PHYSICAL REVIEW E VOLUME 61, NUMBER 3 MARCH 2000

Novel surface state in a class of incommensurate systems
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We study the Landau model of the class of incommensurate systems with a scalar order parameter where the
modulated phase is driven by a gradient-squared term with negative coefficient. For example, theoretical
studies of cholesteric liquid crystals in a fieldlectric or magneticsuggest that such an modulated phase
should exist at high chirality. The bulk phase diagram in the presence of a bulk external field which couples
linearly to the order parameter exhibits a modulated phase inside a loop in the temperature-field plane, and a
homogeneous phase outside. On analyzing the same model for a semi-infinite system, we find a surprising
result; the system exhibits surface states in a region where the bulk phase is homogdbuotclisse to the
modulated region These states are very different from the well-known surface states induced either by a
surface field or by enhanced interactions at the surface, for they exist and are energetically favored even when
the sole effect of the surface is to terminate the bulk, as expressed by free boundary conditions taken at the
surface. Near the surface, the surface-state order parameter is very different from the bullnvalte it has
the opposite sign When the temperature or the bulk field are varied to move away from the modulated state,
we find a surface phase transition at which the surface states become energetically unfavorable, though they
continue to exist as metastable states. We then study how a surface field changes the surface phase diagram.

PACS numbgs): 61.30.Cz, 64.60.Kw, 64.70.Md

I. INTRODUCTION Langmuir monolayers and diblock copolymefg] with
modulated phases.

It is well known that a surface field can give rise to wet-  Our Landau model gives a bulk temperature-field phase
ting phenomena and also that enhanced interactions neardifigram with a closed loop separating the modulated phase
surface can give rise to surface order without bulk ofdér _(favored inside f“’"? the homogeneous phase. The surprise
Nakanishi and Fishd2] have given a unified picture of wet- Is that th_e mere existence of the 5“”‘5!09_ produces a surface
ting and surface ordering at the phenomenologitandau- state which is energetically favored within a second closed

theory level: these effects require that surface terms b loop well outside the first. Outside the second loop, the sur-
' q Sace state exists but it is metastaltiee equilibrium solution

added to the bulk free Energy. In this article, we repgrt arg simply the homogeneous bulk stat€he order parameter
entirely new surface effect which should occur in a particular, " s\ rface state is not a small perturbation to the bulk

class of incommensurate systems. We find that surface statggjer parameter. It differs considerably from the bulk order
exist and are energetically favored by the mere presence ofarameter in a small region close to the surface, decaying to
fche surface, without surface terms such as those considergge pulk value away from the surface. The width of this
in Ref. [2]. region depends very weakly on the temperature. In particular
Candidate physical systems for observing these states ifr does not diverge at any temperature, and thus the state
clude highly chiral cholesterics in electric or magnetic field, does not wet the surface. In the presence of a surface field
where a bulk undulating phase was recently predicted to oocoupling linearly to the order paramekethe surface phase
cur [3]. This phase is an undulating structure in which themay still occur but the line of surface transitions no longer
amount of orientational order varies periodically in conjunc-forms a closed loop. From the above and other evidence, our
tion with an oscillation of the direction of the local optic surface states are very different from the states considered in
axis. It is expected to occur under appropriate conditions oRefs.[1,2].
temperature and a strong aligning electric or magnetic field. This paper is organized as follows. Section Il presents the
As discussed in Sec. lll C of Reff3], the order parameters €ffective Landau-Ginzburg model and then describes analyti-
for the modulated state are the amplitudes of the harmonic&al and numerical results for the bulk phase diagram. Section
of the modulated density associated with the state, such d4 Presents analytical and numerical results for the surface
the magnetic density in the case of magnetic systems. Thgates, in the absence of a surface field. Section IV shows
free energy that results is identical to that of Landau model§OW the surface phase diagram is modified by a surface field.
in which the coefficient of the gradient-squared elastic termd Nally Sec. V discusses the results and their possible real-

is negative, necessitating the inclusion of terms quadratic jigation.
second derivatives. When the coefficient of the gradient-
squared term vanishes, a Lifshitz point occurs in the phase
diagram[4]. Therefore other candidates include Lifshitz- In this section we introduce the model used in the rest of
point systems such as the magnetic material NB\B], and  the article, and we study the bulk phase diagram, especially

IIl. MODEL AND BULK PHASE DIAGRAM
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the transition line separating the homogeneous and modu- 0.10
lated states. The bulk free enery is the spatial integral of
the densityF,, which is the following functional of the sca-

lar order parameteg(x): 0.05 | 0

f[d>]_—h¢+EF¢2+E¢4—E(¢’)2+E(¢")2 1)
b 2 4 2 2 ' h' 000 U

where¢’ =d¢/dx. We have scaled the order parameter, the
energy and the unit of length to simplify the coefficients, and -0.05 | 40
so h andr are the rescaled ordering field and temperature
variables, respectively. The corresponding Euler-Lagrange

equation is 010 . . .
-1.5 -1.0 -0.5 0.0 0.5
r

"' +¢"—h+rp+ ¢3=0. 2
FIG. 1. The(r,h) bulk phase diagram corresponding to model
Nakanishi and Fishef2] examined a very different (1). The undulating statéU) is energetically preferred inside the
model; the gradient-squared term appeared with a positivRop, and the homogeneously ordered state outside it. The transition
coefficient, the ¢")? term was omitted, and surface terms between the states is either first-ordsolid line) or second-order
were added. Their model, without the surface terms, applie&ashed ling two tricitical points(solid circles separate the two
to the usual Ising model with ferromagnetic interactions; ittypes of transition. The first-order segment was found by numerical
has only the disordered and homogenedesomagnetically — solution of the Euler-Lagrange equation, the second-order segment
ordered phases, and its bulk,h) phase diagram consists of from Eq. (8), and the tricritical points from Eq(10). At lower
a first-order line ath=0 andr<0 which terminates at a temperatures, a first-order transitionhat 0 separates the two ho-
critical point atr =0. The model of Eq(1), but without the =~ Mogeneously ordered statgs>0 and $<0.
(¢')? term, exhibits a Lifshitz point ab=r=0 and a first-
order line forr<0. with coefficients
Without the bulk fieldh, the model(1) has a disordered

phase at high temperatuf&), a second-order transition at P
r=1/4 to a modulated phase, and a strong first-order transi- ]:2:Z(r+3¢0_ Z)’ (6)
tion at r~=—1.2 to one of two degenerate homogeneous
phases; the modulated phase is almost sinusoidal over its 1 3 _
entire range, and its wave number is almost independent of }‘4=Z(r+3¢§+ 2) 3+ §(r+3¢§)$§+ > $od2
T. In the (r,h) plane, the modulated phase occupies a closed
loop [8,5,9. Outside this loop, the energetically favored 3 3
phase is the homogeneous phase, with order paranigter + Z¢0¢2+ 37"
found from

)

—h+r o+ ¢g:0; (3) The free energy has already been minimized with respect to
the wave numbegq, giving q=/1/2+O(€?). The homoge-
its free-energy density i$o=—heo+ 1/2r ¢§+ 1/4¢g. neous phase is unstable to a modulated perturbation when
Figure 1 gives the bulk phase diagram, as found for the7:2<o Provided thaU-'4>O then, a second-order transition
most part by numerical solution of the Euler-Lagrange equaOccurs at
tion (2) with periodic boundary conditions. The
homogeneous-modulated transition is second-order near 2 (1 1
=1/4, but otherwise first order. The second-order segment = iﬁ( ) 2
and the tricritical points at its ends are found analytically in
the following. ) ) » )
We consider a spatially modulated order parameter ani/hen7s is negative, the transition to the modulated phase is
expand it in harmonics. K is the wave number of the modu- first order. To find the tricritical points separating the con-

lated structure and is the amplitude of the leading har- tinuous and first-order segments, we minimizg with re-

8 —T. (8)

monic, then the order parameter takes the form spect tog, andaz and then set the result equal to zero. On
_ the line 7,=0, F, is minimized by¢,=—2¢y/3 and ¢p,=
B(X)= o+ € coLqx) + €7 ¢, cOL20X) + 5]+ O(€3), —6¢y; the minimum value is
4
_ _ _ 3 19 ,
where ¢, and ¢, are constants to be determined. Inserting ]—'423—2— Zd)o’ 9)

this order parameter in the free ener@dy and integrating

over a period, one finds the following expansion of the free o i
energy(per unit volume: and so the two tricritical points are located at

(Fo)=Fot+ o+ e* Fy+0(€%) (5) r=29/152, h= = \/6/1. (10)
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FIG. 2. The(r,h) surface phase diagram fog=0. The surface FIG. 3. Order parametef(x) of the surface state for parameters

states are energetically favorable inside the outer lawith the  r=—2,h=0", andhs=0. The order parameter is large and posi-
qualification noted in the textand the homogeneous states outside.tive near the surface; it crosses zero and then decays to the bulk
The transition is first order except at the isolated poiatl, h=0 value for largex.
(indicated by a dgtwhere it is continuous. The inner loop is the
loop of Fig. 1(the scale precludes display of detpil§he leftmost  The surface states are energetically favorable inside the outer
of the three horizontal lines &=0 is the bulk transition between loop of the figure(with the qualification noted aboyeand
the ordered state$>0 and ¢<<0. At the rightmost lingldasheti ~ the homogeneous states outside; the surface states(axist
the surface state changes discontinuously and the bulk state cogelutions of the Euler-Lagrange equatiasutside this loop
tinuously. At the middle line, both surface and bulk states changgut are only metastable there. An interesting feature is that
discontinuously. the surface orders at=1 for h=0, but the bulk orders only

at r=1/4. Many more surface states were found at lower

lll. SURFACE PHASE DIAGRAM temperatures, but they were always metastable.

In this section we consider the surface phase diagram of Figure 3 shows a typical profile of the surface state in the
the model(1) for a semi-infinite system, with no surface ordered region, for a small and negative bulk fiéol break
field. The presence of the surface generally produces statéd® symmetryandh,=0. The order parameter decays to the
localized near the surface, and the states are energeticaffplk value(which is negativefar from the surface, but it is
favored in part of the phase diagram. We studied the surfac&rge and positive near it; the overshooting and the damped
states in the region where the bulk phase is homogeneou@?Ci”ationS result from a CompleX decay constant, as shown
and examined their transitions with varying temperature andelow. Correspondingly, when the bulk field is positive, the
the external field. Only a cursory examination was made irprder parameter of the surface state is negative near the wall
the region where the bulk is modulated; in this region, weand then decays to the positive bulk value. ThuhatO
found many solutions of the Euler-Lagrange equation, sdghere is a first-order transition at which the surface state
many that a detailed analysis was felt unjustified at this timechanges sign.

That is, surface states and surface phase transitions may exist T0 provide an analytical understanding of these numerical
inside the bulk modulated loop, but have not been studied.results and also those of the next section, we present the
We consider a system Occupying the ha]f-spmy and fOIIOWing Stablllty anaIySiS of the homogeneous bulk state.
we assume that the order parameter depends onky he The analysis is valid Whe_n the deviation of the order param-

bulk energyF, is found by integrating the density of Eq).  eter from the bulk value is small. _

In this section, we treat the surface very simply, by assuming The order parameter is written gs= ¢o+ i, wheredy is

that it merely terminates the bulk; we thus take free boundgdiven by Eg.(3) and ¢ is the deviation. The free-energy
ary conditions at the surface. In Sec. IV, however, we asdensity7=F,— %, associated withy is

sume that the surface also applies a local ordering figld
then the total energy iB,+Fg, where

N| -

1 1 1
F=5 (1434007 + oy + 7' = S () 7+ 5 ()2
Fs=—hses 11 (13

and ¢ is the order parameter at=0. The general boundary
conditions are then

bt b —hs=0, ¢o=0. 12

We solved the Euler-Lagrange equati@®) numerically
subject to the boundary conditiori2). This equation can To prepare for the next section, we include also the surface
have many solutions, depending on the bulk fieldnd the free energy(11). The boundary conditions are then
temperature variable Figure 2 gives the surface phase dia-
gram for hg=0, as found from examining these solutions. ¢’ (0)+ 4" (0)—hg=0, ¢"(0)=0. (15

The energy is minimized by an order paramegemwhich
satisfies the Euler-Lagrange equation

(r+3¢3) Y+3doy®+ P+ y/'+y"=0. (19
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For hg=0, the homogeneous bulk stafe=0 is clearly a

solution of Egs.(14) and (15). This solution is stable over
some region of thér,h) plane, but it becomes unstable at the

transition to the bulk modulated state.
To study the surface states, we solve Ed<) and (15)

perturbatively ing. The expansion starts from the solution

Yr(X)=Ae™ 4 A*em X (16)

of the linearized Eq(14). The amplitudeA and the decay

constanta are both complex; the lattgwith positive real
par} is found from

2=}(—1+i ) 17
a 2 YY)

wherei=\—1 and y=[4(r+3¢3)—1]*2 The condition
#1(0)=0 in Eq. (15 gives the amplitude\ in terms ofm
=y(0) as

. m i
A—f(l—;). (18

It is convenient to taken as the expansion parameter.

The solution(16) gives the free energy to orden®. In
order to obtain the free energy to the required ordaef)(
one must find the higher-order contributions ¢o Let
=i+ ,, Wherey, is the nonlinear part of. Inserting this
form in Eq. (14), using Eq.(16) and keeping terms tn?,
one finds

1 x
lﬂz(X) — Ble—ZaX+ E Bze—(a+a )X+ Cle—3ax

+C e~ 2eta® )X ey c. (19)
with ¢,(0)=¢5(0)=0 and coefficients
B,=—(3+5V3i)¢p,m?/126,
B,=—2¢om?/3,
C,=—(27+11/3i)m3/13104,

C,=(3+2v3i)m>/84,

D

5 10 .\ (747
12 126”3 | P | 208" 4368” |M

On using the resulty= 1+ ¢, in the free energy13) and

integrating overx, one finds that the free energy of the sur-

face statdper unit arefis given by

__ 2,2, 3. 3 4 5
F hsm+a,m*+ quOm + g™ +0O(m®), (20
where
(e 21
8= = (1+369) 50 o (21
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FIG. 4. The high-temperature part of tligh) surface phase
diagram forhg=10"4. Both transition lines are first order. The
lower line ends at a second-order point marked by the solid circle
(see text

field hg. This amounts to satisfying the first condition in Eq.
(15). We now use the free energ@g0) to discuss the surface
phase diagram in the region whereis small.

Consider first the cashs=0. For zero bulk fieldh, ¢q
=0 and there is no surface state whaey» 0 (that is, y=0).
Settinga, =0, one finds a continuous transitionrat 1 from
the disordered bulk statm=0 to a surface state witm
#0; this is the second-order point at the right of Fig. 2. For
field h#0, the bulk order parametef, is also nonzero and
the free-energy expansiof20) has a cubic termm?; this
term gives a first-order transition to the surface state, again
as found numerically. Near the poiit=1, h=0), mis small
and the transition line can be found approximately from the
free-energy expansiof20). Away from this point, however,
the full free energy must be minimized numerically; Fig. 2
gives the resultindr,h) surface phase diagram fag=0.

IV. EFFECT OF A SURFACE FIELD

We consider now the surface phase diagram for nonzero
surface fieldhg. Positivehg, for example, tends to increase
the order parameters of all states in the region near the sur-
face. The new feature is that the Euler-Lagrange equation
must now be solved numerically for what were homoge-
neous bulk states &= 0; for lack of a better term, we refer
to these surface-field-modified bulk states simply as bulk
states. These are the prewetting states considered by Naka-
nishi and Fishef2] and others. Figures 4 and 5 give parts of
typical phase diagrams fdr,>0, as found by numerical so-
lution of Eq. (2). subject to the boundary conditioN&2).

Figure 4 shows the high-temperature part of the phase
diagram forhg=10"“. The surface field breaks the transi-
tions of Fig. 2 into two first-order lines at which the surface
state changes discontinuously. In the region bounded by the
upper line and the left verticalwhere the bulk fieldh is
positive), the order parameter of the surface state is negative
at the boundaryx=0 (¢$s<0). The lower line ends at a
second-order point. Below this point there is a first-order
transition between the paramagnetic state and the surface

The amplitude of the surface structure is determined by ministate with¢s>0, while above it the two states are indistin-

mizing the free energy with respect to for given surface

guishable. The free-energy expansi@0) can be used to
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1.0 , , - - expected existence of solutions localized at the surface, so-
lutions which exist even if the surface field is zero. These
solutions are energetically favored for temperature and field
05} . values that are outside but not too far from the closed loop
within which the modulated bulk state is stable. When the
surface field differs from zero, the loop breaks ap@s
h oo shown in Fig. 4 and b

We now turn our attention to the applicability of our re-
sults to cholesteric liquid crystals in a fie]@]. It is obvi-
ously desirable to estimate the conditions of chirality, tem-

os perature, field, and surface interactions for which the surface
states should be observable. To do this, we should examine
. . . . the relationship between the variables of the theory and the

100 -5.0 -4.0 -3.0 2.0 experimental variables, by comparing the expressiongfor

r and F, in Sec. Il of this paper with the analogous expres-
sions in Sec. Il C of Ref[3]. It is reasonable, however, and
gram forh,=10"L. All transitions are first order. The surface field far simpler, to expect the loop regions to scale by the same
enhances the stability of the lower surface state, for wiig@®>0  factors; this should be true independent of the strength of
and ¢(=)<0, and decreases the stability of the other. The leftmosgurface interactions. From Figs. 1 and 2, the o@erface-
segment of the horizontal line ht=0 represents the transition be- Statg loop extends over the range 4.5<r<1 while the
tween the two bulk states; these states are not homogeneous in th#er loop extends over 1.2<r<1/4, about a factor of 4.
presence of the surface field. The other segments describe bullkccordingly, we estimate the surface-state region to be four
driven instabilities of the surface states; for example, the lowetimes the size of the undulating-state region in temperature.

FIG. 5. The low-temperature part of tlieh) surface phase dia-

surface state cannot exist fbr>0. From Ref.[3], the undulating state should occur for intrinsic
pitches in the range of 1260—-630 nm, at electric fields of the
find this point to leading order ihg; the result is order of a few hundreds of kV/cm, or magnetic fields of
3 roughly 40 T; the temperature width was estimated to be a
a2=§ (i) h2/3 few tenths of a degree. These conditions are very difficult to
2\14 s achieve and account for the fact that the undulating state has
not yet been observed, although some groups plan to attempt
9(3)\% U3 the experiments. The surface-state region is expected to be
bo=— 2114 hs™, 22 one degree wide. Techniques sensitive to birefringence near

the surface, such as Brewster-angle ellipsoméi,11],
in good agreement with the numerical results. may be able to detect the surface states.

Figure 5 shows the low-temperature part of the phase dia- The surface states should appear in incommensurate sys-
gram for hg=10"1. Paradoxically, a positive surface field tems where the modulated phase is driven by a negative
cooperates, rather than competes, with a negative bulk fielgradient-squared term. Conditions may be favorable in mag-
to enhance the stability of the lower surface st@ed it  netic Lifshitz-point materials like MnP, or in Langmuir
competes with a positive bulk field for the otheThese monolayers or diblock copolymers. Other systems in which a
effects occur because the order parameter of the surface statmdulated phase is driven by a negative gradient-squared

changes sigrias seen in Fig.)3 term are sodium nitrite and thiourg®2]; related systems are
quartz and berlinite, but for these the modulated phase is two
V. DISCUSSION dimensional.
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