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We study the properties of the reaction front formed in a reversible reaction diffusion peeBs-C,
with initially separated reactants. The case of the mo@Gileomponent is considered. In accordance with
Chopardet al.[Phys. Rev. 17, R40(1993] the dynamics of the front is described as a crossover between the
“irreversible” regime at short times and the “reversible” regime at long times. A refined definition for the rate
of C production is suggested, taking into account both the forward and the backward reaction rates. By this
definition within the framework of the mean-field equations it is shown that the reversible regime is charac-
terized by scaling of the local rate & production asR,.~t~* and by scaling of the global rate &
production ang|0ba|~t‘”2. It is also established that in the considered special case of equal diffusion coef-
ficients and equal initial concentrations, the macroscopic properties of the reaction front, such as the global rate
of the C productionRy.,5 @nd the concentration profiles of the components outside the front reaction, are
unchanged through this crossovg#1063-651X%99)50212-7

PACS numbes): 82.20.Wt, 82.20.Mj, 05.46:a

The unusual dynamical properties of a reaction diffusionof the experiments in a convectionless capillf2$] are in
system with initially separated reactants have attracted mucagreement with values predicted by the theory and the simu-
research interest in the last decdde-37]. For an irrevers- lations of Chopardet al. [13].
ible reactionA+B— C, the initial separation of the reactants  In this Rapid Communication, we study the local rate&Cof
leads to the formation of a dynamic reaction front, which is aproduction in the reversible regime, when the comporg@nt
characteristic feature of a variety of physical and chemicals mobile. It is shown that the definition of the rate Gf
phenomena where pattern formation occ(i88,39. The production used in Ref.13] is not complete and does not
practical interest in the initial separation of the reactants icorrespond to the experimentally measured quantity in the
associated with the fact that it can be achieved experimeriteversible” regime. Both the forward and the backward
tally [2,3,6,17,26-3D reaction rates must be included for the computation of the

Galfi and Rac41] developed a theory for tha+B—C rate of C production. By this definition the dependence on
reaction diffusion system, based on mean-field equations fdime of the local product reaction rate is modified, and it will
the local concentrations & andB. They showed that in the be shown in the framework of the mean-field equations that
long-time limit the center of the reaction from¢ and the in the reversible regime the rate Gf production,R,(xs,t),
width of the front,w, obey a scaling;~t*?, w~t6 while  scales toR,(x;,t)~t~1. Defining the global rate, as the in-
the production rate ofC at x;, scales aR(x;,t)~t~?3  tegral of the local reaction raf,(x,t) over thex coordinate,
These results have been verified both experimenfaland  provides R,(t)~t~*2 The numerical integration of the
by simulation studie§2,4,7,8. It was shown that this mean- mean-field equations shows good agreement with the pre-
field description is valid above an upper critical dimension,dicted values of the exponents. The theoretical time depen-
dyp=2 [8]. dence of the global rate af production,R,(t)~t~ 2 ob-

Most of the works were concerned with irreversible reac-tained in this work, is inconsistent with the experimentally
tion A+B—C, but the major part of the chemical reactions observed expression Ba‘exp(t)~t+1’2 [26]. Therefore, the dis-
is reversible if sufficient time is given for the process. Thiscrepancy between our suggested scaling exponents and the
case of the reversible process- B~ C with initially sepa-  experimental data is a subject for future work.
rated components was considered by Chogaral. [13]. By It should be noted that the time dependem;ét) ~t =12
using scaling arguments, numerical integration of the ratén the reversible regime is similar to the analogous depen-
equations and cellular-automata simulation, they showed thatence of the global rate in the irreversible regiRét)
the dynamics of the front can be described in terms of a~t~Y?[1]. Calculation of the global rate in the irreversible
crossover between “irreversible” regime at short times and aegime and in the reversible regime for the special case,
“reversible” regime at long times. In the irreversible regime whenay=by andD ,=Dg=D, showed thaR(t) equals to
the front dynamics coincides with those predicted by GalfiR,(t). The calculated macroscopic distributions of the com-
and Rac41]. In the reversible regime a local equilibrium at ponents outside the vicinity of the reaction front, both in the
the reaction front is present and only the diffusion processrreversible regime and in the reversible regime, are also
governs the dynamics. The critical exponents are correctljdentical each other. Thus, in this specific case, the crossover
given by the mean-field approximatiow~t? R(x;,t) from irreversible to reversible regime is characterized only
~const, which are independent of the dimension. The resultey a change in the local properties of the reaction front,
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namely, the temporal dependencies of the front widtt), It should be stressed that all terms in E@s.are of the same
and the local rate of th€ productionR, (x; ,t). The macro- order[40]. These diffusionlike equatior(8) and(4) describe
scopic properties of the reaction front, i.e., the global rate othe correlated diffusion of the reactants in the “reversible”
the C productionR,(t) and the macroscopic distribution of regime.
the components outside the front reaction, are unchanged. Let us assume the mean-field expresdion

The reversible reaction diffusion proceAs- B« C can
be described by the following equatiofts3]: R=kab, 5

ga=D,V2a—R+gc, wherek is the forward reaction constant. Then the solutions
of Egs.(3)—(5) can be presented in the scaling foatx,t)
=a(xt ), b(x,t)=b(xt™*), andc(x,t)=c(xt™ %) with
a,=0.5. Consequently, the exponent of the width of the re-
action zoneq, is given by a,=0.5 as shown irf13], i.e.,
w~t'2. Note that this form of the solution is consistent with
the conditions lim_ .. a(x,t)=0, lim,__. a(x,t)=aq
etc., which is implicit in the initial condition§2).

To analyze the rate o€ production it is convenient to
transform Eqs(1) to Egs.(6) as given below:

db=DgV?b—R+gc, (1)
d,c=DcV2c+R—gc,

wherea, b, c andD,,Dg,D¢ are the local concentrations
and the diffusivities ofA, B, andC, respectively. The rate of
the forward reaction of th€ particles productionR, is pro-
portional to the joint probability of aA and aB particle

simultaneously being present at a given location, guglthe da=D,V2a—R, ,
backward reaction rates constant. For simplicity we suppose
D,=Dg=Dc=D. It is expected that the long-time scaling 4b=DgV2b—R, , (6)
properties are not affected by this assumpfib/i3].
The reactanté andB are separated and 1@is present in 9,c=DcV2C+R, .

the beginning. These initial conditions can be written as
Here,R, is the complete reaction rate @fformation,
a(x,00=agH(x), b(x,00=bg[1-H(x)], c(x,00=0,
(2 R,=R—gc. (7)

whereag, by are the initial concentrations artd(x) is the In the irreversible regim&, coincides withR, because the
Heaviside step function. We assurag=Db, and therefore backward reaction termc is neglected. But in the reversible
the center of the reaction front is motionlelss(t)=0]. regime this is not true, since the backward reaction cannot be
Along the lines of Ref[1,13], it is again expected that the neglected. In this regime due to the local equilibrium the
motion of the center does not affect the long-time scalingforward reaction term and the backward reaction term com-
properties of the reaction front. pensate each other and the calculatioRpby direct substi-

At short timest<g~! the backward reaction can be ne- tution of Eq.(3) to Eq.(7) is again not correcibecause of
glected and the system is in the irreversible regime, whichhe approximate character of E®)]. R, is determined only
was considered by Galfi and Ra€t]. For long times,t by the complete system of Eq&)—(6). R, can be calculated
>g~ !, because of the reversibility of the reaction, a localby substitution ofa(x,t), b(x,t), orc(x,t) in Egs.(6). Tak-
equilibrium is formed. The forward and the backward reac-ing into account the scaling form of the concentrations of the
tions compensate each other and the system reaches a stateezfctants from Egs. (6) we obtain that R (x,t)

local equilibrium for which ~t~YF(xt™ %), whereF is some function. The local rate of
C production at the reaction fronk;=0 has a scaling
R(x,t)=gc(x,t). B)  R/(xs,t)~t"* and the global production rate @f scales to
R(t)~t~ %2

Equation(3) is an approximate equation, which is valid only  The value of the scaling exponents can be interpreted by

asymptotically for long times. By this it is meant that the the following simple qualitative consideration. Because of
difference betweeR andgc is much smaller than the values |ocal equilibrium the concentration & in the thin reaction

R and gc themselves, and this difference decreases as timgone is approximately constart(x; ,t)=c(xst~*)~c(0),
increases. Because of the approximate character of3td. j.e., does not depend on time. The global rateCafroduc-
its direct substitution in Eqg1) is not correct. Such substi- tion, which is determined as the amount®produced in the
tution would result in zero whered®—gc has a small but  reaction zone per unit time, may be evaluatedRya(t)
finite value. ~d[c(0)w(t)]/dt~t~ Y2 The value of the scaling exponent
For the description of the dynamics of the-B—C re-  of the local rate ofC production,y, follows directly from the

action diffusion process two additional equations beyond theelation between the local and the global rate<Cqiroduc-
local equilibrium equation3) are required. These can be tjgn Rgloba(t)*mecal(X)dX*WRlocm(Xf-t)~Wt7~t7+l/2-

obtained from Eqs(1) by adding the first and the second Taking into account thaRgloba(t)Nt—m we havey=—1.

equations to the third, resulting in In the above analysis the diffusionlike form of the solu-
5 5 tion of Eqgs.(3)—(5) was used, and therefore it relates to the
da+dic=DpVa+DcVec, (43 mean-field approximation. It should be noted that in Ref.

[13], on the basis of the heuristic arguments and numerical
db+a,c=DgV2b+DVZc. (4b) simulations it was conjectured that in the reversible regime
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FIG. 1. Local rate of productionR,,., atx=0, as the function FIG. 2. Global rate o productionRgy,, as the function of
of n time steps, for several values of the rgtef the back reaction  jime steps, for two values of the rageof the back reactiolc — A
C—A+B. +B g=10 3,10 *[in units of 7=1/(kay)].

the mean-field approximation is always the case. This occurs,, . , L
even for the space dimensidis=d;= 2, when the mean-field (32) in the mean-field approximatiofs). We concentrated on

o . ) S the temporal dependencies of tlReproduction rate. Equa-
expre55|orR_kab|s ngt valid. Therefore, the ippllcatlon of tions (1) were solved by the exact enumeration method
our analysis can possibly be extended detd.=2.

Note that the time dependence of the global rateCof [5,12,41,42, which is basically equivalent to discretization

roduction in the reversible regime is similar to the de en-Of Egs. (1), both in time and space. A discrete lattice in one
P _regime ) ) PENdimension is considered. First the diffusion step is calcu-
dence of the global rate in the irreversible regime, i.e.

R(t)~t~ ¥2[1]. The relationship between them may be Ob_lated, and then only the reaction is taken into account. The

tained b ting the d . f ¢ b equations describing the reaction step were obtained on the
a'g% _yDco_mDpu_lan Fe ynEam|c2 0 outr)ts_ys ea€bo  pasis of Eqgs(1) without the diffusion terms. The local reac-
andD,=Dg=Dc=D). From Eqgs.(4) we obtain tion rate is calculated byRy,..(])=R(j), wherej is the

a+c=0.91+erf(x/2y1)], (8a)  discrete spatial point. As in Reff5] the time step is equaled
to 1. The constant used is=0.1. The control parametey
b+c:o_5[1_erf(x/2\/f)]_ (8b) was chosen as 10", with m=3,4. The global rate ofC

production was calculated as the sum over all discrete spatial
The length, time, and concentrations are measured in units @oints,
|=\D/kay, 7=1/(kay), andag, respectively. The erf] is
erf(x)=2/\/z [ exp(-y?)dy. Adding to Egs.(8) the local

equilibrium Eqgs.(4) and(5) ab=gc (g in units ofkay), we Rg""’a'_; Ri(), (10

have the complete description of the system in the reversible

case. Taking into account the condition of the reaction front . . . .

formationg<1 [40] we can see tha, B, andC distributions wherej is the discrete spatial point. o3 1
Figures 1 and 2 show crossover froam to~n"+for

have two scales: the large macroscopic diffusion stgle
~/t and the small microscopic front reaction scalg~w
~\Jgt. The asymptotic expressiong-(0) of the compo-
nent concentrations on large scélg are given by

the local rate ofZ production,R,.4(0), and theconservation

of the scaling of~n~Y2 for the global rate o production,
Rgiobai- The time dependence of the front reaction depth
w(n) coincides with the one obtained in Rét].

a=H(x)erf(x/2\t), In summary, on the basis of the refined definition of the
rate of C production, which includes the forward and the
b=[1—H(x)]erf(—x/2y1), backward reaction rates, it is shown that in the mean-field

9 approximation the reversible regime of the reaction diffusion

c=H(x)0.91—erf(x/2y1)] process is characterized by scaling the local rat€ giro-

duction asR,(x;,t)~t~* and by scaling of the global rate of
+[1-H H1+erf(x/2 ot
[ (0J0.g1+erf(xi2\1)], the C production asR,(t)~t~ Y2 The resulting theoretical
R (t)=1/\/mt. value of the time scaling exponent, for the global rate of the

C production,—3, is inconsistent with the one measured ex-

It should be noted that Eq$9) coincide with the long-time perimentally[26] and which is+3. It is also established that
asymptotic in the irreversible regime obtained in Refs.for the considered special case of equal diffusion coefficients
[1,25]. So, the macroscopic properties of the reaction diffu-and equal initial concentrations, the macroscopic properties
sion system under consideration are the same in the irreversf the reaction front, such as the global rateCoproduction,
ible and in the reversible regimes. ~t~12 and the macroscopic distribution of the components

The validity of the crossover properties can be tested byutside the front reaction, are conserved through the cross-
solving numerically the reaction diffusion equatioii$ and  over from the irreversible to the reversible regime.
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