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Flow-distributed oscillations: Stationary chemical waves in a reacting flow

Mads Kærn and Michael Menzinger
Department of Chemistry, University of Toronto, 80 St. George Street, Toronto, Ontario, Canada M5S 1A1

~Received 27 May 1999!

A recent prediction of stationary waves in open, reacting flows is experimentally verified. We show that
stationary waves are generated by a mechanism whereby the flow carries a time-oscillating subelement, be-
having like a batch reactor, through space while a fixed boundary condition at the inflow locks the phase of the
oscillation. This mechanism can generate stationary patterns when all diffusion coefficients are equal. The
experimental system is the ferroin-catalyzed Belousov-Zhabotinsky reaction in a tubular reactor, fed by the
outflow of a continuous flow stirred tank reactor~CSTR!. Parameter conditions are such that the concentrations
are constant in the CSTR while they oscillate in the flow tube.@S1063-651X~99!50910-0#

PACS number~s!: 82.20.2w, 05.45.2a, 47.70.2n
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I. INTRODUCTION

Andrésen et al. @1# have recently predicted theoretical
that stationary chemical waves can form in a reactive flow
an activator-inhibitor system with equal diffusion coef
cients. This is in contrast to the Turing mechanism wh
fast inhibitor diffusion is required for the formation of spac
periodic structures. It appears surprising that station
space-periodic structures should develop at all in an o
flow.

A reacting advection-diffusion system with equal diff
sion and flow rates~‘‘plug flow’’ ! can, in one spatial domain
be described by

~] t1v]x!u5F~u!1D]xx
2 u, ~1!

whereF(u) describes the kinetics ofu5(u1 ,u2 , . . . ), D is
the diffusion coefficient, andv the linear flow rate. The equa
diffusion coefficients and flow rates exclude the Turing@2#
and differential flow~DIFI! instabilities @3#. It is assumed
that the system shows autonomous oscillations with perioT
under homogeneous conditions in the absence of a flow.
underlying Hopf mode is essential for the generation o
space-periodic structure in the presence of a flow.

The flow introduces a linear dependence between t
and space. A volume-element initiated at the upstre
boundary of the flowx50 at t50 will, in the presence of a
plug flow, be located atx5vt after timet. When the contri-
bution from diffusion is negligible, the phase of an auton
mously oscillating reaction within the volume-element w
recur at equidistant spatial points. The wavelength of t
space-periodic wave will be linear in flow rate and be giv
by

l5vT. ~2!

Furthermore, the wave generated by this flow distributed
cillator ~FDO! will be stationary if the value of the phas
remains fixed at the inflow boundary@1#.

Andrésen et al. @1# note that Marek and Svobodova´ @4#
may have observed the stationary FDO wave as early
1975. The experimental data, however, extend over less
a full wavelength and do not represent a space-perio
PRE 601063-651X/99/60~4!/3471~4!/$15.00
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wave. More importantly, the location of the wave front d
not change when the flow rate was changed by a factor
~Ref. @4#, Fig. 16!. It is therefore unlikely that the wave fron
originates from the FDO mechanism discussed here.

Experimentally we realize an appropriate boundary c
dition by feeding the flow tube with the outflow from
continuous-flow stirred tank reactor~CSTR!. The unstable
stationary state of a chemical batch oscillator can be st
lized by choosing a sufficiently high inverse residence ti
in the CSTR. This is illustrated in the bifurcation diagra
~Fig. 1! of the three-variable Rovinsky-Zhabotinsky~RZ!
model@5# with appropriate flow terms added. In the absen
of a flow, the RZ model oscillates between the red and b
phases in Fig. 1. At a sufficiently high inverse residence ti
the stationary state becomes stable through a subcri
Hopf bifurcation. This stationary CSTR-output serves as
inflow to the tubular reactor where dynamics changes to
of a batch reactor~inverse residence time5 0.0 s21).

We confirm that stationary waves may form spontan
ously in an open flow and that the wavelength increases
early with the flow rate. The stationary wavelength is, ho
ever, significantly shorter than that predicted from Eq.~2!.

FIG. 1. Bifurcation diagram of the RZ model in a CSTR~see
text!. Parameters areA50.2 M, B50.4 M, H50.15 M, C57.5
31024 M. The stationary states and the oscillation amplitude
shown.
R3471 © 1999 The American Physical Society
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We show numerically that diffusion can account for t
shortening of the wavelength. Finally, we underline the i
portance of spatially uniform flow rate~plug flow! by com-
paring with an experiment with a parabolic flow profile~Poi-
seuille flow!.

II. EXPERIMENTS

Two versions of the experiment were done. ExperimenA
~plug flow! employed a 10 mm~inner diameter! glass tube
that was filled with 3 mm glass beads to create a plug fl
profile. The volume fraction occupied by the beads was m
sured to be 67%, corresponding to a free volume of 0
mL/cm. In experimentB the glass tube~5 mm ID! was left
empty and the flow profile was parabolic. The tube~s! were
placed vertically on a back-lit milk-glass plate and we
monitored using a charged-coupled-device camera mou
with a 450–550 nm bandpass filter.

The tubular reactor~s! were fed by the outflow of a 4.5 mL
glass CSTR and the volumetric flow rate of the reacta
served as the control parameter. The concentrations in
feedstream were@ferroin#57.531024 M, @malonic acid#
50.4 M, @bromate#50.2 M, and@sulfuric acid#50.15 M. The
CSTR was monitored by a Pt-electrode connected t
double junction Ag/AgCl-electrode, placed in the premix
feedstream prior to the CSTR.

III. RESULTS

Figure 2 shows two stationary, space-periodic FDO wa
observed under plug-flow conditions and the relaxation fr
one stationary wave to another brought about by a chang
volumetric flow rate from 58mL/s ~top! to 74 mL/s ~bot-
tom!. These volumetric flow rates correspond to linear flo
rates of 13 and 17 cm/min, respectively. Each horizontal
is a snapshot of the tube taken 15 sec apart. The top
frames of Fig. 2 were obtained at the lower flow rate and
remaining frames at the higher flow rate. The wavelength
the stationary wave is 1761 cm in the top frame which
relaxes to 2061 cm in the bottom frame. The downstrea
and the upstream edges of the stationary waves are fuzzy

FIG. 2. Transition between stationary waves induced by
change in the flow rate. White corresponds to high ferriin.
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the optical density is nonuniform even within a wave fro
~white segments in Fig. 2!. The stationary waves are neve
theless stable but the wavelength can only be determ
approximately. The wavelength was estimated from an av
age optical density profile obtained by averaging pixels
identical spatial distances followed by a nearest neighbor
eraging.

The effect of changing the state of the CSTR is illustra
in Fig. 3. The CSTR was initially prepared in a quas
stationary red state~top!. This state was metastable under t
conditions of the experiment and a sharp transition to
blue state occurred 24 min after the experiment was initia
While the CSTR was in the red state four blue bands w
visible. After the transition to the blue state the leftmo
bands disappears and the remaining bands shift towards
inflow. After a rather long transient a new stationary wave
established. The stationary wavelengths corresponding to
different boundary conditions were measured in the fram
located at the top and bottom of Fig. 3, respectively, and
change in initial condition does not change the wavelen
significantly.

The dependence of the stationary wavelength on volum

FIG. 4. Measured wavelength as function of flow rate.

a FIG. 3. Transition between stationary waves with identic
wavelengths~see text!.
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ric flow rate is shown in Fig. 4. At flow rates below 43mL/s
the residence time is below the critical residence time and
CSTR oscillates. In this case traveling waves were obser
The slope of the linear fit to the experimental points in Fig
is 0.30 cm s/mL, corresponding to an apparent batch peri
of 78 s@Eq. 2#. This value is 40% shorter than the measur
batch oscillation period ofT;130 s.

We note that Eq.~2! was obtained from Eq.~1!, neglect-
ing diffusion. Among the possible sources of the discrepa
between the actual and calculated period we were abl
eliminate the effects of CO2 accumulation, oxygen interfer
ence, and mixing effects in the CSTR. We were led to
conclusion that turbulent diffusion in the packed bed m
account for the decreased wavelength. In a packed bed
effective diffusion rate is significantly higher than molecu
diffusion @6# due to the turbulent hydrodynamics. The fuz
but smooth edges of the stationary waves in Fig. 2 and 3
an indication of significant diffusion since the batch oscil
tion has a sharp, autocatalytic ignition followed by a smo
decay into the red phase. A similar sharp leading wave fr
is expected in the tube in the absence of diffusion. The m
lecular mechanism responsible for the oscillation shape
well understood@7#. The inhibitor ~bromide! is only gener-
ated in significant amounts during the blue phase of the
cillation. The inhibitor and the activator (HBrO2) react and
deplete each other and the high concentration of inhib
produced during the blue phase slowly brings the system
the red phase. When the inhibitor is depleted below a crit
concentration the activator ignites and the system re-en
the blue phase. In the presence of diffusion, the activator
diffuse from the sharp ignition front into the tail of the pr
ceding red phase. This increased activator concentratio
the red phase increases the rate of inhibitor depletion, he
the system reaches the critical inhibitor concentration fa
than it would in the absence of diffusion.

Figure 5 demonstrates the effect of diffusion in the R
model. PanelA illustrates the behavior in a pure reactio
advection system, whereas the panelB is obtained by a nu-
merical simulation with a high effective diffusion coefficien
The effective diffusion coefficientDe in a packed bed may
be estimated to beDe5dpv, wheredp is the diameter of the
spherical packing material@6,8#. Based on this estimate th
effective diffusion coefficient is 5.1 cm2/min (dp
50.3 cm), hence, the magnitude of the diffusion coefficie
D54.7 cm2/min ~see Fig 5! used in the numerical simula
tion is reasonable.

The simulations in Fig. 5 were initiated with spatial
uniform initial concentrations equal to those in the CST
with an inverse residence time of 0.04 s21. This CSTR out-
put was also used as inflow to the tube. The top of the sim
lations show that the initial state oscillates in the absenc
a flow. The Hopf mode is, however, pushed out of the tu
when the flow is turned on~at t50) and is replaced by a
space-periodic wave. In the pure reaction-advection sys
~a! the transition between the time-periodic and the spa
periodic mode is instantaneous at the boundary between
volumes originating from the spatially homogeneous init
state and those carried by the flow. The space-periodic w
eventually fills the tube with a wavelength determined by E
~2!. When diffusion is included~b!, the transition between
the Hopf mode and the space-periodic mode beco
e
d.
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smooth and the relaxation time to the stationary wave fr
becomes longer for each successive front. Similar beha
was observed in Figs. 2 and 3 in response to increased
rate and changed boundary condition. In fact, the shap
the relaxation observed in Fig. 5 closely resembles what
observed experimentally when the empty tube was initia
filled ~not shown!. Finally, the wavelength of the stationar
wave is in the presence of diffusion reduced by 60% relat
to the wavelength in the pure reaction-advection system.
conclude that turbulent diffusion accounts well for the 40
decrease in wavelength observed experimentally.

In experimentB we used an empty flow tube in which th
velocity profile is known to be parabolic~Poiseuille flow!.
Since the wavelength is linear in the flow rate the presenc
a laminar flow will make the wavelength depend on rad
position. When diffusion is negligible, the wavelength
given by

l~r !5v0F12S r

r 0
D 2GT, ~3!

where v0 is the centerline flow rate,r ,r 0 is the distance
from the center of the tube, andr 0 is the tube radius. Figure
6~a! shows a snapshot of the first wave front closest to
inflow. This was the only detectable wave front. Figure 6~b!
illustrates the radial profile of the oscillation front as pr
dicted by Eq.~3!. Each line in~b! corresponds to sequentia
equidistant phase values when the phase is radially hom
neous at the left edge. The distortion of the wave front

FIG. 5. Role of diffusion in numerical simulations. The tub
was initially filled uniformly and the horizontal stripes are the r
sulting synchronous oscillations. This Hopf-mode is pushed out
the flow and replaced by a space-periodic wave. The width of
systems is 200Dx and the total integration time 400 s. The line
flow rate was set tov5Dx s21, which gives the same resolution fo
space and time. PanelA illustrates the stationary wavelength in th
absence of diffusion, whereas the diffusion coefficient in paneB
wasD5Dx2 s21. With the spatial scaleDx50.28 cm, the linear
flow rate is tov517 cm/min. andD54.7 cm2/min, correspond-
ing to the experimental range~see text!.
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Poiseuille flow combined with dephasing through diffusi
prevents observation of the FDO wave in this case.

IV. CONCLUSION

We have demonstrated experimentally that station
space-periodic waves can form through flow-distributed
cillations ~FDO! in a reactive flow where all species hav
similar transport properties. These waves were predic

FIG. 6. Effect of a parabolic flow profile.~a! Actual experiment,
~b! distortion of the phase due to Poiseuille flow.
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theoretically in Ref.@1# but their physical interpretation wa
somewhat obscured by the emphasis on mathematical
malism. It turns out that the stationary waves are genera
by a very simple, kinematic mechanism: a batch-mode os
lator is spatially resolved in the presence of a uniform flo
If the phase of the oscillation is fixed at the inflow, the o
cillation phase will be locked in space and a stationary wa
will emerge. In fact, any boundary condition with consta
concentrations located within the basin of attraction of
batch mode limit cycle will generate a stationary spat
wave in the presence of a flow.

Our results support this simple interpretation. The stati
ary wavelength is independent of the boundary condition
long as the inflow concentrations remain constant. The wa
length of the stationary wave is directly proportional to t
flow rate. This is consistent with a time oscillating sube
ment being carried through space by the flow. The station
wavelength is, however, significantly shorter than the p
dicted wavelength, which may be accounted for by a h
rate of turbulent diffusion. We are currently in the process
testing this hypothesis.
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