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Simple and accurate theory for strong shock waves in a dense hard-sphere fluid
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Following an earlier work by Holiaret al. [Phys. Rev. E47, R24 (1993] for a dilute gas, we present a
theory for strong shock waves in a hard-sphere fluid described by the Enskog equation. The idea is to use the
Navier-Stokes hydrodynamic equations but taking the temperature in the direction of shock propagation rather
than the actual temperature in the computation of the transport coefficients. In general, for finite densities, this
theory agrees much better with Monte Carlo simulations than the Navier-Stokébresag) Burnett theories,
in contrast to the well-known superiority of the Burnett theory for dilute gd&K63-651X99)13212-4

PACS numbgs): 47.40.Nm, 47.45:-n, 47.50+d, 51.10+y

The normal shock wave problem has been considered fauch predictions in a pioneering paper using molecular dy-
a long time as the prototype to analyze far from equilibriumnamics for a Mach numbevl = 134. Since nevertheless the
situations. Shock waves occupy a small and rapidly movindNS equations provide a reasonable description and have a
transition region in space that connects two different equilib-much simpler structure, Holig®] introduced a slight modi-
rium states. One of them corresponds to a relatively coldication to these equations to account for the fact that the
low-pressure region and the other one to a relatively ho€omponent of temperaturé,, in the direction of shock
high-pressure region. Due to the abrupt spatial variations opropagation always exceeds the total average temper&ture
the hydrodynamic fields, the search for accurate theories tdhe modification, designated as Holian’s conjecture, consists
fully describe such variations is still an ongoing task. Amongof replacingT by T,, in the NS transport coefficients and
the efforts carried out so far, continuum approaches havieads to a substantial improvement of the agreement with the
played an important role. They have been complemented bjpolecular dynamics results over the standard NS equations
computer simulations, both using molecular dynanfic®]  [7]. An attempt to provide a kinetic foundation for Holian’s
and the direct simulation Monte Carlo methd®. These conjecture has been recently reported by Uebel. [8]. In
simulations have been crucial in assessing the reliability an@nother papef9], the same authors computed the velocity
merits of the different continuum descriptions. and temperature profiles fovl =134 and gave further evi-

One of the difficulties associated with continuum ap-dence that the Burnett theory is superior to both Holian’s
proaches is the fact that in general the transport coefficientgonjecture and the NS theory. The question arises as to
must be somewhat empirically adjusted. A possible way tovhether the above conclusions may be extrapolated to dense
overcome such limitation is to use the results stemming oufiuids where new(potentia} contributions to the transport
of microscopic formulations. In the case of a dilute gas, thecoefficients are present. However, since the density depen-
Chapman-Enskog expansip4] of the Boltzmann equation dence of the transport coefficients is not known in general, in
provides explicit formulas for the transport coefficients bothorder to provide an answer to the above question it is con-
in the Navier-Stokegfirst order in gradientsand Burnett venient to consider the hard-sphere model. For this model,
(products of two gradients and second order in derivativesthe Enskog theory10] gives a reliable description over the
approximationg4]. In these systems, Fiscko and Chapmanentire fluid domain. In the context of the Enskog equation,
[5] were the first to calculate hypersonic Burnett shock soluprevious resultgl1] indicate that surprisingly the NS predic-
tions up to Mach numbelM =50 and, by comparison with tions are better than those of tiinear) Burnett theory at
their own direct simulation Monte Carlo data, showed thathigh Mach numbers. In view of these results and of the trend
the Burnett equations were more accurate than the Naviepbserved in the dilute gas once Holian’s recipe was intro-
Stokes(NS) equations for the description of normal shock duced, the natural next step is to test whether the above
structures. Later on, Salomons and Mares¢Bakonfirmed  recipe, when properly extended, will yield the best overall

performance. This is the main goal of this paper.

The component of the temperature in the direction of
k
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may be written ag= P+ P¢, with P¢ indicating the colli- e

sional transfer contributiong!]. Holian’s recipe consists of 091
describing the shock wave by means of the NS equations but ogp T ]
modifying the thermal dependence of the transport coeffi- 51 071 i
cients through the substitution df by T,,. In the NS ap- 0.6p P J—
proximation, the constitutive equations for a planar shock g'i' I” """ o1 I(a> : ]
wave readPX = (pkgT/m)—2u*u’, Py =p—(3u+x)U’, 03l /I/ LA 1
andq,=—\T’. Here,p is the hydrostatic pressura,is the o2k FE ®) ]
flow velocity, gy is the heat flux, andi’ and T’ are the 0.1k B e :
gradients of the velocity and temperature, respectively. In oo o v

addition, p=(pkgT/m)[1+4nx(n)] with 7=mpc36m b2 3 4 5 6 7 8 910

being the packing fractiony the sphere diameter, and ») ) . ) )
the equilibrium pair correlation function at contact. The ex-  FIG. 1. Plot of the reciprocal shock thickne8s units of the
plicit expressions for the transport coefficients within the En-mean free path’o) as a function of the Mach numbéd for (2)

skog theory aré4] 170=0 and(b) 7,=0.2 as obtained from the Holian theorr—),
the Navier-Stokes theorf— — —), the linearized Burnett theory
1 (- - - -), and the full Burnett theory— - — -). The symbols are
Mkzm[l+ Sox(mlus, (1)  simulation results.

4/ p\2 sion for T,, reduces to the one derived in R¢¥] in the
K= 5(5) a*x(n) (mmkgT)2, 2 Iqw-densny limit. ReplacmgT'b'y Ty in the explicit expres- '
sions for the transport coefficients and subsequent substitu-
tion of the latter into the NS equations completes the gener-
?) alization of Holian’s recipe to the case of a dense hard-
sphere fluid.
Now we are in a position to check the performance of the
1 - 5 3 kg different continuum approaches by comparison with com-
A= W[1+?”X( 7)] )‘B+§ m (4) puter simulations. Here, we use the recently proposed En-
skog simulation Monte Carl(ESMC) method[13], which is
Here, ug and g are the shear viscosity and the thermalan extension of the well-known direct simulation Monte
conductivity of a dilute hard-sphere gas, respectively. TheiCarlo (DSMC) method[3] to simulate the Boltzmann equa-
values ard4] tion. The ESMC method has proven to be a valuable tool to
numerically solve the Enskog equation. It is important to
5 (mkgT 12 s mention that while in the case of dilute gases one knows up
“821'0160<E( ) A ® {0 the completdlinear and nonlinearBurnett transport co-
efficients, those of the Enskog equation have been deter-
15 kg mined explicitly only up to the linear Burnett ordgl4]. For
\g= 1.025]><T M (6) the sake of the presentation of the results, we take the pack-
ing fraction 5y and the Mach numbevl =ug/a, as the rel-

Note that all the Enskog transport coefficients are propor€vant independent parameters of the problem. Heyes the
tional to T ie. {w(p,T), (0, T) N (p,T)} upstream speed of sound whose expresgidn can be ob-

o~ ~ ~ . . . . tained from thermodynamic relations. As usual, the origin
t={,u(p)f, 't‘ép)ﬁ)‘ép)(}jﬁ' It S]E.'HI remamsdt_? _T_peg'fﬂ;xxt N x=0is chosen at the point whete= (uy+u,)/2. As for the
erms of the hydrodynamic 'efds u,andl. 10 dothat we pair correlation function at contact we take the Carnahan-
will consider two identities. First, we will take into account

. N . ! Starling approximatiofils], i.e., x(7)=(1— 7/2)/(1— 7)°.
the Rankine-Hugoniot condition for t?e conservatl(;n Of MO the context of the continuum description, the task is now
mentum [12], ie., Py (X)+p(X)us(x)=po+ poUso=p1

) \ to solve a set of nonlinear coupled differential equations for
+paU3, where the subscript 0 refers to the unshocked coldhe hydrodynamic fields subjected to the Rankine-Hugoniot
equilibrium state X— — <o, upstreamwhile the subscript 1 conditions[12]. The solution is carried out numerically and
refers to the shocked hot equilibrium state{ -+, down-  the details of the method have been described in Rél.
stream. Secondly, according to the NS approximation,  since the velocity and temperature profiles exhibit in this
(P)‘ﬁx—pkBT/m)/(Pxx— p)=uX/(u+2k)=A(p). From both  problem a high degree of symmetry, perhaps a better candi-

1 8 2 3
w= m[1+577x( M1 pet sk,

identities, one gets date to assess the merits of the different theories is the shock
thickness, whose reciprocal is defined as the maximum value
; . . . v
To=T{1—[1+47x(7)]A(p)} of the normalized density gradiert3d], i.e., 6 “=(p;

—po) " Y(dp/dX) max. In Fig. 1 we display the Mach number
To m dependence o~ ! for two values of the packing fraction,
+A(p)u u_o[l“LA"70X(7/0)]Jr k_B(“O_U) - (M in the upstream region. The shock thickness is measured in
units of the mean free path at the cold regiory
In writing Eq. (7) we have chosen the first equality of the =[ vV2mpox(70)o?/m]~*. The error bars on the simulation
Rankine-Hugoniot condition. It is easy to see that the exprespoints indicate the uncertainty associated with statistical



7594 BRIEF REPORTS PRE 60

1.0 0.06 T T T T T
o osh 0.05
2
& 0.04
g o6} Pup
,aEg 0.03
Z 04f 0.02
[&]
S
$ 02} 0.01
0.001
0.0
-15
x/,
) . -0.05
FIG. 2. Profiles of(a) the reduced velocity (—u,)/(ug—uy) q,
and(b) the reduced temperatur@ { T)/(T,— T,) for 7,=0.2 and
M =3.5. The solid line refers to the Holian theory, the dashed line 0.10
to the Navier-Stokes theory, and the dotted line corresponds to the -
(linean Burnett theory. The symbols are simulation results.
fluctuations and with the location oflp/dX) .. IN general, O 0 5 10 15
we see that all the theoretical predictions underestimate the x,

shock thickness. In the low-density regime#,=0), it is o

clear that the Burnett theory leads to a better agreement with F!G- 3. The same as in Fig. 2, but for the stré§g—p, mea-
simulations than both the NS and Holian’s predictions. ASured in units of RBT;,)Z//%' and for the heat fluxj,, measured in
similar conclusion was also reached in R@. However, it ~ Units ofm(2kgTo/m)=/.

is interesting to notice that the best overall performance ishe linear Burnett profiles are interrupted on the cold side
given by thelinearizedrather than thdull (linear plus non-  [16]. It must be pointed out that although the theoretical
linean Burnett equations. In fact, forp,=0 andM =134  cyrves fail to capture the longer relaxation towards the cold
(which is the case studied in Ref&], [7], and[8]), we get  end equilibrium values reflected in the simulation results, in
s"5=1.13/, for the NS theory,s"=1.27/, for the Holian  the case of the velocity and temperature profiles the hot re-
theory, 5°=1.68/, for the full Burnett theory, and"®  gion is rather well described by the Holian theory. The
=1.747, for the linear Burnett theory, while the thickness agreement is not so good for the momentum and heat fluxes,
estimated from the molecular dynamics results of R&fis  but nevertheless the behavior with respect to the shock thick-
6=2.3/¢. This casts doubts on the likelihood that oneness is again manifested in an improvement of the Holian
should retain super-Burnett and higher order gradient termgheory over the remaining continuum approaches.

to get a better description as the Mach number is increased. In summary, in this paper we have generalized Holian’s
In passing we note that in view of the trend observed in Figrecipe to describe planar shock waves in a dense hard-sphere
1, the molecular dynamics result for the shock thickness afluid within the Enskog theory. The comparison with simu-
M =134 is compatible with the ones derived with the ESMClation results allows us to assess the merits of several con-
method for smaller values of the Mach number. For a finitetinuum approaches, including also the dilute regime as a par-
density(exemplified by the casg,=0.2), the present results ticular case. From a practical point of view and taking into
confirm our earlier finding11] that the NS predictions are account the data we have computed for a range of densities
surprisingly superior to thélinear Burnett predictions for and Mach numbers, we can conclude thatNbe 1.5, only if

high Mach numbergsay, for instanceM ~3). In this case 7,=<0.1, the (linean Burnett theory provides the best de-
we have enlarged the range of valuedvbin the simulations  scription. Outside this density range, the Holian theory is
up to M=7. Moreover, the NS predictions aotearly im-  clearly superior to all other continuum approaches. A further
proved when Holian’s recipe is introduced, as indicated byasset of this theory is that it combines reasonable accuracy
the fact that, when the error bars are accounted for, all théor such a complicated problem with relative simplicity,
simulation results fall on top of the theoretical Holian line. since it only takes into account tHimear relationships be-
Thus forM=3.5 andzny=0.2, one gets for the shock-wave tween fluxes and gradients. The only new ingredient is the
thickness 6N5=8.09",, 6'8=7.767,, 6"=9.27/, while  use of the temperature in the direction of shock propagation
the simulation result obtained from the ESMC methodis rather than the average temperature in the linear transport
=(10x1)/,. It is worthwhile noting that, in general, the coefficients. Note that, although the Holian constitutive
hydrodynamic theories tend to provide a better description oéquations aréormally linear, they incorporatenonlinearef-

the shock-wave structure as the density increases. This cdects through the dependence of the transport coefficients on
be partially explained by the fact that the thickness, wherthe momentum flux. This naturally leads to a non-Newtonian
expressed in units of the mean free path, increases with théescription where the viscosities and the thermal conductiv-
density. ity depend in a nonlinear way on the strain ratéx). There-

As a further illustration of the superiority of using Ho- fore, instead of the inclusion of additional higher order gra-
lian’s recipe, in Figs. 2 and 3 we show tfreducedl velocity ~ dient expansions that would greatly complicate the actual
and temperature, the streBg,— p, and the heat flug), pro-  solution and may be flawed by the asymptotic character of
files, forM =3.5 andzy=0.2. Due to numerical instabilities, the Chapman-Enskog expansion, we favor the alternative
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