormalized mo
kinetic coefficientsG, L, andm,

w3
2~ l !5

L2~ l !

G~ l !m~ l !
. ~5.2!

The flow of the kinetic coefficientG ~the kinetic coefficient
G (d) follows from G by separating the static contributions!,
and of the time scale ratiow3 , are determined by the flow
equations,

l
dG~d!~ l !

dl
5G~d!~ l !zG

~d! , l
dw3~ l !

dl
52

1

2
w3~ l !zG

~d! ,

~5.3!

with proper initial conditions. The functionszf andzG
(d) are

calculated from the static and dynamic renormalization f
tors within the perturbation expansion, and their one-lo
expressions are given in Table VI. The staticz function,
zf(u), depends only on the fourth-order coupling of thef4

modelu( l ). It is obtained from the renormalization of thek2

terms of the static two-point order parameter vertex functi
The dynamicz function,zG

(d)(w3 , f t), which is obtained from
the renormalization of thek2 terms of the dynamic orde
parameter two-point function, depends on the time scale r
w3 and the mode coupling parameter

f t
2~ l !5

g2~ l !

G~ l !l t~ l !
. ~5.4!

This mode coupling is determined by the flow equation

l
d f t~ l !

dl
52

1

2
f t~ l !~e1zf1zG

~d!1zl t
!. ~5.5!

The functionzl t
(w3 , f t) is obtained from the renormalizatio

of the k2 terms of the transverse momentum current den
two-point function. The reduced temperaturet enters the
transport coefficients through the matching condition,

j22~ t !

~j0
21l !2 51, ~5.6!

with the correlation lengthj(t). The spin diffusion coeffi-
cient Dm appearing in Eq.~5.1! is given by

Dm~ l !5
r

RT S ]Hz

]mz
D

T,P

$m̊12aL̊1a2G~d!~ l !

3@11G„w3~ l !, f t~ l !,u~ l !…#%. ~5.7!

The parametera in the above equation is determined by t
thermodynamic derivative,

a5S ]mz

]s D
Hz ,P

, ~5.8!

which depends only weakly on the temperature and there
can be considered as a constant in the critical region.
thermomagnetic diffusion ratio related to the cross effect
tween heat conduction and spin diffusion is
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TABLE VII. Asymptotic temperature dependence of the hydrodynamic transport coefficients of a He
berg fluid in a homogeneous magnetic field.

TC Crit. Beh. Remark

kT Finite Constant magnetization current
thermal conductivity enhancement depend. on background par.
Dm Goes to zero g/n.1.8
magnetic diffusion j2g/n1xl xl50.916~2 loop!
kT Diverging ;Dm

21

thermal magnetic
diffusion ratio

jg/n2xl

h̄ Diverging
viscosity j2xh xh50.065~2 loop!
cs sound velocity Finite frequency zero
a sound absorption v2jz2an small frequency;z;3
es

an
io

n
th

a
io

nc-

r

-

-

e

.

n

kT~ l !

T
52

r

RT

1

Dm~ l ! F L̊1
m̊

a G2S ]mz

]T D
s,P

. ~5.9!

The asymptotic critical behavior resulting from these expr
sions for the transport coefficients~5.1!, ~5.7!, and ~5.9! is
listed in Table VII.

B. Critical viscosity

The shear viscosity can be calculated as in pure fluids
liquid mixtures. At zero frequency the resulting express
for the shear viscosity is

h̄~ t !5
1

RT
~k l !2l t~ l !@11Et„f t~ l !,w3~ l !…#. ~5.10!

The amplitude functionEt„f t( l ),w3( l …) contains the contri-
butions of the perturbation expansion in the couplings~static
and dynamic!. In one loop order this function is given i
Table VI and depends only on the mode coupling and
time ratiow3 . The kinetic coefficientl t( l ) is determined by
the flow equation,

l
dl t

dl
5l t~ l !~221zlt!, ~5.11!

while w3( l ) and f t( l ) are calculated from Eqs.~5.3! and
~5.5!.

C. Critical sound propagation

Neglecting the contribution of the viscosity and therm
conductivity the sound velocity and the sound attenuat
can be written simply as

cs
2~ t,v!5Re@Cs

2~ t,v!#, ~5.12!

Ds~ t,v!52
1

v
Im@Cs

2~ t,v!#, ~5.13!

wheret denotes the reduced temperature, andCs is given by

Cs
2~ t,v!5aj@a1c̊1

21 c̊2
2G̊m2m2

~s! Vs„v~ t,l !,w̃~ l !…#.

~5.14!
-

d
n

e

l
n

The thermodynamic expressions for the static vertex fu
tions a1 and G̊m2m2

(s) have been given in Eqs.~3.31! and

~3.32!. The parametersc̊1
2 and c̊2

2 are related to the linea
mode coupling parameterc̊2 @Eq. ~4.24!# by

c̊1
25

1

r2 S ]P

]Hz
D

s,t

c̊2, c̊2
25

1

xs,t
S ]mz

]Hz
D

s,t

c̊2. ~5.15!

The complex functionVs can be written as

Vs„v~ t,l !,w̃~ l !…5
11g2~ l !F1

~s!
„u~ l !…

11g2~ l !F1„v~ t,l !,w̃~ l !…
. ~5.16!

The static parameterg2 is related to the corresponding pa
rameter in the static functional~3.30! by

g25
gm2

2

a2
. ~5.17!

The amplitude function of the specific heatF1
(s) and the dy-

namic amplitude functionF1 can be calculated within per
turbation expansion. At vanishing frequency,F1 turns into
the amplitude functions of the specific heat. Thus we hav

lim
v→0

F1~v,w̃!5F1
~s!~u!, ~5.18!

with u being the static coupling of thef4 model. The un-
renormalized counterpartů is related to parameters of Eq
~3.30! via

ů5 ů̃23
g̊m2

2

a2
. ~5.19!

The parameterv, which depends explicitly on the correlatio
lengthj(t), and the parameterw̃, which depends explicitly
on the frequencyv, are defined by
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v~ t,l !5
j22~ t !

~j0
21l !2 , w̃~ l !5

v

2G~ l !„12w3
2~ l !…~j0

21l !4 ,

~5.20!

l
dG~ l !

dl
5G~ l !~zf1zG

~d!!. ~5.21!

The flow parameterl is connected to the reduced temperatu
by a matching condition of the form

US v~ t,l !

2 D 2

1 iw̃~ l !U5 1

4
, ~5.22!

which implicitly defines a functionl (t,v). In the limit v
→0, the relation reduces to the static matching condition
~5.6!, which is equivalent to settingv51.

VI. CONCLUSION

The dynamical critical properties near the gas-liquid cr
cal line ~as a function of the magnetic field! of the Heisen-
berg liquid in a magnetic field turns out to remain in t
same universality class as the gas-liquid critical point in
pure nonmagnetic liquid. The nonuniversal properties, ho
ever, can be identified with those of a liquid mixture near
plait point. This means that the thermal conductivity of t
liquid at constant magnetization current is nondivergent
enhanced, while the magnetic diffusion coefficient goes
zero and the thermomagnetic ratio diverges~see Table VII!.
This critical behavior of the dynamic magnetic properties
due to the coupling of magnetization to the order param
at the gas-liquid transition in the finite static magnetic fie
In the case when the magnetic field goes to zero, the am
tude of the divergence of the Onsager coefficient correspo
ing to the spin diffusion goes to zero, and the magnetic s
ceptibility becomes uncritical. In this limit the
thermomagnetic diffusion ratio goes to zero, whereas the
hancement of thermal conductivity increases and cros
over into the divergent behavior of a pure nonmagnetic flu

Regarding the sound mode, the sound velocity at z
frequency is finite atTc . At the plait point in liquid mixtures,
the magnitude of the sound velocity atTc might be very
small, whereas at the consolute point it is very large, and
influences the observable behavior near the critical p
@12#. Therefore the observable critical behavior of t
Heisenberg liquid depends on the~so far unknown! magni-
tude of the sound velocity atTc . In the limit of zero external
magnetic field, the sound velocity goes to zero atTc .

All of these predictions may be tested in computer sim
lations. The results presented here apply to magnetic liq
irrespective of the existence of a ferromagnetic phase in
field free case. Thus, there may be a wider class of suit
liquids where real experiments can test our findings. So
no experiments on the dynamical critical behavior near
gas-liquid phase transition for magnetic fluid systems@19–
21# interacting via short range Heisenberg force have b
performed.

Quite different critical behavior is to be expected at t
magnetic phase transition in zero field. In this case one
pects the critical magnetic transport properties to belong
the universality class of a solid ferromagnet, while the tra
e

.
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port properties of the liquid are not affected by the magne
transition. However, the situation may become more com
cated depending on the strength of the magnetic relativ
the nonmagnetic interactions. Multicritical behavior mig
also be possible and further work has to be done to cons
this possibility.

So far, only the situation in ahomogeneousexternal field
has been considered. In the case of aninhomogeneousexter-
nal field, additional dynamic couplings are present, involvi
the gradient of the external field. In consequence, trans
coefficients such as viscosity, sound velocity, sound abs
tion, etc., may become anisotropic~see, e.g., Ref.@9#!. This
is also expected to influence fluctuation effects.
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APPENDIX: GENERAL THEORY

The static critical behavior of the Heisenberg fluid is o
tained from the static functional, from which the static co
relation functions are calculated. These determine the crit
behavior of the thermodynamic derivatives. The derivat
of the static functional follows the same steps as in the c
of binary liquid mixtures@15,12# and normal fluids@22#. In
the following, we sketch the general steps used to ob
such a static functional for the description of the critical b
havior.

Let the system be characterized byN11 extensive local
densities per volumea0(x),...,aN . The functiona0(x) rep-
resents the entropy density, while the remaining densit
which depend on the specific system are the mass den
the momentum density, and the magnetization density for
Heisenberg liquid. The intensive external fields conjugate
the densities are denoted byF0(x),...,FN(x). F0(x) repre-
sents the local temperature, the remaining fields corresp
to the local chemical potential, the local velocity, and t
magnetic field for the Heisenberg liquid. In the case of lo
thermodynamic equilibrium, a local probability function

wloc5
1

N expF2E d3x
V~x!

kBT~x!G ~A1!

is introduced, which is found from the microscopic Ham
tonian by means of nonequilibrium thermodynamics@23#. N
is a suitable normalization constant. The local thermo
namic potentialV(x) is determined by the Legendre tran
form,

V~x!5e„$ak~x!%…2(
i 50

N

a i~x!Fi~x!, ~A2!

wheree„$ak(x)%… is the local total energy density, which is
function of the extensive densities. The functionV(x) in Eq.
~A2! is interpreted as the local Gibb’s free energy dens
which is a function of the conjugate fieldsFi . In the follow-
ing, we assume that the extensive densities fluctuate arou
spatially constant mean value. Thus, we can write
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a i~x!5a i1Da i~x!, i 50,...,N ~A3!

e„$ak~x!%…5e1De„$Dak~x!%…. ~A4!

Let the external fields vary as

Fi~x!5Fi1dFi~x!, i 50,...,N. ~A5!

The local thermodynamic potential is then expanded in po
ers of the variationsdFi(x). Inserting Eqs.~A3!–~A5! into
Eq. ~A2! and expanding up to first order in the variations
the field, the Gibb’s free energy splits up into the followin
three terms,

V~x!

kBT~x!
5

V~0!

kBT
1H„$dak~x!%…2(

i 5o

N

r i„$ak~x!%…dFi~x!.

~A6!

The first term is the equilibrium Gibb’s free energy densi

V~0!5e2(
i 50

N

a iFi . ~A7!

The second term contains the contributions due to fluc
tions in the densities,

H5
1

kBT FDe„$Dak~x!%…2(
i 50

N

FiDa i~x!G , ~A8!

and this term defines the static functional for the critic
theory. The last term in Eq.~A6! describes the linear re
sponse of the system to small variations in the external fie
The functionsr i„$ak(x)%… are

r 0„$ak~x!%…5
2P1F0a0~x!

kBT2 , ~A9!

r i„$ak~x!%…5
Fia i~x!

kBT
, i 51,...,N. ~A10!

In Eq. ~A9! we have introduced the mean pressureP. In the
case of local thermodynamic equilibrium, a local press
P(x) may be defined from a local Gibbs-Duhem relation,

e~$ak~x!%!1P~x!5(
i 50

N

Fi~x!a i~x!. ~A11!

The local pressure varies around the mean value; thus
haveP(x)5P1dP(x). Inserting~A3! and~A4! into ~A11!,
the equilibrium Gibbs-Duhem relation defines the equil
rium pressure,

e1P5(
i 50

N

Fia i , ~A12!

while the pressure variation is obtained,

dP~x!5(
i 50

N

a i~x!dFi~x!. ~A13!
-

f

,

a-

l

s.

e

e

-

Using Eq. ~A6!, the local probability distribution may be
written

wloc5
1

N e2HedH, ~A14!

with the functionals,

H5E d3xH„$Dak~x!%…, ~A15!

dH5E d3x(
i 50

N

r i„$ak~x!%…dFi~x!, ~A16!

and the normalization factor

N5E D~$Dak%!e2HedH. ~A17!

At fixed external fields, which meansdFi(x)50, we obtain
the expectation values at local thermodynamic equilibriu
From Eq.~A14!, we have

^A„$ak~x!%…&5
1

N0
E D~$Dak%!A„$ak~x!%…e2H,

~A18!

with the equilibrium normalization constantN05N(dH
50). Expanding the fluctuation of the local energy dens
De„$Dak(x)%… into powers ofDak(x) and its gradients, we
obtain

De~x!5 (
n51

`
1

n! (
i 1 ,...,i n50

N F S ]ne

]a i 1
¯]a i n

DDa i 1
~x!¯Da i n

~x!

1S ]ne

]¹a i 1
¯]¹a i n

D¹Da i 1
~x!¯¹Da i n

~x!G .

~A19!

For the description of the critical behavior it is sufficient
consider powers ofDa up to fourth order and powers of th
gradients up to quadratic order. Thus we obtain

H5E d3xH 1

2 (
i , j 50

N

ai j Da i~x!Da j~x!

1
1

2 (
i , j 50

N

ci j „¹Da i~x!…„¹Da j~x!…

1
1

3! (
i , j ,k50

N

v i jkDa i~x!Da j~x!Dak~x!

1
1

4! (
i , j ,k,l 50

N

ui jkl Da i~x!Da j~x!Dak~x!Da l~x!J ,

~A20!

after inserting Eqs.~A8! and ~A19! into ~A15!. In the equa-
tion above, no linear terms appear because they cancel, s
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Fi5S ]e

]a i
D

$akÞa i %

~A21!

is used. The expansion coefficientsai j are given by the back
ground values of thermodynamic derivatives,

ai j 5
1

kBT S ]2e

]a i]a j
D5

1

kBT S ]Fi

]a j
D

$akÞ j %

5
1

kBT S ]F j

]a i
D

$akÞ i %

.

~A22!

The response of the densities to variations of the conjug
fields determines the correlation functions of the densit
Expanding the local probability function~A1! to first order in
dH, one gets

wloc5
e2H

N0
~11dH2^dH&!. ~A23!

The corresponding nonequilibrium expectation values
then

^a i~x!& loc5^a i~x!&1^a i~x!dH&c , ~A24!

where the indexc denotes the cummulant,

^a ia j&c5^a ia j&2^a i&^a j&. ~A25!

Assuming that the deviation between the local nonequi
rium mean value and the local equilibrium mean value
small, we may write

^a i~x!& loc2^a i~x!&5(
j 50

N S ]a i

]F j
D

$FkÞ j %

dF j~x!. ~A26!
ed
s.

e

-
s

Inserting Eq.~A16! into Eq. ~A24! we obtain on the other
side

^a i~x!& loc2^a i~x!&

5
1

kBT (
j 50

N E d3x8^a i~x2x8!a j~0!&cdF j~0!.

~A27!

Comparing Eq.~A27! with Eq. ~A26! the correlation func-
tions may be related to the thermodynamic derivatives.
troducing the Fourier transformed correlation functions,

^a ia j&c[^a ia j&c~k50!5E d3x8^a i~x2x8!a j~0!&c ,

~A28!

we obtain

^a ia j&c5kBTS ]a i

]F j
D

$FkÞ j %

. ~A29!

Because Eq.~A26! is a local relation, the above thermody
namic derivatives are also local functions, and contain c
tributions from fluctuations. The static functional~A20! to-
gether with Eq. ~A29! constitutes the basis for th
application of renormalization group theory. Within th
scope of a critical theory it remains to establish an or
parameter, which of course depends on the particular sys
In the same way, relevant and irrelevant couplings are de
mined and the number of terms in Eq.~A20! is reduced
considerably.
.
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