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Properties of the crossover from nonclassical to classical chemical kinetics
in a reversible A1B↔C reaction diffusion process
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We study the properties of the reaction front formed in a reversible reaction diffusion processA1B↔C,
with initially separated reactants. The case of the mobileC component is considered. In accordance with
Chopardet al. @Phys. Rev. E47, R40~1993!# the dynamics of the front is described as a crossover between the
‘‘irreversible’’ regime at short times and the ‘‘reversible’’ regime at long times. A refined definition for the rate
of C production is suggested, taking into account both the forward and the backward reaction rates. By this
definition within the framework of the mean-field equations it is shown that the reversible regime is charac-
terized by scaling of the local rate ofC production asRlocal;t21 and by scaling of the global rate ofC
production asRglobal;t21/2. It is also established that in the considered special case of equal diffusion coef-
ficients and equal initial concentrations, the macroscopic properties of the reaction front, such as the global rate
of the C productionRglobal and the concentration profiles of the components outside the front reaction, are
unchanged through this crossover.@S1063-651X~99!50212-2#

PACS number~s!: 82.20.Wt, 82.20.Mj, 05.40.2a
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The unusual dynamical properties of a reaction diffus
system with initially separated reactants have attracted m
research interest in the last decade@1–37#. For an irrevers-
ible reactionA1B→C, the initial separation of the reactan
leads to the formation of a dynamic reaction front, which i
characteristic feature of a variety of physical and chem
phenomena where pattern formation occurs@38,39#. The
practical interest in the initial separation of the reactants
associated with the fact that it can be achieved experim
tally @2,3,6,17,26–30#.

Galfi and Racz@1# developed a theory for theA1B→C
reaction diffusion system, based on mean-field equations
the local concentrations ofA andB. They showed that in the
long-time limit the center of the reaction frontxf and the
width of the front,w, obey a scalingxf;t1/2, w;t1/6, while
the production rate ofC at xf , scales asR(xf ,t);t22/3.
These results have been verified both experimentally@3# and
by simulation studies@2,4,7,8#. It was shown that this mean
field description is valid above an upper critical dimensio
dup52 @8#.

Most of the works were concerned with irreversible rea
tion A1B→C, but the major part of the chemical reactio
is reversible if sufficient time is given for the process. Th
case of the reversible processA1B↔C with initially sepa-
rated components was considered by Chopardet al. @13#. By
using scaling arguments, numerical integration of the r
equations and cellular-automata simulation, they showed
the dynamics of the front can be described in terms o
crossover between ‘‘irreversible’’ regime at short times an
‘‘reversible’’ regime at long times. In the irreversible regim
the front dynamics coincides with those predicted by G
and Racz@1#. In the reversible regime a local equilibrium
the reaction front is present and only the diffusion proc
governs the dynamics. The critical exponents are corre
given by the mean-field approximationw;t1/2, R(xf ,t)
;const, which are independent of the dimension. The res
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of the experiments in a convectionless capillary@26# are in
agreement with values predicted by the theory and the si
lations of Chopardet al. @13#.

In this Rapid Communication, we study the local rate ofC
production in the reversible regime, when the componenC
is mobile. It is shown that the definition of the rate ofC
production used in Ref.@13# is not complete and does no
correspond to the experimentally measured quantity in
‘‘reversible’’ regime. Both the forward and the backwa
reaction rates must be included for the computation of
rate of C production. By this definition the dependence
time of the local product reaction rate is modified, and it w
be shown in the framework of the mean-field equations t
in the reversible regime the rate ofC production,Rr(xf ,t),
scales toRr(xf ,t);t21. Defining the global rate, as the in
tegral of the local reaction rateRr(x,t) over thex coordinate,
provides Rr(t);t21/2. The numerical integration of the
mean-field equations shows good agreement with the
dicted values of the exponents. The theoretical time dep
dence of the global rate ofC production,Rr(t);t21/2, ob-
tained in this work, is inconsistent with the experimenta
observed expression ofRexp(t);t11/2 @26#. Therefore, the dis-
crepancy between our suggested scaling exponents an
experimental data is a subject for future work.

It should be noted that the time dependenceRr(t);t21/2

in the reversible regime is similar to the analogous dep
dence of the global rate in the irreversible regimeR(t)
;t21/2 @1#. Calculation of the global rate in the irreversib
regime and in the reversible regime for the special ca
whena05b0 andDA5DB5DC , showed thatR(t) equals to
Rr(t). The calculated macroscopic distributions of the co
ponents outside the vicinity of the reaction front, both in t
irreversible regime and in the reversible regime, are a
identical each other. Thus, in this specific case, the cross
from irreversible to reversible regime is characterized o
by a change in the local properties of the reaction fro
R6259 © 1999 The American Physical Society
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namely, the temporal dependencies of the front width,w(t),
and the local rate of theC productionRr(xf ,t). The macro-
scopic properties of the reaction front, i.e., the global rate
the C productionRr(t) and the macroscopic distribution o
the components outside the front reaction, are unchange

The reversible reaction diffusion processA1B↔C can
be described by the following equations@13#:

] ta5DA¹2a2R1gc,

] tb5DB¹2b2R1gc, ~1!

] tc5DC¹2c1R2gc,

wherea, b, c and DA ,DB ,DC are the local concentration
and the diffusivities ofA, B, andC, respectively. The rate o
the forward reaction of theC particles production,R, is pro-
portional to the joint probability of anA and aB particle
simultaneously being present at a given location, andg is the
backward reaction rates constant. For simplicity we supp
DA5DB5DC5D. It is expected that the long-time scalin
properties are not affected by this assumption@1,13#.

The reactantsA andB are separated and noC is present in
the beginning. These initial conditions can be written as

a~x,0!5a0H~x!, b~x,0!5b0@12H~x!#, c~x,0!50,
~2!

wherea0 ,b0 are the initial concentrations andH(x) is the
Heaviside step function. We assumea05b0 and therefore
the center of the reaction front is motionless@xf(t)50#.
Along the lines of Ref.@1,13#, it is again expected that th
motion of the center does not affect the long-time scal
properties of the reaction front.

At short timest!g21 the backward reaction can be n
glected and the system is in the irreversible regime, wh
was considered by Galfi and Racz@1#. For long times,t
@g21, because of the reversibility of the reaction, a loc
equilibrium is formed. The forward and the backward rea
tions compensate each other and the system reaches a st
local equilibrium for which

R~x,t !5gc~x,t !. ~3!

Equation~3! is an approximate equation, which is valid on
asymptotically for long times. By this it is meant that th
difference betweenR andgc is much smaller than the value
R and gc themselves, and this difference decreases as
increases. Because of the approximate character of Eq.~3!,
its direct substitution in Eqs.~1! is not correct. Such substi
tution would result in zero whereasR2gc has a small but
finite value.

For the description of the dynamics of theA1B↔C re-
action diffusion process two additional equations beyond
local equilibrium equation~3! are required. These can b
obtained from Eqs.~1! by adding the first and the secon
equations to the third, resulting in

] ta1] tc5DA¹2a1DC¹2c, ~4a!

] tb1] tc5DB¹2b1DC¹2c. ~4b!
f
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It should be stressed that all terms in Eqs.~4! are of the same
order@40#. These diffusionlike equations~3! and~4! describe
the correlated diffusion of the reactants in the ‘‘reversibl
regime.

Let us assume the mean-field expressionR

R[kab, ~5!

wherek is the forward reaction constant. Then the solutio
of Eqs.~3!–~5! can be presented in the scaling forma(x,t)
5a(xt2ar), b(x,t)5b(xt2ar), and c(x,t)5c(xt2ar) with
a r50.5. Consequently, the exponent of the width of the
action zonea r is given bya r50.5 as shown in@13#, i.e.,
w;t1/2. Note that this form of the solution is consistent wi
the conditions limx→1` a(x,t)50, limx→2` a(x,t)5a0
etc., which is implicit in the initial conditions~2!.

To analyze the rate ofC production it is convenient to
transform Eqs.~1! to Eqs.~6! as given below:

] ta5DA¹2a2Rr ,

] tb5DB¹2b2Rr , ~6!

] tc5DC¹2c1Rr .

Here,Rr is the complete reaction rate ofC formation,

Rr5R2gc. ~7!

In the irreversible regimeRr coincides withR, because the
backward reaction termgc is neglected. But in the reversibl
regime this is not true, since the backward reaction canno
neglected. In this regime due to the local equilibrium t
forward reaction term and the backward reaction term co
pensate each other and the calculation ofRr by direct substi-
tution of Eq. ~3! to Eq. ~7! is again not correct@because of
the approximate character of Eq.~3!#. Rr is determined only
by the complete system of Eqs.~3!–~6!. Rr can be calculated
by substitution ofa(x,t), b(x,t), or c(x,t) in Eqs.~6!. Tak-
ing into account the scaling form of the concentrations of
reactants from Eqs. ~6! we obtain that Rr(x,t)
;t21F(xt2ar), whereF is some function. The local rate o
C production at the reaction frontxf50 has a scaling
Rr(xf ,t);t21 and the global production rate ofC scales to
Rr(t);t21/2.

The value of the scaling exponents can be interpreted
the following simple qualitative consideration. Because
local equilibrium the concentration ofC in the thin reaction
zone is approximately constant,c(xf ,t)5c(xf t

2ar)'c(0),
i.e., does not depend on time. The global rate ofC produc-
tion, which is determined as the amount ofC produced in the
reaction zone per unit time, may be evaluated byRglobal(t)
'd@c(0)w(t)#/dt;t21/2. The value of the scaling exponen
of the local rate ofC production,g, follows directly from the
relation between the local and the global rates ofC produc-
tion Rglobal(t)'*Rlocal(x)dx'wRlocal(xf ,t);wtg;tg11/2.
Taking into account thatRglobal(t);t21/2 we haveg521.

In the above analysis the diffusionlike form of the sol
tion of Eqs.~3!–~5! was used, and therefore it relates to t
mean-field approximation. It should be noted that in R
@13#, on the basis of the heuristic arguments and numer
simulations it was conjectured that in the reversible regi
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the mean-field approximation is always the case. This occ
even for the space dimensiond<dc52, when the mean-field
expressionR[kab is not valid. Therefore, the application o
our analysis can possibly be extended ford<dc52.

Note that the time dependence of the global rate oC
production in the reversible regime is similar to the dep
dence of the global rate in the irreversible regime, i
R(t);t21/2 @1#. The relationship between them may be o
tained by computing the dynamics of our system (a05b0
andDA5DB5DC5D). From Eqs.~4! we obtain

a1c50.5@11erf~x/2At !#, ~8a!

b1c50.5@12erf~x/2At !#. ~8b!

The length, time, and concentrations are measured in uni
l 5AD/ka0, t51/(ka0), anda0 , respectively. The erf(x) is
erf(x)[2/Ap*0

x exp(2y2)dy. Adding to Eqs. ~8! the local
equilibrium Eqs.~4! and~5! ab5gc ~g in units of ka0), we
have the complete description of the system in the revers
case. Taking into account the condition of the reaction fr
formationg!1 @40# we can see thatA, B, andC distributions
have two scales: the large macroscopic diffusion scaleLd

;At and the small microscopic front reaction scaleLw;w
;Agt. The asymptotic expressions (g→0) of the compo-
nent concentrations on large scaleLd are given by

a5H~x!erf~x/2At !,

b5@12H~x!#erf~2x/2At !,
~9!

c5H~x!0.5@12erf~x/2At !#

1@12H~x!#0.5@11erf~x/2At !#,

Rr~ t !51/Apt.

It should be noted that Eqs.~9! coincide with the long-time
asymptotic in the irreversible regime obtained in Re
@1,25#. So, the macroscopic properties of the reaction dif
sion system under consideration are the same in the irrev
ible and in the reversible regimes.

The validity of the crossover properties can be tested
solving numerically the reaction diffusion equations~1! and

FIG. 1. Local rate ofC productionRlocal at x50, as the function
of n time steps, for several values of the rateg of the back reaction
C→A1B.
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~2! in the mean-field approximation~5!. We concentrated on
the temporal dependencies of theC production rate. Equa-
tions ~1! were solved by the exact enumeration meth
@5,12,41,42#, which is basically equivalent to discretizatio
of Eqs.~1!, both in time and space. A discrete lattice in o
dimension is considered. First the diffusion step is cal
lated, and then only the reaction is taken into account. T
equations describing the reaction step were obtained on
basis of Eqs.~1! without the diffusion terms. The local reac
tion rate is calculated byRlocal( j )[Rr( j ), where j is the
discrete spatial point. As in Ref.@5# the time step is equaled
to 1. The constant used isk50.1. The control parameterg
was chosen as 102m, with m53,4. The global rate ofC
production was calculated as the sum over all discrete sp
points,

Rglobal5(
j

Rr~ j !, ~10!

wherej is the discrete spatial point.
Figures 1 and 2 show crossover from;n22/3 to ;n21 for

the local rate ofC production,Rlocal(0), and theconservation
of the scaling of;n21/2 for the global rate ofC production,
Rglobal. The time dependence of the front reaction dep
w(n) coincides with the one obtained in Ref.@1#.

In summary, on the basis of the refined definition of t
rate of C production, which includes the forward and th
backward reaction rates, it is shown that in the mean-fi
approximation the reversible regime of the reaction diffus
process is characterized by scaling the local rate ofC pro-
duction asRr(xf ,t);t21 and by scaling of the global rate o
the C production asRr(t);t21/2. The resulting theoretica
value of the time scaling exponent, for the global rate of
C production,21

2, is inconsistent with the one measured e
perimentally@26# and which is11

2. It is also established tha
for the considered special case of equal diffusion coefficie
and equal initial concentrations, the macroscopic proper
of the reaction front, such as the global rate ofC production,
;t21/2, and the macroscopic distribution of the compone
outside the front reaction, are conserved through the cr
over from the irreversible to the reversible regime.

FIG. 2. Global rate ofC productionRglobal, as the function ofn
time steps, for two values of the rateg of the back reactionC→A
1B g51023,1024 @in units of t51/(ka0)#.
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