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Coupled modified baker’s transformations for the Ising model
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An invertible coupled map lattice is proposed for the Ising model. Each elemental map is a modified baker’s
transformation, which is a two-dimensional map X¥fand Y. The time evolution of the spin variable is
memorized in the binary representation of ¥heariable. The temporal entropy and time correlation of the spin
variable are calculated from the snapshot configuration ofvthiariables[S1063-651X%99)07012-9

PACS numbegps): 05.45.Ra, 05.56:q, 05.40-a, 05.45-a

Coupled map lattice models have been used to study cha- , 1 . ,
otic spatiotemporal patterjid—3]. We proposed a coupled In+1:§(Yln+ 1) for —1<X <ay,
map lattice which exhibits a thermodynamic phase transition
equivalent to the Ising modé¢h—6]. In the previous model, >
each elemental map is the Bernoulli shift. The Bernoulli shift Xin+1=—(xin_ 1)+1,
is a one-dimensional map and it is not invertible. We propose 1-a,
an invertible coupled map lattice for the Ising model in this
paper. The invertibility implies that the state in the past can
be known from the information of the present state. In our
model, the spin state in the past is memorized especially in a
simple manner. It is an example of simple chaotic dynamicaherei=1,2, ... N. The parametea,, is expressed as
systems which has nontrivial thermodynamic properties.

Each elemental map is a modified baker’s transformation:

) 1 :
he1=5(Ya=1)  for a,<X,<1, )

N
anztanr( KZl SLllN), (3)

2
Xne1=735 et -1,

where K is a coupling constant an8,=sgn(X},,—X!).
The uniform invariant measuye= 1/2 is maintained even if
the parametea,, is temporally fluctuating. The mean value
Yn+1:§(Yn+ 1) for —1<X,<a, of S, is approximated a#,,. The order parameter defined as

M,=1NzN .S satisfies

2 N
Xni1=1 g (K= DH L, M,=1NY, S,=a,=tanf(KM,_y), @
i=1
1 whenN—o. A phase transition occurs &t=1.
Yns1=5(Yp—1) for a<X,<1, (1) A two-dimensional coupled map lattice is constructed as

wherea is a parameter satisfying 1<a<1. It is a two- X =
dimensional map from a square regipn 1,1] X[ —1,1] to n+l 1+al)
the same square region. The two-dimensional map is reduced
to the original baker’s transformation far=0. The mapping R o
of X is equivalent to the Bernoulli shift. The Bernoulli shift Y',;L1=§(Y',;J+1) for —1<X|'<a;’,
has a uniform invariant measugg(X)=1/2 over —1<X
<1. A spin variableS, is defined asS,=sgnX,.1—X,),
that is,S,=1 for X,<a andS,=—1 for X,,>a. The mean
value of S, is a and its time correlation i§S,Sy)= 6p m-
The spin variables, is also written asS,=sgn(Y,1)-

We can construct various coupled map systems using the 1 S
elemental map. A globally coupled map model is constructed Y',;lez(Y'n'J -1) for ap’<X;'<1, (5)
as

(Xpl+1)-1,

o 2 o
Xln’Ji—l 1_ai‘j(xln,1_1)+1,
n

where I=<i<L and 1<j=<L denote a lattice point in the

xin+1:1+i(xin+ 1)-1, XL square lattice. The parametay’ is variable expressed
as
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'J—tanr{ I+1]+Sln—lj+snj+l+slj 1) (6)

whereK is a coupling constant. The updating is performed
alternatively for even lattice poini{svherei +j is even and
odd lattice points. In this case, the probability distribution
pn({m"1}) that the spin configuratiofS;'} takes{m'’} at
time n obeys a master equation

pam )= 2, oo s(m ™ hw({m ) {m" ), (7)

wherew({m’'!"/} ={m"}) is the transition probability. The
equilibrium distributionp, is obtained as

peq({mi*j})mexpl K/8Y, mii(mi*li+mi—ti . 7
1)

+mivi+1+m"il)}, (8) 07 F -
which is equivalent to the equilibrium distribution of the 0.6 } }
two-dimensional Ising model. The Ising system exhibits a 05 |7
phase transition ak=2 In(1+y2) for N=L?—%. This \
phase transition was numerically checked in Réf.for the 0.4 U L
coupled Bernoulli map lattice. We consider mainly the role 06 08 1 12 14 16
of Y variables hereafter in the coupled modified baker’'s @

transformations. S _ _ FIG. 1. (@) Snapshot pattern od¢,Y') at K=1.05 for the glo-
The coupled map lattice is invertible. The time-reversalpally coupled map mode®). (b) The solid line is thef («) spec-

mapping for the two-dimensional model is written as trum for the globally coupled map model and the dashed line is that
Vi oy 1 for the modified baker’s transformation with=0.3707.
n n+1 ’
We first study a fine structure of the snap-shot profile

o 1+all . . (XL, YL) of the globally coupled systex@). For the globally
X! (X, +1)—1 for O<Y}, <1,

I
n 2

coupled system witiN=«, the order parameter decays to
zero and the spin configuration is random 1. ForK
yiizovyid 41 >1, the order parameter take;s a constant nonzero }MIUQ
n n+it o The elemental map is a modified baker’s transformation with
1—a‘ j a constant parametar=tanhKM. The entropy per one step
X = (Xb ,—1)+1 for —1<Yll <0. (9  forthetime sequence & is —pInp—(1-p)in(1—p) where

p=(1+a)/2. Figure 1a) displays a snapshot oKX{,Y'") for

Th i . by Eq. (6] wh i i=1,2,...N atK=1.05 andN=10000. A random initial

© pa}rametergn IS given By £Q. (6) w ere -1 condltlon forX, andY} is assumed an8 is all 1. We have
=sgn(Y;'). The invertibility implies that the state in the past

be K f he inf ) fth hcalculated the generahzed dimensibp, and its Legendre
can be known from the |n'ormat|on.o the present state: T ‘?ransformf(a) spectrum to characterize the multifractal pat-
memory of the past state is stored in tigariables. A vari-

tern[7]. Dy is defined as
abley=(Y+1)/2 is a real number between 0 and 1, there- [7]: Dg i I
fore y can be represented by a binary notation as

0.515,5354S5- - -, Wheresy is 0 or 1. The forward time evo- InE py

lution of Y by Eq.(5) is represented as a shift of the sequence _ I|m 1 (10)
{s,} in the right direction:  (5;5,5354S5- - - Dq= 04— g-1 Inl
—0.50S15,S3S4S5- - - The newly added bits, is equal to

(Sy+1)/2. In other words, the binary notation where the interval[0,1] is divided into N, intervals, |
0.50515,838;- - - at stepn+1 implies that 3, —1 is the spin  =1/N, is the size of the divided small intervals apdis the
variableS, _ at stepn—k. The history of the spin variable probability thaty' locates in théth interval. The solid line in
{S),} is represented in the binary notation of tyié vari-  Fig. 1(b) displays thef(a) spectrum which have been nu-
ables at a certain step. The inverted time evolutiorydfy  merically obtained from the snap-shot profiles of the globally
Eqg. (9) is represented as a shift {,} in the inverse direc- coupled map wittN=10000 and is assumed to be 1/1024.
tion: 0515,53S4S5- - - —0.5,535,S5- - -. We will study sev- The dashed line in Fig. (b) is the f(a) spectrum for the
eral statistical properties of the time sequence of the spistrange attractor of the elemental modified baker’s transfor-
variables using the snapshot profilesYofariables. mation with a constard:
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FIG. 2. (@ Snapshot pattern ofX(:),Y")) at K=1.6 for the
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FIG. 3. () Correlation functiorr (n)=(M_,M)/(M2) atK
=1.45 for the two-dimensional coupled map lattide. The marks

denotesy”(f) calculated by Eq(15) and the dashed line ig"(f)
given by Eq.(14).

two-dimensional coupled map latti¢g). (b) The solid line is the

f(a) spectrum for the two-dimensional coupled map lattic&Kat

=1.6.

f(r)y=—

a=

rinr+(1-r)in(1-r)

In2

T Inp+(1-r)in(1—p)

wherer is a parameter between 0 and 1 gnd (1+a)/2.
The constant parametex is given by a=M =tanhKM)
=0.3707 forK =1.05. The peak value df «) is equal to the
capacity dimensio®,, andDy=1 for the modified baker’s
dimensiorD,

transformation. But

In2 ’

the information

noulli map which is the mapping for th¥ variable. The
mean area-expansion rate in thedirection is equal to the
KS entropy. The area contraction rate in tialirection is
In2. The total area-contraction rate is IrBks=In2(1
—Dy). It is the entropy production rate or the information
loss rate for our dynamical system.

We can calculate similar quantities for the two-
dimensional coupled map lattid®). Figure 2a) displays a
snapshot pattern ofX(+!,Y"!) for L=100 andK=1.6. The
pattern seems to be multifractal and it is nearly symmetric
with respect toY=0, since the parametdd<K.. Figure
2(b) displays thef () spectrum. The peak df{«) is 1 as in
Fig. 1(b). The KS entropy is a spatiotemporal entropy per

one step and one site and is defined in our coupled map
lattice as

11

={-pInp—(1-p)In(1-p)}/In2 is smaller than 1. A good

agreement is seen irrespective of the small fluctuation for the His= —n_)LlrE_m{ll(nN)}
order parameteM , . '

If the interval [0,1] is divided into 2' intervals ( - , ,
=1/2"), each small interval corresponds respectively to a X ZJ PUSIHIS - dSTD
binary notation G;s,---s,. For example, the interval 5
[3/8,1/7 is denoted as 0.011. The probabilipy for each XInp({SP}{S5Y, ... {SH).
interval is therefore equal to the probability
P(S:,S;, . ...S,) of the corresponding time sequence On the other hand the temporal entropy per one step and one
of the spin: S1,S, .5, The quantity  site is given by
IN[Zs{P(S1,S, - - - S)}/(1-q) is called the Renyi en- _
tropy for the spin sequence. The Renyi entropgatl is the ~ Hs=— lim {1/(nN);

n—oo, N—ow

Shannon entropy and it is proportional to the lengthf the
sequence. The Renyi entropy over the step numbsirep-
resented aB In 2 in our model from Eq(10). The Shannon

entropy ovem is equal to the KS entropidg of the Ber-

S
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That is,Hg is the information rate per one site for the time turbation. A simple linear map with a similar time periodic
sequence of the spin configuratip®+'} andHg is the aver-  perturbation is assumed to be

age value of the information rate for the spin sequence at a

certain site. The spatial mutual information is taken into con- Mp=AM;_;+bcog2nfn). 13
sideration in the KS entropy, however, it is not taken into
consideration inHg, therefore,Hg is generally larger than

Hys. The temporal entropy per one stejg is estimated as —0. The linear mapping can be solved aMl,
D,In2~0.575, since the information dimension ®, ~Rebexp(2wfn)/{l—-\exp(-i2zf)j] for O0<r<1. The
~0.83<1. It is surely larger than the numerically obtained complex susceptibility for the time periodic perturbation is

The order parametevl decays exponentially as" whenb

KS entropyHs=0.358. therefore expressed as
The time sequence of the order parameter can be also 1 X cog2af)— X sin2af)
calculated from the snapshot pattern\fl. For example, , o —AcodZnt)—IAsinZm
o P X (H+ix"(f)= . (19

the magnetizatiorM ,=3S,//N at stepn is calculated as
M,=2Ny/N—1 whereNy is the number of sites at which
Yl >0, and the magnetizationM,_; is equal to On the other hand, the complex susceptibility can be numeri-
2N;/N—1 where N; is the number of sites at which cally estimated from the time sequence of the spin configu-
—1/2<Y!) <0 or 1/2<Y!) ,<1. The time correlation of ration as
magnetization can be calculated agM_ M)

1+N\%2—2\ coq27f)

N1
=50 Muyone 1M mei+1/Lo. Figure 3a) displays the time / Comoen ij ;
I=17Tm=n=1+17m=1+17=0 f)+ix"(f)= Jexp(—i2mfn),
correlation functionr (n)=(M ,_,M)/(M2) for K=1.45 X (DD Nn;b nzl Ej S’ expl )
and L,=100. The solid line is calculated from a snapshot (15

profile and the dashed line denotes the long-time average. ) i
The averaged correlation function decays exponentially a¥hereny is a step number to calculate a time average. The
A" wherex ~0.952. numerical estimate of”(f) for the coupled modified baker's
The time correlation of the order parameter is related tdransformations with parametef;’ by Eq.(12) is shown in
the response function of the order parameter for the timeFig- 3(b) by the marks for variousf at K=1.45, n,
periodic perturbation. Such perturbation can be given by=40000 andb=0.005. The dashed line denotgs(f) in
changing the parametet; as Eq. (14) with A=0.952, which is a good approximation.
In summary we have proposed an invertible coupled map
i K 1L aim1j ., qijtl, a1 lattice for the Ising model. The time sequence of the spin
ap'=tani 2 (Sy" + S 7+ S5 + S ) configuration is memorized in the binary representation of
the Y variables. The temporal entropy of spin variables and
the time correlation of the order parameter have been calcu-
' (12) lated from the snapshot data of thevariables. This coupled
map lattice is an instructive model that connects the chaotic
whereb is the amplitude and is the frequency of the per- dynamics and the statistical mechanics.

+bcog2nfn)

[1] H. Chate and P. Manneville, Physica32, 402 (1988. [5] H. Sakaguchi, Phys. Lett. A80, 235 (1993.
[2] Y. Oono and S. Puri, Phys. Rev. Leki8, 836 (1987). [6] H. Sakaguchi, Phys. Rev. &8, 1137(1998.
[3] J. Miller and D. A. Huse, Phys. Rev. 48, 2528(1993. [7] T. C. Halsey, M. H. Jensen, L. P. Kadanoff, I. Procaccia, and

[4] H. Sakaguchi, Prog. Theor. Phy&0, 7 (1988. B. I. Shraiman, Phys. ReWA33, 1141(1986.



