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High-intensity laser-induced electron acceleration in vacuum
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2CCAST (World Laboratory), P.O. Box, Beijing 100080, China
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~Received 17 May 1999!

In this paper, an approximate pulsed-laser-beam solution of Maxwell’s equation in vacuum is derived. Then
with the numerical simulation method, electron acceleration induced by high-intensity@Q05eE0 /(mevc)
53# lasers is discussed in connection with the recent experiment of Malkaet al. It is found that the maximum
energy gain and the relationship between the final energy and the scattering angle can be well reproduced, but
the polarization effect of electron-laser interactions is not very prominent. These results show that the pon-
deromotive potential model is still applicable, which means that the stimulated Compton scattering is the main
fundamental mechanism responsible for the electron acceleration at this laser intensity.
@S1063-651X~99!09012-1#

PACS number~s!: 41.75.Fr, 42.50.Vk, 42.50.Hz
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I. INTRODUCTION

More than ten years of work in the past led to the dev
opment of the chirped-pulse amplification~CPA! @1# which
has made multiterawatt compact short-pulse lasers rea
available in laboratories. To date, the focused laser inte
ties can reach as high asIl2;1019 (W/cm2) mm2 @2#,
whereI andl are the focused laser intensity and wavelen
in units of W/cm2 and mm. At this intensity, the electron
quivering energyVosc5(A11Q0

2/221)mec
2'0.6 MeV is

already larger than the electron rest energy.Q0

5eE0 /(mevc) is a dimensionless parameter measuring
field intensity,E0 is the magnitude of the laser field at focu
me the electron rest mass,v0 the laser angular frequency
2e the electron charge, andc the light speed in vacuum. By
using Il251.3731018Q0

2(W/cm2) mm2, we haveQ0'3.
According to our previous findings@3#, this corresponds to
the transition region (0.1,Q0,10) from ordinary Compton
scattering to nonlinear Compton scattering~NLCS! @4# un-
derlying the free-electron–laser interaction. NLCS is char
terized by a process in which two or more photons are
sorbed simultaneously by the free electron accompanied
the emission of a single higher-frequency photon. Rece
electrons accelerated to MeV energy in vacuum by inte
lasers with Q053 @5# were experimentally observed.
should be mentioned that, earlier, electrons were acceler
to a fraction of eV@6# or a few keV@7# at low intensity and
100 keV@8# for electrons initially at rest at higher intensity
If we claim that NLCS is responsible for most of the ener
transfer between free electrons and lasers whenQ0.10,
then comes the question of what fundamental mechan
can account for the large electron energy gain when inter
ing with lasers withQ0,10. In this paper, we will show tha
the stimulated Compton scattering~SCS! @9# is the mecha-
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nism we are seeking, which means that after absorbin
photon from the laser field the free electron tends to emit
photon which is of the same frequency as another pas
photon. The reasons are summarized as follows. First, fro
classical viewpoint such a large energy change of electr
can only occur in the pulsed laser fields because whe
continuous laser beam withQ053, is applied, only hundreds
of eV energy can be obtained by our previous calculati
Second, from a quantum viewpoint, SCS can only resul
momentum, not energy, transfer between the electrons a
continuous laser field, because a continuous laser field ca
Fourier expanded but all components are plane waves t
eling in slightly different directions with the same frequenc
For a pulsed laser beam it is quite different, because
corresponding Fourier-expanded components not only ca
of different directions but also of different frequencies, a
SCS can lead to photon redistribution in different modes
laser fields.

Another aim of this paper is to study in detail the chara
teristics of electron scattering by a pulsed laser beam ba
on Malka’s experiment since its theoretical interpretati
caused much discussions@10#. The controversy mainly fo-
cuses on the field equations they used, which do not sa
the free-space Maxwell equations. To overcome the probl
we have generalized our previous field equations, wh
were valid for continuous laser beams to pulsed laser bea
They satisfy Maxwell’s equations approximately. By inclu
ing all the field components, we put our description of
electron–pulsed-laser interaction on more solid ground.

In the following, the pulsed-laser field solution will b
present first. Then our computation model is described. N
by numerical simulation, electron-scattering characteris
in the pulsed-laser beam are discussed in detail based
Malka’s experiment. The comparison with the description
the ponderomotive potential model is also given. Finally
summary of the conclusions drawn in this paper is given

II. PULSED-LASER-BEAM SOLUTION
OF MAXWELL’S EQUATIONS

In the following discussion, the Lorentz gauge is use
i.e., the scale and vector potentialsF,AW satisfy the relation-
ship
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¹W •AW 1
1

c2

]F

]t
50. ~1!

The electric and magnetic components can be obtained
using

EW 52
]AW

]t
2¹W F ~2!

BW 5¹W 3AW . ~3!

For a linearly polarized pulsed-laser beam, we assumAW
andF to be of the following form:

AW 5g~h!L~x,y,z!eihêx

5g~h!Aêx , ~4!

F5g~h!G~x,y,z!eih, ~5!

in which h5vt2kz,êx is the unit vector along thex axis
representing the laser polarization direction, andg(h)
5e2(h/vt)2 is the form factor of the laser pulse witht the
pulse length. Substituting the above equations in Eq.~1!, it
can be found that

G~x,y,z!5
ic2g~h!

vS 12 i
g8~h!

g~h! D
]L

]x
eih, ~6!

whereg8(h)5dg(h)/dh. Hence ifAW is obtained,EW andBW
can be easily obtained by using Eqs.~2! and ~3!. As is well
known,AW meets the following wave equation:

¹2AW 2
1

c2

]2

]t2
AW 50. ~7!

ReplacingAW with Eq. ~4!, we have

S ]2

]x2
1

]2

]y2D L1
]2L

]x2
22ik

]L

]y
12k

g8~h!

g~h!

]L

]z
50.

~8!

It is almost impossible to find an exact analytical soluti
to the above equations. The more realistic step is to find
approximate one. For this reason, we introduce three dim
sionless parameters to describe the characteristic length
the laser beam in free space,

x5w0j, y5w0z, z5kw0
2§, ~9!

in which kw0
2 is proportional to the Rayleigh range leng

zR(5kw0
2/2) of the laser beam. Usingj,z,§ instead ofx,y,z,

Eq. ~8! is rewritten as

S ]2

]j2
1

]2

]z2D L22i
]L

]§
5

4h

~vt!2

]L

]§
2s2

]2L

]§2
, ~10!
by

n
n-
of

where s51/(kw0) is a small factor, which can be used
expandL Considering 1/(vt)!1/(kw0) and making use of

L5L01s2L21s4L41•••, ~11!

we have

S ]2

]j2
1

]2

]z2
22i

]

]z D L050,

S ]2

]j2
1

]2

]z2
22i

]

]z D L25F2
]

]§
14hS kw0

2

wt D 2GL0 , ~12!

A

to zero order and second order, etc., ofs. The equation sat-
isfied byL0 is the same as those obtained by Davis@11# and
its fundamental-mode solution is known to be the Hermi
Gaussian~0,0! mode laser beams@12#.

After L is known,EW andBW are solved as follows by using
Eqs.~2! and ~6!:

EW 52
]AW

]t
2¹W F

5êxF 2
iv

11 i
2h

~vt!2

]2A

]j2
s21v

2h

~vt!2
A2 ivAG g~h!

1êy

iv

11 i
2h

~vt!2

]2A

]j]z
s22êzF i

s

g~h!

]

]h S g~h!

11 i
2h

~vt!2
D

1
s

11 i
2h

~vt!2

1s3tG ]A

]j
vg~h!. ~13!

By preserving factors exact to orders and using the
Hermite-Gaussian~0,0! mode laser beam, we can have

EW 52êx@ ivAg~h!#1êzS ]A

]j
g~h!sD , ~14!

in which

A5E0

1

w~§!
e2j21z2/w(z)2

e2 i $h2w(§)2w02[( j21z2)/2R(§)] %,

~15!

with

w~§!5w0@11~2§!2#1/2, ~16!

R~§!5zF11S 1

2§ D 2G , ~17!

w~§!5tan21S 1

2§ D . ~18!
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Similarly,

BW 5¹W 3AW 'êy@2 ikAg~h!#1êzS ]A

]j
g~h!sD . ~19!

III. COMPUTATION MODEL

Once we have obtained the mathematical expressio
the pulse-laser beams, the electron dynamics can be stu
by solving the following relativistic Lorentz equation:

dPW

dt
52e~EW 1VW 3BW !, ~20!

in which PW 5megVW is the electron momentum withVW the
speed andg the Lorentz factor. Because of the complexity
the laser fields, the above nonlinear equation can only
solved numerically. For this purpose, the fourth-ord
Runge-Kutta together with Richardson’s first-order extra
lation procedure@13# were used to acquire one-order high
accuracy. The step size is adjusted automatically with
minimal time step 0.01T/2p, with T the laser oscillation pe
riod, which is sufficient for the fields considered in this p
per.

Figure 1 shows the configuration of free-electron–pul
laser interaction. Based upon Malka’s experiment, las
with I 51019 W/cm2, l51.056 and t5300 fs, w0
510 mm are used. The electron is incident with a cross
angle u510° to the laser propagation direction and w
uVW u50.1c, corresponding to an incident kinetic energy 2
keV. The standard initial timet0 is chosen so as to let th
electron reach the focus center (x5y5z50) at t50, i.e.,
t052r 0 /uVW 0u, wherer 0 is the initial distance of the electro

from the focus center anduVW 0u is the initial velocity. To
express the fact that the electron may sample different p
of the laser beam, a delay timeDt relative tot0 is introduced.
It is negative when the electron meets the leading edge o
laser beam and positive when the electron meets the tra
edge.

FIG. 1. Schematic geometry of electron scattering by a pu
laser beam. The pulse laser propagates along thez axis. w0 is the
beam width at the waist.t0 is the pulse length. Without losing
generality, we assume electrons come from the minus-x side di-
rected to the beam center. (g i ,Pxi ,Pyi50,Pzi) denote the incoming
energy and momentum of the electron and (g f ,Px f ,Py f ,Pz f) that
of the outgoing state.g is the Lorentz factor andb0 is the impact
parameter.u5tan21(Pxi /Pzi) is the electron incident angle, an
c5tan21(Pyi /Pxi) is the azimuthal angle.
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The concrete results will be presented and discusse
the next section.

IV. NUMERICAL RESULTS AND DISCUSSIONS

As found in our previous research, because of the non
earity of Eq.~16!, the electron scattering is sensitive to th
initial phasew0 especially whenQ0.10. But in the case
Q053, it can be easily found from Fig. 2 that the electr
final energy changes very little againstw0 ~the difference
between the maximum and minimum final energy is on
tens of eV!. Thus in the following calculation, it is reason
able to omit the influence ofw0, which is set to a fixed value
w050.

A. Polarization effect

Besides field equations, the polarization effect is anot
much discussed point following Malka’s experiment since
is closely related to the validity of the ponderomotive pote
tial model. To probe this effect, we presented in Fig. 3 t
relationship between the azimuthal anglec and the electron
final energymec

2g f ; the electron initial motion is directed to
the beam center with a fixed crossing angleu One can see
this even thoughg f reaches minimum when the electron
injected vertical to the laser polarization plane (c
590°,270°) and maximum when injected in the polarizati
plane (c50°,180°). Their difference~of 25 eV! is not so
large as to disrupt the axis symmetry of the electron scat
ing. This result is consistent with that presented in the co
ments by MacDonald and Mora@10#. The nearly isotropic

-
FIG. 2. Influence of the initial phasew0 upon the electron final

energy~measured by the Lorentz factorg f in units of mec
2). The

electron with uVW u50.1c and Dt50 is injected upon the laser o
Q053, vt05535, andkw0560 with a crossing angleu5100 and
an azimuthal anglec50. These parameters are used in all t
following figures unless otherwise mentioned. The difference
tween the maximum and minimum value ofg f is 64 eV.

FIG. 3. Demonstration of the polarization effect upon the el
tron final energy.w050, which is used in all the following figures
The difference between the maximum and minimum value ofg f is
25 eV.
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scattering withc implies that the ponderomotive potenti
model to some extent might be a valid description of fre
electron–laser interaction. To be more decisive, we w
compare the results obtained using the two methods in
next part.

B. Maximum energy transfer

The ponderomotive potential@14# can be written as

Vpon5SA11
Q2

2
21Dmec

2, ~21!

where

Q5Q0g~h!
w0

w~z!
e2~x21y2!/w(z)2

. ~22!

Similar to Eq.~20!, the electron motion in this potentia
can be acquired by solving the following relativistic Newto
ian equation:

dPW

dt
52“Vpon ~23!

Figure 4 shows the relationship betweeng f andDt. It is
interesting to note that the final energy predicted by the
scriptions of realistic laser fields and the ponderomotive
tential model coincides very well. We have known that t
ponderomotive potential describes the electron oscillation
a laser field. The oscillation was argued@6# to be the result of
a kind of stimulated scattering process in which photo
scatter from one occupied laser mode to another, viz., S
resulting in both momentum and energy transfer to the e
tron. Thus the ponderomotive potential description embod
the contribution from SCS classically. From this argumen
is safe to say that the SCS can be regarded as the funda
tal mechanisms underlying the large energy gain of the e
tron since the results obtained from the ponderomotive
tential agree very well with those obtained using the reali
fields. The maximum energy in Fig. 4 is shown to be 0
MeV, which is consistent with the measured value@5#.

By close observation, it can be found that whenDt!0,
the electron is affected only by a very weak laser field a

FIG. 4. Variation of the electron final energy against the de
time vDt. The solid line is calculated by using realistic fields a
the dotted line by using the ponderomotive potential model. T
inset is the enlargement of the part denoted by the arrow.
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can easily go through the laser beam. AsDt increases nea
zero, the electron will encounter more and more inten
fields until it reaches a point where it is reflected by t
central strong field region. At such a critical turning poin
the electron will surf along the laser field for a much long
time than in other cases, leading to a larger energy g
Thus in Fig. 4 the maximum value appears near the crit
turning point. The above process is clearly shown in Fig
for different delay timeDt.

Another interesting phenomenon of the electron scatte
is that the interaction time is influenced very much by t
beam widthw0. The larger the beam width is, the longer th
electron will stay in the laser field before being scattered o
Hence, near the turning point, the electron will gain mo
energy since it surfs along the laser pulse for a longer tim
This is well demonstrated in Fig. 6, in which a laser pu
with beam width w0534 mm (kw05200) is used. The
electron final energy is found to be 1.3 MeV, larger than 0
MeV when thew0510 mm laser is applied. Of course, thi
result is valid only when the pulse length is relatively lon
because when too short a pulse is used, the electron will s
slide to the negative-gradient part of the lasers and begi
lose energy. This is truly an effect for pulse lasers, qu
different from what happens in the continuous ones. In
continuous laser beam with narrow width, namely grea
transverse space gradient of field intensity, we found in
previous work@3# larger final electron energy. The reason f
this difference lies in the fact that the longitudinal field gr

y

e

FIG. 5. Single electron dynamics with different delay timevDt.
~a! Electron trajectories withvDt52900,2764, and2600. ~b!
and~c! show the variation of electron energy withvDt52900 and
2764, respectively.~d! is the enlargement of the part denoted
the arrow shown in~c!.
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dient in pulse-laser scattering plays the most important
in electron acceleration, while in continuous laser scatter
only the transverse field gradient plays such a role.

It is known that the field spacial gradient is an over
effect of all the field components and that the transve
electric field plays the most important role in the electr
dynamics. In order to see the relative importance of ot
field components, we give two calculations below. First,
delay time is chosen to be far away from the critical turni
point, as discussed above, and we find that both the tr
verse magnetic field and the longitudinal electric field are
important to the electron final energy and can almost be
glected. This may be because under such circumstance
electron interacts with the laser beam very briefly. Seco
the delay time is chosen to be near the critical turning po
where the electron will surf along the pulse beam for a mu
longer time. Things begin to change. For example, wh
usingvDt52764, we can have the final electron energy
be 0.59 MeV with no longitudinal electric-field compone
included in the description of the laser beams and 0.26 M
with no transverse magnetic one. When all the field com
nents are considered, the corresponding value is 0.63 M
From these data, we can say that the transverse magn
field component makes a greater contribution to the elec
final energy than the longitudinal electric one does. The
ference can be partly explained from the facts that the L
entz forceVW 3BW is one order of magnitude smaller thanEx
with the concerned electron energy whileEz is nearly two
orders of magnitude smaller thanEx , as shown in Eq.~13!.

C. g f2u f relationship

In a field with the vector potential of the form

AW 5A0@ êxd cos~h!1êyA12d2sin~h!# f ~h!, ~24!

whereA0 is the amplitude,d gives the degree of ellipticity
and f (h) is an arbitrary pulse shape function, the followin
relationship between the scattering angleu f and final energy
g f in units of mec

2 is an exact motion integral@15–17#:

tanu f5
APW tran 0

2 12~g02Pz0!~g02g f !

Pz01g02g f
, ~25!

in which PW tran0 andPz0 are the electron initial momentum i
the transverse and longitudinal direction, respectively,
g0 is the initial electron energy. It may then be asked, w
about the case when a realistic laser beam with a transv

FIG. 6. The same as in Fig. 4 but for lasers with beam wi
kw05200.
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space gradient is used, such as the lasers used in this p
Figure 7~a! presents the variation of the scattering angleu f
against the electron final energy calculated by Eq.~20! and
Eq. ~25!. It is apparent that only in the high-energy regio
does Eq.~25! begin to deviate from the results obtained u
ing realistic fields. The deviation depends strongly on
transverse field gradient because when lasers with lo
transverse field gradient, e.g.,kw05200, are used, the rela
tionship Eq.~25! holds up very well as can be easily se
from Fig. 7~b!. Thus Eq.~25! can be regarded as a motio
integral of high precision so long as the laser beam width
not too small. A possible application of such scattering is
use it as a very effective electron injector of low-ener
emittance in laser acceleration as done by Moore@18#.

As stated in Sec. III~B!, the ponderomotive potential pro
vides a good description of the electron energy gained.
calculating theg f2u f relationship from this model, we
showed its validity by noting the consistency with the resu
of Eq. ~23! as presented in Fig. 7. It should be mentioned t
the maximum electron energy gain cannot be obtained fr
Eq. ~25!. It was obtained by numerical simulation of electro
motion. Summarizing the results, the maximum energy
the scattered electron 0.9 MeV corresponds to a scatte
angle 42° whenuVW u50.1c, which is close to the experimen
data 39°. The difference may be attributed to the estima
laser beam width being low since the laser beam with
higher transverse field gradient will lead to a smaller scat
ing angle according to the variation trend shown in Fig. 7

V. CONCLUSIONS

Our conclusions in this paper can be summarized as
lows.

~i! By using our pulse-laser field equations, the maximu
energy andg f2u f relationship obtained in Malka’s exper
ment have been reproduced@5#.

FIG. 7. u f -g f relationship obtained with different methods: u
ing Eq. ~25! ~solid line!, calculating through realistic fields~open
circle s) and ponderomotive potential model~cross3). ~a! is for
kw0560 and~b! is for kw05200. The maximum final energy o
the electron is denoted by vertical dotted lines in~a! and ~b!.
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~ii ! No obvious polarization effect of the electron scatt
ing was found atQ053. The ponderomotive potential pro
vides a good approximation to the real laser field. The la
energy transfer of MeV magnitude can be attributed to S

~iii ! When the pulse length is not too short, a wider be
width will yield electron higher maximum energy gain fo
the sameQ0. This prediction hopefully will soon be con
firmed by experimental tests.

As Q0 is increased to be larger than 10, NLCS, who
contribution is proportional toQ0

2, begins to play a dominan
role in electron scattering. Because the contribution of S
is proportional toQ0, it will be a very interesting job to
compare the two effects. Moreover, whenQ0.10, the po-
s
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e
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e

S

larization effect will start to play its role. We plan to inves
tigate these in detail.
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