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Phase transitions of colloid-polymer systems in two dimensions
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Phase transitions of systems consisting of colloidal particles and nonadsorbing polymer in a solvent are
studied theoretically in two dimensions. The colloids are modeled as hard spheres and the polymer as an ideal
gas. The imbalance in osmotic pressure induced by the depletion effect gives rise to an effective attraction tail
for the colloid-colloid interaction. For a monodisperse polymer, liquid-liquid separation is predicted to occur
for appropriate colloid concentrations when the rataf the radius of gyration of the polymer to the radius of
the colloidal particle is greater than 0.31, while solid-liquid separation is predicted to occur for all colloid
concentrations whes is smaller than 0.31. Polydispersity of polymer is found to increase the extent of
liquid-liquid coexistence, and when the average smaller than 0.31, and for appropriate colloid concentra-
tions, liquid-liquid coexistence occurs provided the polymer size distribution is broad enough. Partitioning and
size distribution of polymer in coexisting phases are also predif&63-651X99)10712-§

PACS numbe(s): 82.70.Dd, 64.70.Ja, 64.70.Dv

[. INTRODUCTION again taken to be hard spheres. The only effect of the inter-
action between colloid and polymer is to restrict the free
Phase separation in colloidal suspensions, caused by ttvolume in which the polymer can move. Mean-field approxi-
presence of nonabsorbing polymers, is a phenomenon of furination is used to replace the free volume by its average
damental interegtl—5]. A theoretical study of this phenom- Value in the corresponding unperturbed system of colloidal
enon was first made by Asakura and Oos@@leand further particles. Nonpairwise additivity of the polymer-induced in-
elaborated by Vrij[7]. In the Asakura-Oosawa model, the teraction, especially for large polymers, is also taken into
colloidal particles are assumed to be hard spheres and ti@€count. The location of phase boundaries is determined for
polymers interpenetrate each other freely. The driving forcg/arious values of the polymer-colloid size ratio, and the pre-
for the attraction of colloidal particles is induced by the re-dictions are found to be in closer agreement with experiment
sulting imbalance in osmotic pressure, which occurs wherihan those based on the effective poteritedl]. More com-
two colloidal particles are so close to each other that nd?lex systems including rodlike colloid1], colloids of a
polymer can lie between them, giving rise to an effectiveSize small compared to that of the polyni@2], nonideal
attractive force between the colloidal particles, called the?olymer[23], binary polymer mixtur¢24], and polydisperse
depletion forcesee Fig. 1 At high enough polymer concen- Polymer[25] have been studied in a similar fashion.
trations, the suspension separates into a colloid-rich and a All above studies pertain to bulk, three-dimensional sys-
colloid-poor phase. Several techniques have been utilized t§ms. Some recent studies have been made of the phase tran-
directly measure the depletion force, such as laser radiatiogition of hard spheres in confined systef26-28, with an
pressurd8] and digital video microscopfo—172. interest in the fluid-solid transition. Fluid-fluid phase separa-
Previous studie§13—14 of the phase transitions of a tion, which was observefil5] in three-dimensional hard-
colloid-polymer system used an effective pair interaction, inSPhere systems with an attractive tail, was of course not
which the depletion attraction is added to a repulsive hardound in these studies, because of the absence of any attrac-
core. Compared to the hard-sphere system consisting of #€ Interaction.
colloidal suspension without polymer, the fluid-solid region  In this work, we turn to two-dimensional systems consist-
is found to expand upon addition of polymer. For a largeing of colloidal particles and nonadsorbing polymers, in
enough polymer to colloid size ratio, a fluid-fluid transition Which the depletion force is taken into account, and study
appears for a range of polymer concentrations. Althougfthem using an approach similar to thatf@6]. The effects of
these predictions agree qualitatively with those of experithe inevitable polymer polydispersity are also investigated
ment[14—15, the polymer concentrations corresponding toand the system is assumed to be strictly monolayered, which
phase separation deviate significantly from experimental valcancels wall effects. In Sec. I, the model is introduced and
ues. its assumptions and limitations are discussed. In Sec. Ill, the
Several assumptions on the properties and distribution gthase diagram for a system of colloid and monodisperse
the polymer made in the effective potential approach are be?olymer is compared to that of a system in three dimensions.
lieved to account for the disagreement between theory andihe effect of polymer polydispersity is also discussed.
experiment. Lekkerkerkeet al. [16] studied polymer parti-

tioning betweer_l coexisting phases_, which is ignqred in the Il. MODEL
effective potential approach, by using scaled particle theory
[17-18 and perturbation theorf19]. The polymer is sup- Conside colloidal particles andNp polymer coils in a

posed to be at its theta condition, and the colloid particles argolumeV. The colloidal particles are assumed to be mono-
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polymer octop
% ¢(rk?rc):H ol re—ril— 5 | (7)

where 6(x) is the step function. The void function equals

% / zero wherr is located in the excluded volume of spheres of
radius (c+op)/2 centered on each colloid, and equals
unity whenr is located in the free volum¥;... The void
function ¢ is a function of the collective colloid coordinates

and yields an expression for the free volume fraction:

1
@ gj EE polymer a(rc)=vf p(rire)dr. 8
The Boltzmann factor of the total colloid-polymer poten-

FIG. 1. lllustration of depletion force induced by polymer. The tial can thus be expressed in terms of void functions as
polymers cannot penetrate the overlapping region if two colloidal
particles are too close to each other. exr{ _

e T H P(rre). 9

disperse and interact with each other as hard spheres of di-
ameteroc, so that the colloid-colloid pair potentigcc(r) Using the definition ofe, the partition function(4) can be

as a function of the separatiorof the particle centers is integrated overp:
0 r>oc e [ &rc ~Uce/kgT N
¢>Cc(r)={oo r<oc. (1) Z2=7¢7p YN & Jeclela P(re). (10
The polymer is assumed ideal and atédtsondition. Poly- To consider the partitioning of polymer, the colloid-
mer coils thus do not interact and interpenetrate each othgyolymer mixture is assumed to be in osmotic equilibrium
freely. with a large reservoir containing a pure polymer solution at
The colloid-polymer pair potentiab:p(r) is given by fixed chemical potentiglp . Since the chemical potential of
polymer, the temperature, and the total volume of the system
_ |0 r=(optac)2 2 are fixed, the proper thermodynamic ensemble is the semi-
dcp(MN=), < + /2 ) . . " . .
r<(optoc)l2, grand canonical ensemble, with partition function given by
where op is twice the gyration radius of the polymer. The *

depletion force induced by this potential is illustrated in Fig. ~ Z(Nc,V,T,up)= >, eNeer/keTZ(N¢,V,T,Np),
1. The coordinates of colloidal particles are denoted indi- Np=0 11
vidually by r; (i=1,... Nc) and collectively byr-. The (1D

center positions of the polymers are denoted similarly by whereZ(N¢,V,T,Np) is the canonical partition function of

(k: 1, PR ,Np) ahdrp . The total CO”Oid'CO”Oid pair pOten- a System 01NC colloidal partic|es and\lp p0|ymers_
tial Ucc(rc) is given by Substituting Eqs(5) and(6) into = and summing oveNp
gives
Ucc(rc)Zgj dec(ri—rj). ©) d*rc _
. . E:Zéf WGX[{ KeT +apa(rC)V (12
Ucp has a similar meaning.
The canonical partition function for the system is whereap is the polymer activity
dre drp e#p/keT
ZZZEZ:SI VNC e UCC/kBTIWe UCP/kBT, (4) ap= )\g (]_3)
whereZ*’s are the partition functions of ideal gases: In mean-field approximation, in which thg,-dependent
N terms are replaced by their averages over the unperturbed
w_ L (l) ¢ (5) colloid system, we get the thermodynamic potential
CUNG NG
© e BO(NG V. T,pp)=—InE
VAR
_ =BAc—apaV, 14
ZE_N_M(E) , (6) BAc—ap (14

where Ac and a are both functions of the colloid volume
with A¢ and A p the de Broglie thermal wavelengths of the fraction .
colloid and polymer, respectively. In the above, the polymer is assumed to be monodisperse.
Consider the void function defined as. The effect of polymer polydispersity can also be determined
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from Eq.(14). Consider a mixture di. colloid particles and 20 ——4———v—7—1—+1 77—
a polymer with density functiopp(s), wherepp(s) is de-

fined such that the number density of polymer coils of size N
soc is pp(s)ds. The potential() is generalized for the 1.6 %,
colloid/polydisperse-polymer mixture as follows:

1.8

1.4

ﬁQ(NC1V1T!MP):ﬁAC( 77)_ foxaP(S)a(Sr 7])VdS. n:g_1'2 |
(15) 1.0 i

The polymer size distribution is assumed to be given by [
the Schultz distribution functiof29] 0.6

1(z+1\**! z+1 04
f(s)==|— szexp{—(f)s , (16) s ]
z! S o2l v v v e el
00 01 02 03 04 05 06 0.7 08 09
with first moment n
[~ f(s)d FIG. 2. Liquid-liquid coexistence for monodisperse polymer for
S1= 0 sf(s)ds various values o$. 7 is the volume fraction of colloid ang? is the
volume fraction of polymer in the reservoir. Both and ns are
=S, 17 dimensionless.

and the parameterin Eq. (16) determines the broadness of motic pressurdl and the chemical potentialc of the col-
the distribution. In the limiz—«, the Schultz distribution loids can be derived from the grand potential
tends to & function centered ai=s;, and Eq.(15) reduces

to Eq. (14). Q

Since the polymer is assumed to be ideal, its activity, ﬁHVoz—BVo(W)
which is also a function 0§, can be expressed as N.T.up

PR I teft
ap(s)= " f(s), (18) =BPupVoT PR eii— 7 7 |’ (22
0

wherepg is the total polymer number density of a polydis- _ ()
perse polymer system in a reservoir, which is in equilibrium Buc=p N
with the colloid-polymer system, and,, is the volume of a ViToaep
colloidal sphere. At g

Substitution of the polymer activity into E@15) yields :'BMHD_pRW’ (23

Q(N¢,V,pr;2,8 A 1Z,S . .
PUNC N PRiZS1) = A ,\7(77)— Pratet 7:2,51) , wherePp and uyp are the pressure and chemical potential
c c n

of a hard-disk system, respectively, and are calculated from
the equations of state for the hard-disk fluid and sg#d—
31]. The freezing and melting compositions of a hard-disk
system are taken as references for the chemical potential
[32]. Thus, uc (fluid) and ue (solid) approach the same

x value at the expected coexistence compositions in the ab-
aeff(n;zysl):f ds f(s;z,81) a(s, 7). (200  sence of polymer, namely (fluid)=0.689, andz (solid)

0 =0.724. It should be kept in mind that the solid phase is not
crystalline, since long-ranged positional order is well known
to be impossible in two dimensions for short-ranged forces.

(19

wheren=Ncvy/V is the colloid packing density, ant. is
defined as

An approximate expression far can be obtained by using
Widom’s particle insertion method. Comparison with the

scaled-particle expressi¢h7] for the chemical potentials of
a mixture of hard disks yields . RESULTS AND DISCUSSION

a(s,7)=(1— p)exd — (2s+ %) y— (c+52) 2], The coexistence curves ip tiie, 77';) pIane., irgewhich the

(22) polymer volume fraction in the reservoiryy, equals

wNpo%/4V, are given in Fig. 2. Fos=0.2 and 0.3, only

in which y=»/(1— n), c=0.128 and use has been made ofliquid-solid coexistence is observed. Fer=0.4 and 0.5,
Kratky’s equation of state for hard disk30]. liquid-liquid coexistence and critical points occur at high
To calculate the colloidal compositiong and 7, of the  enough polymer volume fractions, which are larger than
coexisting phases, the equatiops(7,,pr)=rc(71,PR) unity. Since in two dimensions the close-packing density for

andII(#,,pr)=I1(7,,pr) are solved numerically. The os- monodisperse polymers interacting as hard spheres is 0.906,
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FIG. 4. Effect of polymer polydispersity on liquid-liquid coex-
FIG. 3. Determination of,; detailed view of Fig. 2 for 0.3 istence fors;=0.4. 7 is the volume fraction of colloidpg is the

<s<0.33. total number density of the polydisperse polymer in the reservoir.
Both # and pr are dimensionless.

0.4 Lo
00 0

liquid-liquid equilibrium is predicted never to occur. How- ) ) - .
oexistence can occur is. Recall that only liquid-solid

ever, the polymers in the present model are assumed intefO€! ; o th " term for thi |
penetrable and noninteracting, and volume fractions aboyEOEXIStence occurs in the monodisperse system for this vaiue

. . . fs.
unity are therefore theoretically possible, although the as®' >t Lo . .
y yp 9 The occurrence of liquid-liquid coexistence in a two-

sumption of ideal behavior of polymer is clearly no longer . . .
valid at such high concentrations. dimensional system thus appears to be a dehclate.matter.
In Fig. 3, the phase diagram for the colloid-polymer Sys_Polymer:s must indeed have an average size which is large
tem is shov;/n in detail in the range 6:3<0.33. The mini- enough to induce strong enough depletion forces, but small
mal size ratio for the system to exhibit liquid-liquid coexist- enpugh to r'educe' the concentration ngedgd at the critical
ence,s,,, is found to be 0.31, which is slightly smaller than point. Polydlspers!ty of polym_er Is also |nd|spe_nsable. The
that found for the corresponding three-dimensional Syster?ézlr‘éege()f.gt‘% ri%eg;u;g?;g;vsnanctévx a normalized stan-
[16,19. The polymer volume fraction at the critical point is, viati ! y
again, larger than unity, implying that only liquid-solid co- CV=SD/Mean (24)
existence could occur in a two-dimensional system. The '
;ionRme;r volume fraction has been transformed @@  of yhe polydisperse polymers which induce liquid-liquid co-
;07'7% ser Z,vrgtcehngzzlebz lf;'\t;re comparison with polydisperseeyistence as<0.31, are shown in Fig. 6. For polymers with
y Yy :

For polydisperse systems, the first moment of the 19
Schultz distribution functiofisee Eqs(16) and(17)], which R
reduces to the polymer size in monodisperse systems, is the 18- g
average polymer size. Figure 4 shows the coexistence curves 7L /'I ]
for s;=0.4 for different values of the parameterCompari- ool
son of the latter with that of a monodisperse systéig. 2) 16 |- I,‘ﬁ-" 4

reveals that with decreasirgi.e., with broader polymer size

distributions, the triple point is shifted toward higher colloid 15 i i
concentrations while the critical point is shifted toward lower Lotal '; i
colloid concentrations. Polydispersity is thus seen to increase - P‘i
13} i _
!

the extent of liquid-liquid coexistence. A similar trend is
observed in three dimension27]. Moreover, for smaller 12l
values ofz, liquid-liquid coexistence occurs at smaller values !
of pr. However, even for the broadest polymer-size distri-

bution investigated here, the value @f at the critical point 7 IR IR T A
lies again above that of closest packing, at whigh5.65. 00 01 02 03 04 05 06 0.7 08 09
Thus, fors;=0.4, no liquid-liquid coexistence is predicted to n

occur, even in the presence of polymer polydispersity.

The coexistence curves for the polydisperse system with FiG. 5. Effect of polymer polydispersity on liquid-liquid coex-
$,=0.25 are _ShC_)WU n Fig. 5 er d!fferent Va|Ue§DTVVhen istence fors;=0.25. 5 is the volume fraction of colloidpy, is the
z<5, both liquid-liquid and liquid-solid coexistence are total number density of the polydisperse polymer in the reservoir.
found. The approximate value mbelow which liquid-liquid  Both % andpg are dimensionless.
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FIG. 6. Minimal polydispersity needed to induce liquid-liquid =02 andz=1.p(s) is the polymer density and is dimensionless.

ist for diff t val . S . .
coexistence, for different values ef A colloid-rich phase has a higher polymer density than a

colloid-poor phase. Furthermore, the polymer-size distribu-

smaller average sizes;, a larger coefficient of variance, tions are also different in the coexisting phases. The maxima
which corresponds to a broader size distribution, is needed tof the polymer-size distribution shift to lower values with
produce liquid-liquid coexistence. increasing colloid densities, that is, smaller polymer coils

The partitioning of polymer size distribution in coexisting have more free volume than larger ones in the colloid-rich
phases is also studied. Figure 7 gives the size distributions ghases, and thus occupy more space than the latter.
the polymers in the colloidal suspension at the triple point
fors;=0.2 a_ndz= 1. The vertical line as=0.2 corrgsponds ACKNOWLEDGMENTS
to a monodisperse polymer. The polymer densifg) is
equal to ay(s)voa(s,n) and thus determined from the  The authors thank the National Science Foundation under
above. The partitioning and shifting of the polymer-size dis-Grant No. CTS-9700147 and the Welch Foundation for fi-
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