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Equilibrium and oscillations of grains in the dust-plasma crystal
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The dispersion characteristics of the low-frequency mode associated with vertical oscillations of dust grains
in a quasi-two-dimensional dust-plasma crystal are calculated, taking into account the dependence of the dust
charge on the local sheath potential. It is shown that the equilibrium of the dust grains close to the electrode
may be disrupted by large amplitude vertical oscillatidi$1063-651X99)05111-9

PACS numbgs): 52.40.Hf, 52.25.Vy, 52.35.Fp, 52.75.Rx

I. INTRODUCTION II. MODEL EQUATIONS

The formation and properti f stronal led dust Consider vertical vibrations of a one-dimensional hori-
ne formation a “p operties of stro 9,¥ coupled AUSt;ontal chain of particulates of equal masg separated by
particle structuresgthe “dust-plasma crystalg”observed in

) ; the distance in the horizontal direction, see Fig. 1 and Ref.
plasmas in low-temperature discharges have recently be%] for details.

subjects of increasing interegt]. The negatively charged
dust grains usually levitate in the sheath region near the hori;
zontal negatively biased electrode where there is a balance Q
gravitational and electrostatic forces on the grains. In thi§
region, the arrangement of the dust particles is also influ-
enced by the strong ion flol2]. Recently, it was demon-
strated that vertical vibrations of dust particles may cause the
propagation of specific modes with optical-like dispersion ) ) ) )
[3]. Observations of vertical motions of the dust are impor-NOte. that since we are mterestgd.m collective processes on
tant for diagnostics of processes in the plasma shgsth the tl_me scale 1of the_ characteristic frequendiek order a
especially in the case of several vertically arranged horizonf€W times 10 s7), which are much lower than the charging
tal layers when vertical oscillations are affected by the pafrequency[11] (which can be of order £0s™%), we assume
rameters of the ion floys]. Note that the spontaneous exci- that (re)charging of dust grains is practically instantaneous,
tation of vertical vibrations of dust grains was recently@nd we therefore neglect the charging dynamics. The elec-
experimentally observef], and driven vertical oscillations tron and ion currents onto the dust grain are given by

were studied in a separate series of experimgfitsOn the

other hand, molecular dynamic simulatidig§ clearly dem-

onstrate a sequence of ghase transitions associa)t/ed with ver- 1(Q) = ; f €afaa(v,Q)vdv. @

tical arrangements of horizontal chains when the strength of

the confining(in the vertical dimensionparabolic potential h bsCriok = e i ds f | .
is changed. The vertical rearrangements of the dust grains arHeere’ the subscript=e,| stands for electrons or ions,
directly connected with the possible equilibria of the system.and.f“I are t.hﬁ Crlaigejrfl d|st£but|pnr1:uncé|or1| of thelplas][na
Previous analytical models considering lattice vibrationgP@ticles, withee=—g= -, \.'_|V| Is the absolute value o
[3,5,9, as well as numerical models studying phase transi’-[he .part|cle speed, ando, is the charging cross section
tions[8] in the dust-plasma system, dealt with dust grains 0{12]'
a constant charge. However, it is well known that the charge
of dust particles, appearing as a result of electron and ion z
current onto the grain surfaces, strongly depends on the pa- R S
rameters of the surrounding plasma — see, e.g., Refs. i
[10,11]. In this paper, we demonstrate that the dependence of Bt in B, .
the dust particle charge on the sheath parameters has an im- \Y‘"/' ’
portant effect on the oscillations and equlibrium of dust 1.1—1 |
grains in the vertical plane, leading to a disruption of the [ s
equilibrium position of the particle and a corresponding tran- 2‘2 0f
sition to a different vertical arrangement. | °

F=Mg

The chargeQ of the dust particle$which is dependent on

e sheath parameters, in particular, on the local electric
eath potentialcan be found from the condition of a zero
otal plasma current onto the grain surface:

1(Q)=1¢(Q)+1i{(Q)=0. @
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2e,Q 2e,0 enough sheath potential, such that the ion current dominates,
o,=ma’l 1- —= S| if “ <1, a result obtained also in Rdf14]. This means that the dust
am,v amyv particle cannot levitate and must fall onto the electrode.
The sheath potential can be found from Poisson’s equa-
2e, tion [13]:
I e ) @ ot
amyv _
“ Poz)_, [ fee@| [ 2ep(2))
where a is the radius of the dust particle armd, is the d2 meMo Te mv3 ’
electron or ion mass. The last inequality in Eg) gives a 8
restriction on the electron charging velocities for the nega-
tively charged dust particles that are assumed here. where we neglect the total charge contributed by the dust

The electrons are assumed to be Boltzmann distributedyrains(i.e., assuming the dust number density to be gmall
and we have the electron curreifior a negative charge on in contrast to Ref[14], where the space charge of the dust
the dust grains is included, but the mutual interaction of the grains is

- o neglected. The collisionless sheath structure depends on the
[Te € € ballistic equationg6) for the ions. The case of higher pres-
|o(Q)= = Vml2ea’ng Eex at. t Te)’ (4) sure, with a sheath structured by ions drifting through the
background neutrals, has been considered in R&f. Eq.
whereg= ¢(z) is the external potential in the sheath relative (8) can be integrated once to giyapplying the boundary
to the potential in the bulk plasma-), andTe andny  conditionsE(z=»)= ¢(z=c)=0]
are the electron temperatu(@ energy units and electron
density in the bulk plasma. We neglect possible changes of de(2)\? eqp(2)
the electron temperature in the plasma sheath. ( dz ) =8mnoTe ex;{ T )
We are assuming the discharge pressure to be low enough N

that ion collisions with neutrals and other species can be 2 2\ 12

: : : Vo 2e¢(z) V3
neglectedthis corresponds to experiments in a low-pressure 14— 1= = —1]f{. (9
discharge where spontaneous excitation of vertical vibrations v§ Te vﬁ

was observed6]). Thus in contrast to the electron distribu-

tion, we consider collisionless, ballistic ions within the Assuming the electrode has a potential-of V, typical of
sheath with the distribution functionf;<(v,)8(v,  dust plasma experiment§,7], Eq. (9) can be numerically
—v;(z)), wherev;(z) is the ion streaming velocity at the integrated to give the dependence of the potential, and thence
distancez from the electrode. The intergrain distance is as-Of the sheath electric field, see Fig. 2.

sumed not less than the Debye length, so that the ion trajec- The dependences of the Mach numbkv;(z)/v; of the

tory is affected by only a single grain. Thus the ion currention flow, found from Eq(6) and the dust grain charge, found
onto the dust grain is given by using Eq.(7), on the distance from the electrode, for the

potential and field distributions of Fig. 2, are presented in
2eQ(2) Fig. 3. If the electrode potential becomes even more nega-
li=ma’en(z)vi(z)| 1- ———|. (5) tive, and a dust grain is very close to the electrode, its charge
amyvi(z) can become zero and, possibly, positive; for real conditions
his only means that the particle cannot levitate at this dis-

Here, the ion velocity can be determined from the energ ance

balance equation, and the ion density follows from the con-
tinuity equation assuming the ion losses to dust to be negli-
gible: Ill. EQUILIBRIUM OF THE DUST GRAIN

For a particle levitating in the sheath field, the sheath

1/2
2e¢(2) . oo
Vi(z):VO( 1— - ) . ni=ngVe/vi(2), (6) electrostatic force on the grain is given by

mivo Fo=Q(2)E(2). (10

wherev, and ng;=ng are the ion velocity and density far )
from the sheathz— ). Note that the forcg10) includes thez dependence of the

Thus the charge of a dust particle in the sheath region i§rain chargeQ, since we assume instantaneous transfer of
determined by Eq(1), i.e., by the equation charge onto and off the dust grain at any grain position in the
sheath, such that Eq7) is always satisfied. The balance of

2eQ(2) forces in the vertical direction also includes the gravitational
V2| 1— > 5 force Fg=myg, so that for equilibrium of the grain
amvgl1l—2ep(z)/myvg]
Q(2)E(z) =myg. 11
Vs fm Te , .
" vo Ym, exp{ Te[(P(Z) +Q(/a]), @ Solution of this equation together with the charging equation

(7) gives the dependence of the charge of the grain, levitating
wherevnge/mi is the squared ion sound speed. We notein the sheath electric field, as a function of its size, as shown
that from Eq.(7) the charge can become zero for a strongin Fig. 4. Note that there are no equilibrium solutions #or
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Grain charge (103e)
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FIG. 4. The dependence of the chamye — (Q/e) X 102 of the
dust grain, levitating in the sheath electric field, on its size. Here we
have My=vo/ve=1, Apg=3%x10"2cm, T,=1 eV, m;/m,=40
X 10%, p=1g/cn?, anda,=0.375<10"2 cm.

Plasma potential (V)
1 1 1 1
(=) sy w [\%] =

cal size a=a,, are unstable to vertical oscillations, as
shown in the following section.

Normalized electric field

2 4 6 8 10
Distance (in Debye length)

. IV. VERTICAL OSCILLATIONS
FIG. 2. The dependence of the plasma potentigd) and the

electric field £,(z) =E,(2)/V4mNnyT.=E,(2) Tc/€\py 0On the dis- Considering now the equilibrium and oscillations of a
tance h=2z/\p, from the electrode. Here we havep,=3 horizontal line of dust grains, we note that the pardlieithe
X102 cm, Te=1 eV, Mg=vy/vs=1, andm;/mg=40x 10°. electrodé component of the interaction force acting on the

particle at the positiom due to the particle at the position

>ama— 3-75um. Below, by considering dust vertical vibra- n—1 (see Fig. ] can be written according to the Debye law

tions, we will see that in fact disruption of the equlibrium
happens for a slightly lesser siag<a,,. For the levitat-

ing dust particle, there is a one-to-one correspondence of its ~ RQn(zn)Qn-1(2Z4-1) R|
size to its equilibrium position of levitation in the sheath, as l.n-17 IR? Mo(Zy_1)
shown in Fig. 5. Note that the equilibrium solutions for po-
sitions closer thag,,,= 1.64\ 5o, Where the grain has a criti- R|
xXexg — ——|, (12
Ap(Zn-1)

whereR is the vector from then— 1 position to then posi-
tion, andRJ‘ is its component parallel to the electrode, so that
|R|?=|Ry|*+(z,—2n-1)% and\p is the Debye screening
length of the dust charg® by plasma particlegin our case
Ap(2) =\ pe(2) =[ T/47n(2)€?]*?). Note thatQ and\ are
functions of the vertical position of the dust particles. The
component of the interparticle force in thedirection is
given by

w s
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FIG. 3. The dependence of the Mach number of the ion flow
M(z)=vi(z)/vs and the charge of the dust graig(z)= FIG. 5. The dependence of the positibrz/\p, of the dust
—[Q(2)/e]x 10 * on the distanceh=2z/\p, from the electrode. grain, levitating in the sheath electric field, on its size. The sheath
Here we haveM ,=vy/vs=1, \pg=3X102cm, T,=1 eV, and  plasma parameters are the same as in Fig. 4; the position, corre-
m, /m,=40% 10°, anda=0.35x 10" % cm. sponding toa,,, IS Zyin=1.64\po.
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(Zn_'anl)(?n(zn)(?nfl(znfl)
IRI®

1+ &} ex;{ - L} (13
Ao(Zn-1) Ao(Za-1)]

Assuming only nearest neighbor interactions, a small per-
turbation 6z of the equilibriumz=z,, given by the force
balance(11), gives the equation of motion for vertical oscil-

lations of the grains in the linear approximation o2 2s 3 3.8
Grain radius (microns)

anmflz

X

Coupling constant g

d?6z, Q%zy) _'o FIG. 6. The dependence of the coupling constamtf the dust
My dt2 = ozt [3 e p(z) vertical vibration on the dust size. The critical radius when0 is
0 a,=0.372x107% cm.
o
X1+ No(Zo) (262~ 62n-1— 6244 1), positioned too close to the electrode where the charging by

plasma electrons is insufficient because of the electron den-

(14)  sity depletion.
The equilibrium charge as well as sheath potential and
wherer  is the particle separation in the horizontal plane andg|ectric field at the dust grain, and thence the derivatives in

the coupling constant is Eq. (16), can be found by solving Eqé7) and(11) simulta-
neously. For example, with the parameteis;y=3
y:EQd_E+Ezd_Q (15 X10°Zem, Te=1eV, Mo=Vo/vs=1, m/m,=40x 10’

d de’ p=1g/cn?, anda=0.35x 10 3 cm, the resulting character-

istic long-wavelength frequency is
Note that all the derivativegas functions of the sheath

potential ¢ and the particle charg®) in Eq. (14) can be 1 y
found analytically from Eqgs(7) and (9). Substituting 6z, fon(k=0)= —=\/—=~12.2 Hz, a7
~exp(—iwt+iknry) into Eq. (14), we obtain the expression v2m ¥ My

for the frequency of the mode associated with the vertical o ) L,
vibrations at the positiomo: and the equHIbl’Ium Charge 5= —(Q/e)X 10 °~5.4.

In general, the characteristic frequency of the dust vertical
vibration is a function of the dust size, as shown in Fig. 7 for

2
2= _ 4Q(Zo)exf ~Io/Ao(20)] fo an isolated grain; the frequency becomes zerodera,,
mdrg A p(2o) =3.72 um. Note that in the case of a horizontal chain of
Kr interacting dust particles, with non-negligible negative first
X Sing —2 + i (16  term on the right hand side of E(L6), the oscillation fre-
2 my guency can become zefand hence the equilibrium can be

) ) ) ) ) o disrupted for even smaller dust sizes thag,.
This mode has an optical-mode-like dispersion similar to that

studied earlief3] in the case of a constant grain charge. We

see that with charge variation taken into account, the charac- V. ENERGY OF THE GRAIN

teristics of the mode are strongly affected by the sheath pa- |t is also instructive to find the total potential energy,
rameters, in particular, by the sheath potential. Note that thige|ative to the electrode position, of a single dust particle of

equilibrium is stable only when the last term on the rightgiven size at the positionin the sheath electric field:
hand side of Eq(16) dominates over the first one. The case

when both terms are equal to each other, corresponds to the
phase transition associated with the vertical rearrangement of
the type N—N+1, whereN is the number of the one-
dimensional chains in the vertical dimension. This type of
transition was clearly observed in numerical experiments
employing molecular dynamics simulatiof.

It also important to note that the second term on the right
hand side of Eq(15) is negative and becomes dominant for
larger dust size. The functiop(a) is presented in Fig. 6.
Consider the oscillation of an isolated dust graigsAp),
so the first term on the right hand side of Efj6) is negli-
gible. We see that foa>a,=3.72 um, the coupling con-
stant is negative and therefore no oscillations are possible. FIG. 7. The dependence of the characteristic frequefpgyin
This case corresponds to an instability of the equlibrium levi-Hz) of the oscillation of dust on the siz(in microns of the dust
tation in the sheath field because the heésyge particle is  grain. The critical dust radius is,=0.372x10"3 cm.

15

10

Frequency (Hz)

0 1.5 2 2.5 3 3.5

Grain radius (microns)
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trode, may serve to increase the negative charge on a grain,
and so preserve an equilibrium. The critical radius can be
found by solving Eqs(7) and (11) simultaneously with the
condition w(k=0)=0. For the parameters considered here,
for a=a,=0.372<10 2 cm, the minimum disappears. This
is close to the critical radius observed experimentgslly

Thus for the collisionless sheath, farless than the criti-
cal radius, there is an unstable equilibrium position deep in-
side the sheath, and a stable equilibrium position closer to
T B 5 n 5 - the presheath, just as for the collisional shefdth]. For a
Distance (in Debye length) greater than the critical radius there is no equilibrium posi-

tion. Vertical oscillations about the stable equilibrium, with

FIG. 8. The total interaction energy, as a function of the frequencies given by Eq16), may develop high amplitudes
distanceh=2z/Ap from the electrode for the different sizes of a dust (because of an instability in the background plag@ieor a
particle: (8) a=0.35<10"° cm; (b) a=a,=0.372<10"° cm; and  driving force[7]). This may lead to a fall of the oscillating
(c) a=0.4x10"° cm. The dashed lines correspond to the case of gyrain onto the electrode when the potential barfae the
charge constant at the equilibriufor marginal equilibrium posi-  cuyrve (a) in Fig. 8] is overcome. Such a disruption of the
tion: (8) Q= —5.42x10° and(b) Q= —4.9%x 1C". dust motion has been observed experimentaly].

w o

8]

Potential energy (103eV)

z
Uio(2)=— f dZ[Q(z)E(z')-myg]. (18 VI CONCLUSION
0 We have demonstrated that the charge, position, and spec-
trum of vertical oscillations in the one-dimensional chain of
Note that the total energy in this case contains not only thejust grains levitating in a collisionless sheath field of a hori-
electrostatic energyQ(z) ¢(z), but also terms associated zontal negatively biased electrode strongly depend on the
with dQ/d¢ which represent, because of the openness of thgarameters of the sheath, in particular, the sheath potential.
system, the work of external forces which change the dusthe dependence of the particle charge on the potential is
charge. Solving Eqg7) and(9), we can find the dependence crucial for the characteristics of the mode associated with
of the total potential energy on the distance from the elecvertical vibrations as well as for the equilibrium of the dust
trode, as shown in Fig. 8. For comparison, we also plot inparticles. Large amplitude vertical oscillations of the dust
Fig. 8 the energy in the case of a const@nplaced at the grains, with frequencies derived here, may be responsible for
same equilibriunor marginal equlibriumposition. We see  experimentally observed disruptions of the equilibrium of the
that the potential always has a minimum for the cas®of dust crystal as well as with numerically demonstrated phase

=const, but in the case of a variable charge there can be tgansitions associated with vertical rearrangements of the
maximum and a minimum, corresponding to the two equilib-grains.

rium positions found in Sec. lll. The minimurtihe stable
equilibrium) disappears ih>a,, [the curve(c) in Fig. 8]. A
similar result has been found for the collisional sheath case
in Ref. [15]. Other effects which have been neglected here, This work was supported by the Australian Research
such as an electron temperature increasing towards the eleCouncil and a University of Sydney research grant.
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