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Velocity distributions and density fluctuations in a granular gas

J. S. Olafsen* and J. S. Urbach
Department of Physics, Georgetown University, Washington, D.C. 20057

~Received 21 April 1999!

Velocity distributions in a vibrated granular monolayer are investigated experimentally. Non-Gaussian ve-
locity distributions are observed at low vibration amplitudes but cross over smoothly to Gaussian distributions
as the amplitude is increased. Cross-correlations between fluctuations in density and temperature are present
only when the velocity distributions are strongly non-Gaussian. Confining the expansion of the granular layer
results in non-Gaussian velocity distributions that persist to high vibration amplitudes.
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PACS number~s!: 81.05.Rm, 05.20.Dd, 05.70.Ln, 83.10.Pp
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The effects of inelasticity on the statistical properties o
granular gas has been a topic of recent intense theoretica
experimental interest. In freely cooling granular media, a
lytic results and simulations show that dissipative interp
ticle collisions result in clustering@1#, non-Gaussian velocity
distributions@2#, and eventually to the breakdown of hydr
dynamics@3#. In driven granular gases, where the energy l
through collisions is balanced by energy input from exter
forcing, the effects of inelasticity can be observed in t
steady state statistical properties of the gas. Experime
studies have shown clustering@4,5# and non-Gaussian veloc
ity distributions@4,6,7#, but the dynamical origin of the ve
locity distributions remains unclear. A model of a granu
gas coupled to a thermal reservoir shows long-range corr
tions in density and velocity, and velocity distributions th
fall off with v3/2 in the tails @8#. A different model with a
discrete random forcing produces strong clustering, an
cross correlation between the fluctuations in density
granular temperature~average kinetic energy! @9#. The cross
correlation is due to the same mechanism as the cluste
instability in a freely cooling granular gas: fluctuations
increased density result in more frequent interparticle co
sions, producing increased dissipation and a reduced l
granular temperature.

Recent work has demonstrated various collective p
nomena for a large number ('20 000) of identical, uniform
ball bearings constituting less than one layer coverage o
vertically shaken, horizontal plate@4,10#. At peak plate ac-
celerations above 1 g and for most densities, the particl
behave as a rapidly fluctuating gas. The energy input in
vertical direction is transferred to the horizontal direction v
the particle-particle collisions. If the shaking amplitude
small, the particles cannot hop over one another and the
tion is nearly two-dimensional~2D!. In all regions studied,
the particle-particle collisions occur throughout the plate
cillation cycle, as in the ‘‘incoherent’’ states described
@11#. Reducing the acceleration amplitude decreases
mean square velocity, or granular temperature, TG5^v2&/2,
and effectively ‘‘cools’’ the gas, leading to an observed
crease in clustering. Continued cooling eventually leads
the formation of a collapse, a condensate of motionless
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ticles that remain in contact with the plate and each other
the range of 0.8–1.0 g, all of the horizontal velocity dist
butions of the gas appear to scale with the second mome
the distribution to a universal curve@4#. The velocity distri-
butions demonstrate strong deviations from a Gaussian
tribution in both the high velocity tails and at low velocitie

This report presents the results of a further investigat
into the nature of the non-Gaussian horizontal velocity d
tributions and their relation to the horizontal density fluctu
tions that stem from the inelastic collisions, using the te
nique described in@4#. In order to understand the non
Gaussian velocity distributions seen previously in th
system@4#, measurements were made over a larger rang
G5A(2pn)2/g, the dimensionless acceleration of the pla
wheren is the frequency in Hz and g is the acceleration d
to gravity. Our results demonstrate both non-Gaussian ve
ity distributions and a cross correlation between density
temperature, similar to that seen in the model system
Puglisi et al. @9#. However, the data reported here clea
show that the two effects are independent: there is a la
range over which the velocity distributions are non-Gauss
but for which the granular temperature is not measura
dependent on the density. Only at lowG, where the cluster-
ing is the strongest, is the cross correlation between den
and temperature observed in our experiment.

For these experiments, the plate vibration is sinusoid
n570 Hz, and unless otherwise stated, the particle densi
r50.532@12#. For accelerations belowG51.25, the system
was initially fluidized by shaking atG51.25. Two different
particle species were used: The small spheres were 302 s
less steel with an average diameter of 0.1191
60.00024 cm and the large spheres were 316 stainless
an average diameter of 0.1588 cm60.00032 cm. The coef-
ficient of restitution for both particle species is approx
mately 0.9@4#.

The measured horizontal velocity distributions atG
50.93, G51.50, andG53.00 are shown in Fig. 1. The dis
tribution crosses over from one with approximately expon
tial tails as reported in@4# to a Gaussian distribution. Thi
remarkable evolution is superficially similar to what is o
served in freely cooling granular media, where an init
Gaussian velocity distribution becomes non-Gaussian as
system cools. In that case, the evolution is determined by
R2468 © 1999 The American Physical Society
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strength of the inelasticity and the integrated number of c
lisions per particle, which does not have an obvious ana
in the driven system.

As previously reported, the non-Gaussian velocity dis
butions observed at low accelerations are accompanied
clustering, as demonstrated by a dramatic increase in
structure of the pair correlation function. Figure 2~a! shows
the pair correlation function determined via analysis of i
ages taken from above the granular layer for the same ac
erations as the velocity distributions in Fig. 1. The results
the measured correlation function approach that of an un

FIG. 1. Log-linear plot of velocity distribution functions fo
increasingG at constant frequency. As the acceleration is increas
the distributions go from having nearly exponential to Gauss
tails. (s) G50.93, (1) G51.5, (h) G53.0.

FIG. 2. ~a! Pair correlation functions for the velocity distribu
tions in Fig. 1 (s) G50.93, (1) G51.5, (n) G52.0, (h) G
53.0. ~b! Pair correlation functions for the velocity distribution
where a lid constrains the system to remain 2D. The particle co
lations remain as the shaking amplitude is increased.
l-
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related dilute hard sphere gas~solid line!. Thus, the cross-
over to Gaussian velocity distributions is accompanied
the disappearance of spatial correlations, consistent with
suggestions that the non-Gaussian velocity distributions a
from a coupling between density and temperature fluct
tions @9#.

Increasing the steady-state kinetic energy of the gran
gas by increasing the amplitude of the acceleration at c
stant frequency causes the gas to change from primarily t
dimensional, where the particles never hop over one anot
to essentially three-dimensional@13#. This transition can be
observed in the pair correlation function,G(r ), from the in-
crease in its value forr ,1. ~The correlation function in-
cludes only particle separations in the horizontal plane.! This
transition can affect the dynamics in several ways: the eff
tive density is decreased, so that excluded volume effects
less important; the interparticle collisions can occur at ang
closer to vertical, affecting transfer of energy and moment
from the vertical direction to the horizontal; and the chan
in the dimensionality itself can have important cons
quences. In order to separate these effects from the d
consequences of increasing the kinetic energy of the ga
Plexiglas lid was added to the system at a height of 0.2
cm, or 1.6 ball diameters for the larger particles. For t
plate-to-lid separation, the larger particles cannot pass o
the top of one another, although enough room remains
collisions between particles at sufficiently different heigh
to transfer momentum from the vertical to the horizon
direction.

Figure 2~b! demonstrates the persistence of the partic
particle correlations when the system is constrained in
vertical direction. The particle-particle correlation functio
decreases slightly fromG50.93 to G51.50, and then re-
mains essentially constant up toG53. The small value of
G(r ) for distances less than one ball diameter indicates
the system remains 2D asG is increased. The structure ob
served in the correlation function is essentially the same
that of an equilibrium elastic hard sphere gas at the sa
density, indicating that the correlations that exist are due
excluded volume effects.

Figure 3~a! shows that the presence of the lid adds
energy sink to the system at highG. At low acceleration
(G<1), very few, if any, particles strike the lid and the li
has no significant effect. At largerG it is clear that the hori-
zontal granular temperature is reduced as a significant n
ber of particles strike the lid, dissipating energy. It is inte
esting to note thatTG approaches zero linearly at finiteG,
indicating that the relationship between the driving and
horizontal granular temperature is of the formTG}G2Gc .

In order to demonstrate the effect of the lid on the velo
ity distributions, we use a simple quantitative measure of
non-Gaussian nature, the flatness~or kurtosis! of the distri-
bution:

F5
^v4&

^v2&2
. ~1!

For a Gaussian distribution, the flatness is 3 and for
broader exponential distribution, the flatness is 6. In the
sence of a lid, the flatness demonstrates a smooth trans
from non-Gaussian to Gaussian behavior as the gran
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temperature is raised@Fig. 3~b!#, whether the smaller
~circles! or larger~stars! particles are used. With the lid on
the velocity distributions remain more non-Gaussian than
the free system for identical granular temperatures and d
sity ~diamonds!. The crossover from Gaussian to no
Gaussian behavior observed without the lid is therefore
simply an effect of increasing the vertical kinetic energy
the particles but, rather, related to the transfer of energy f
the vertical to horizontal motion in the system via collision
the change in the density, or the change in dimensionalit
the gas. The tails of the distribution in the constrained sys
are consistent withv3/2, as observed in@6# and predicted by
@8#. The details of how energy is transferred to the horizon
motion in the shaking experiments are sufficiently comp
cated that the agreement with the theoretical calculation m
be fortuitous. The experimental system of@6# was not tightly
constrained, but they do not obtain the crossover to Gaus
measured in our system without the lid.

To determine the relative contribution of density chang
to the non-Gaussian velocity distributions in the gas,
number of particles on the plate was increased by 15%
decreased by 10% from the value ofr50.532 and the lid
was kept on. For all accelerations, the flatness decreased
increased density. This surprising result may be related to
fact that strongly non-Gaussian distributions observed at
G are accompanied by strong clustering@4#. If the average
density is increased, the larger excluded volume means
less phase space remains for fluctuations to persist. The

FIG. 3. ~a! Plot of the horizontal granular temperatureTG as a
function of dimensionless accelerationG with and without a lid.
Data for r50.532: (s) d51.2 mm and (*)d51.6 mm without
lid; (L) d51.6 mm with lid. Data for r50.478 (n) and r
50.611 (h) with a lid andd51.6 mm.~b! Plot of the flatness as
a function of granular temperature with and without a lid in t
system. At lowG the system is nearly 2D and the lid has no effe
n
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that increasing the density with the lid on makes the veloc
distribution more Gaussian suggests that the crossove
Gaussian observed without the lid is not due to the decre
in density of the gas.

Some insight into the origins of the non-Gaussian veloc
distributions can be obtained by investigating the relatio
ship between the localfluctuations in density and kinetic
energy. Puglisiet al. @9# have proposed a model that relat
strong clustering to non-Gaussian velocity distributions in
driven granular medium. In their framework, at each loc
density the velocity distributions are Gaussian, and the n
Gaussian behavior arises from the relative weighting of
temperature by local density in the following manner:

P~v !5(
N

n~N!e2[v2/v0
2(N)] , ~2!

wherev0
2(N) is the second moment of the distribution for th

number of boxes,n, that containN particles. In this model,
the local temperature is a decreasing function of the lo
density, and the velocity distributions conditioned on the
cal density are Gaussian.

In our experiment, this feature can be examined by c
ditioning the local horizontal granular temperature on t
local density, that is, by examining the distribution of veloc
ties for data at a constant number of particles in the frame
the camera in the strongly clustering regime atG'0.8 @14#.
In the strongly clustering regime, we do observe a dir
correlation between local density and temperature. Figur
is a plot of the local temperature as a function of parti
number in the camera frame normalized by the granular t
perature, including data from the open system for both
smaller and larger particles as well as for the confined sys
using the larger particles.

The result is similar to the model of Puglisiet al. @9#: At
low TG , when the particle-particle correlations are strong
~and larger than those of an equilibrium hard sphere gas@4#!,
there is a density dependence to the granular tempera
~filled circles!. At G53, where all of the particles are esse
tially uncorrelated in a 3D volume in the absence of a l
there is no density dependence~open circles, stars!. How-

.

FIG. 4. Plot ofT(N)/TG whereN is the number of particles in
the camera frame~see text!. At low G, the local temperature and
density are strongly correlated. At highG, the local granular tem-
perature is independent of density, even when the velocity distr
tions remain non-Gaussian in the constrained system.
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ever, even in the confined system atG53, where the distri-
bution is still not Gaussian, no appreciable density dep
dence is observed~diamonds!, suggesting that the non
Gaussian velocity distributions and density-depend
temperature are not as simply dependent upon one anoth
they are in the model of Puglisiet al. @9#. In fact, while there
is a clear density dependence on the local temperature a
G, the measured velocity distribution conditioned on the
cal temperature is not Gaussian. At each density, the velo
distribution function is almost identical to that of the whol
when the entire distribution is non-Gaussian, the distribut
at a single density is non-Gaussian, and when the who
Gaussian, each conditional velocity distribution is Gauss

A more general form of Eq.~2! represents the total veloc
ity distribution as a product of local Gaussian velocity d
tributions with a distribution of local temperatures:

P~v !5E
rW(t)

f ~T„rW~ t !…!e2[v2/T„rW(t)…]drWdt, ~3!

whereT„rW(t)… is the local temperature varying in space a
time. Conditioning on the local temperature would then
cover the underlying Maxwell statistics in the fluctuations

Performing this analysis on our data does not succee
producing Gaussian statistics. Within small windows of lo
temperature, the distributions remain non-Gaussian. Ind
the analysis can be extended to conditions on both the l
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temperature and density in the system, but with simila
limited success except for the slowest of particles in the m
dilute regions of the system, although all of the condition
distributions are closer to Gaussian than the full distributi
On the other hand, if the local velocities are normalized
the magnitude of the local granular temperature, then
total distribution is Gaussian, as observed in a simulation
vibrated granular media@15#. It is quite interesting that the
total normalized distribution is Gaussian while the con
tioned distributions are not.

These results demonstrate several important new cha
teristics of a 2D granular gas. Extreme non-Gaussian ve
ity distributions observed previously@4# involve strong cross
correlations between density and velocity fluctuations. T
is not the whole picture, however, as a 2D constrained gra
lar gas also demonstrates strongly non-Gaussian beha
without a significant cross-correlation between density a
velocity distributions. Finally, the crossover to Gaussian d
tributions observed when the gas is fully 3D is probab
associated with the change in dimensionality or moment
transfer, rather than the increase in kinetic energy or
decrease in density.
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