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Crystallization in quasi-two-dimensional colloidal systems at an air-water interface

Takamichi Terao and Tsuneyoshi Nakayama
Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan

~Received 3 June 1999!

The crystallization of colloidal particles at an air-water interface is investigated by computer simulations.
We numerically clarify the bond-orientational order parameterF6 with different particle concentrations. In
addition, the profiles of the pair-correlation functiong(r ), the orientational correlation functiongB(r ), and the
static structure factorS(q) of this system are calculated. We find the two-stage melting of the colloidal crystal
and the existence of the hexatic phase at intermediate concentration.@S1063-651X~99!06212-1#

PACS number~s!: 82.70.Dd, 82.20.Wt, 64.70.Dv
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I. INTRODUCTION

Charge-stabilized colloidal particles have received mu
attention in the field of statistical physics, polymer scien
and chemical engineering@1#. Many experiments on colloi-
dal suspensions using polystyrene latex have been
formed, which display the wide range of structural beha
iors. When the salt ions are added in an electrolyte solut
the repulsive force between charged colloidal particles
screened, and van der Waals attractive force dominate
this case, colloidal particles coalesce each other and f
colloidal aggregations. These phenomena have been
scribed by a cluster-cluster aggregation model@2#. On the
other hand, the repulsive interaction between colloidal p
ticles becomes large when an aqueous solution is deioni
and the colloidal particles are suspended in a solvent. Th
an ideal system for studying crystallization and the melt
transition, because the changes are easily observed with
tical techniques, and the forces between colloidal partic
are readily manipulated by controlling the chemistry of
aqueous solution.

A three-dimensional~3D! colloidal system has been in
vestigated to clarify its structure and thermodynamic prop
ties @1,3–5#. The colloidal particles suspended in an aqueo
solution acquire charges and interact via an electrostatic
tential. As the screening effect is reduced, the repuls
range between colloidal particles increases and these
ticles form acolloidal crystal. On these systems, there is a
order-disorder transition as a function of the particle conc
trationf and the ionic strength in an aqueous solution. R
bins, Kremer, and Grest@3# have clarified the thermody
namic properties of charge-stabilized colloidal suspensi
by molecular dynamics~MD! simulations. Monovoukas an
Gast @4# have investigated the colloidal suspensions
highly charged polystyrene spheres, and compared their
perimentally determined phase diagram with the MD sim
lations by Robbins, Kremer, and Grest@3#. These studies
reveal that there is a face-centered-cubic~fcc! structure with
high concentrations, and body-centered-cubic~bcc! structure
with low concentrations in three-dimensional colloidal sy
tems.

Understanding the properties of quasi-two-dimensio
colloidal system is very attractive, because the phase be
iors of colloidal suspensions under confinement are expe
to be drastically different from those in a 3D system@6–17#.
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Experimental works have been performed on these qu
two-dimensional colloidal systems@6–9#. Pieranski@8# has
studied polystyrene spheres trapped in a surface energy
at an air-water interface, and observed polymer partic
forming a 2D triangular lattice. Murray and Van Winkle@9#
have shown a melting transition in 2D colloidal suspensio
of highly charged spheres confined between two flat gl
plates. Zahn, Lenke, and Maret@16# have studied paramag
netic colloidal particles interacting via dipolar forces in tw
dimensions, which have different microscopic interactions
the experiment. It is predicted by the Kosterlitz-Thoules
Halperin-Nelson-Young~KTHNY ! theory @1,18–21#, that
the nature of the melting transition in a 2D system is qu
different from that in a 3D system: The first transition
from a solid phasewith quasi-long-range positional orde
and long-range bond-orientational order to anintermediate
phasewith short-range positional order and quasi-long-ran
bond-orientational order. The second transition transfor
such a bond-orientational ordered phase to afluid phasein
which both positional and bond-orientational order are sh
range. Different from 3D system, it is expected that there
such a characteristic bond-orientational ordered phase ca
thehexatic phase. However, the results of some experimen
and computer simulations are inconsistent with regard to
above theoretical prediction. These studies raise the is
that the melting transition in a 2D system is not universal
depends on specific properties such as the interparticle
tential @11,15#. The effect of the confinement of colloida
particles is not fully understood, and detailed investigatio
of the colloidal system with various interparticle potentia
are required to understand the characteristics of 2D crys
lization and the melting transition. Especially, numeric
studies for interparticle potential with the realistic colloid
system are strongly needed.

In this paper, we perform computer simulations of qua
two-dimensional colloidal suspensions trapped at an
water interface. The bond-orientational order parameterF6
is studied numerically with different particle concentrationf
and the Debye screening lengthk21. We calculate the pair-
correlation functiong(r ) and the orientational correlatio
function gB(r ) to characterize the structural ordering of th
colloidal system. We also clarify the profiles of the structu
factor S(q) with different particle concentrations. We ob
serve two successive transitions from the solid phase to
fluid phase with an intermediate hexatic phase, in agreem
7157 © 1999 The American Physical Society
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with Kosterlitz-Thouless-Halperin-Nelson-Young theory.
This paper is organized as follows. In Sec. II, we descr

the model of colloidal particles at an air-water interface.
Sec. III, the numerical results on the bond-orientational or
parameter, the pair-correlation function, and the orientatio
correlation function are displayed. We also show the res
of the structure factorS(q) on these system. Section IV i
devoted to discussions and conclusions.

II. MODELS

In this section, we describe the model of quasi-tw
dimensional charged colloidal particles. The electrostatic
teractions between colloidal particles have been clarified
previous studies, which are derived from the lineariz
Poisson-Boltzmann equation@13,22#. Figure 1 shows the
schematic diagram of charged colloidal particles at an
water interface. In this case, the colloidal particles
trapped in a surface energy well at an air-water interface@8#.
The pair-potentialV(r ) between colloidal particles is give
by @23,24#

V~r !5H ` for r ,a,

Z2e2

4pee0

2

r E0

`

dz
zJ0~z!

$z21~kr !2%1/21z/e
for r>a ,

~1!

whereZ, e, a, e0 , ande are the surface charge of the collo
dal particles, the elementary charge, the diameter of the
loidal particle, the dielectric constant, and the relative diel
tric constant of the solvent, respectively. HereJ0(z) is the
zeroth order Bessel function andk is the inverse of the De
bye screening length. In general,k is a function of the con-
centration of microions in an aqueous solution. We have
mention that Eq.~1! includes anad hocapproximation since
it consists of the Debye-Hu¨ckel potential for pointlike par-
ticles, and the hardcore interactions for distancesr ,a are
incorporated. This pair potentialV(r ) is dominated by expo-
nential decay due to the screened Coulomb contribution
small r, and by algebraic decay from dipole-dipole contrib
tion at larger @24#.

III. COLLOIDAL CRYSTALLIZATION

We perform Monte Carlo simulation on the quasi-tw
dimensional colloidal system described in Sec. II. At fir
equilibrium configurations of colloidal particles are calc
lated under periodic boundary condition in thex andy direc-

FIG. 1. Schematic diagram of the quasi-two-dimensional col
dal system. The colloidal particles are trapped at an air-water in
face.
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tions. In the following, the temperatureT and the relative
dielectric constant of watere in Eq. ~1! are taken to beT
5300 K ande580, respectively. The surface charge of co
loidal particlesZ and the diameter of a particlea are taken as
Z5500 anda5100 nm, respectively, which are realistic va
ues for actual colloidal suspensions. To check the finite s
effect, we perform calculations with different number of co
loidal particles such asN51024 and 2048, treating a large
number of particles than previous studies@10,11,25,26#. The
obtained results with different number of particlesN show
good agreement. We perform very long simulation runs
obtain true thermodynamic equilibrium states. The num
of Monte Carlo steps~MCSs! is taken to be over 400 000
MCSs for each calculation. Figure 2 shows the snapsho
the colloidal particles trapped at an air-water interface. F
ures 2~a! and 2~b! correspond to the system with the partic
concentrationf50.005 andf50.02, respectively. The De
bye screening lengthk21 is taken to bek215200 nm. In
Fig. 2~a!, the colloidal particles are randomly distribute
indicating that this system belongs to a fluid phase. On
contrary, the colloidal particles form a triangular lattice
Fig. 2~b!. This is a typical example of a colloidal crysta
formed on the quasi-two-dimensional system.

The bond-orientational order parameterF6 was initially
introduced by Nelson and Halperin to characterize the str
tural order in a two-dimensional system@27#. The value of
F6 is defined by@26#

F6[K 1

N (
m51

N
1

Nbond
(
n51

Nbond

exp~6iumn!L , ~2!

where the angular brackets indicate the configurational a
age andumn is the angle between some fixed axis~e.g., x
axis! and the bond joining themth particle with anothernth

-
r-

FIG. 2. Snapshots on the equilibrium state of colloidal partic
at an air-water interface. The Debye screening lengthk21 is taken
to be k215200 nm. ~a! Fluid phase (f50.005), ~b! solid phase
(f50.02).
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particle, lying within a radius 1/Arm, whererm is the local
density of colloidal particles at the neighbor of the partic
m. Here Nbond denotes the number of them-n bond. The
quantity uF6u2 is very sensitive to the structural order of th
system. When the system belongs to a fluid phase and t
is no structural order, the value ofuF6u2 becomesuF6u2
!1. On the other hand,uF6u2 takes the value such a
uF6u2;1 when the colloidal particles form a crystal with th
hexagonal order~triangular lattice!.

From the obtained equilibrium states, we study the c
centration dependence of the bond-orientational order
rameterF65F6(f). Figure 3 shows the concentration d
pendence of the squared bond-orientational order param
uF6u2 for the colloidal particles trapped at an air-water inte
face. The filled squares and circles show the results with
screening lengthk215200 and 300 nm, respectively. Th
solid lines are only guides to the eye. We can see that
value of uF6u2 becomes zero at small particle concentratio
indicating that the system belongs to a fluid phase. W
increasing the particle concentrationf, the value ofuF6u2
becomes larger which shows that the colloidal particles s
assembly form a crystal lattice.

For further investigation on the structure and the phys
properties of these system, the pair-correlation functiong(r )
and the orientational correlation functiongB(r ) are investi-
gated numerically@6,11#. The pair-correlation functiong(r )
is defined as

g~r ![^d~r 8!d~r 82r !&5K 1

f2 (
m

N

(
nÞm

N

d~rm!d~rn2r !L ,

~3!

where rm is the positional vector of a particlem and the
angle brackets imply the averaging over all angles (r[ur u)
and different samples. The profile ofg(r ) displays the exis-
tence~or nonexistence! of the translational order on the sy
tem. The orientational order parametergB(r ) is defined as

gB~r ![
^c6* ~r 8!c6~r 82r !&

^d~r 8!d~r 82r !&
, ~4!

FIG. 3. The squared bond-orientational order-parameteruF6u2

5uF6(f)u2 of the colloidal particles at an air-water interface. Fille
squares and filled circles denote the results for the screening le
k215200 and 300 nm, respectively. Solid lines are only guides
the eye.
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where the local bond-orientational order parameterc6(r ) is
given by

c6~rm![
1

Nbond
(
n51

Nbond

exp~6iumn!. ~5!

Here the indexn counts themth particle’s nearest neighbors
Figure 4 indicates the pair-correlation functiong(r ) on the
quasi-two-dimensional colloidal system at an air-water int
face. The ordinate shows the value ofg(r ), and the abscissa
indicates the distancer in units of mm. In Fig. 4, we show
the calculated results with the particle concentrationf
50.008, 0.01, and 0.014, respectively. The Debye screen
lengthk21 and the surface charge of the colloidal particlesZ
are taken to bek215200 nm andZ5500. We can see tha
the envelope ofg(r ) with f50.008 andf50.01 decays
exponentially. These results indicate that there is no tran
tional order on the system. On the contrary, the calcula
result of g(r ) with f50.014 shows the~quasi-!long-range
translational order and the crystallization of colloidal pa
ticles at an air-water interface. This feature qualitative
agrees well with the previous experiment on colloidal p
ticles at an air-water interface@8#.

Figure 5~a! shows the orientational correlation functio
gB(r ) on the quasi-two-dimensional colloidal system. Figu
5~a! represents the calculated results ofgB(r ) with particle
concentrationsf50.008, 0.01, and 0.014, respectively. A
f50.008, the envelope ofgB(r ) decays exponentially and
becomes zero atr→`, indicating that there is no bond
orientational order. It is striking thatgB(r ) at f50.01 and
f50.014 in Fig. 5~a! take nonzero values atr .10mm. At

FIG. 4. The pair-correlation functiong(r ) of the colloidal par-
ticles at an air-water interface. The surface charge of colloidal p
ticles Z and the screening lengthk21 are taken to beZ5500 and
k215200 nm, respectively. The particle concentrationf is taken as
f50.008, 0.01, and 0.014.
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f50.014,gB(r ) takes a constant value atr→`, which im-
plies that there is a bond-orientational order with these s
tem. Figure 5~b! shows a logarithmic plot of the orientation
correlation functiongB(r ) with f50.01, where the straigh
line indicates a power-law decay such as}r 21/4. From these
results, we can see good agreement with the theoretical
diction @18–21#.

The structure factorS(q) is given by

S~q!5
1

N (
m

(
n

exp$ iq•~rm2rn!%, ~6!

whereq5(qx ,qy) and rm are the wave vector and the pos
tional vector of the particlem, respectively. Figures 6~a!,
6~b!, and 6~c! correspond to the calculated results of t
structure factorS(q) with the concentrationf50.008, 0.01,
and 0.014, respectively. The screening lengthk21 is k21

5200 nm, and the wave vectorq in Eq. ~6! are taken in the
range of 0<uqxu, uqyu,4.0mm21. Solid circles in Fig. 6

FIG. 5. ~a! The orientational correlation functiongB(r ) of the
colloidal particles at an air-water interface. The surface charg
colloidal particlesZ and the screening lengthk21 are taken to be
Z5500 andk215200 nm, respectively. The particle concentrati
f is taken asf50.008, 0.01, and 0.014.~b! A logarithmic plot of
the orientational correlation functiongB(r ) with f50.01. Straight
line shows the power-law decay such as}r 21/4.
s-

re-

indicate the wave vectorq, where the value ofS(q) is larger
than a threshold value. In Fig. 6~c!, we can see the definite
Bragg peaks with sixfold symmetry, reflecting the formati
of the colloidal crystal. In contrast to Fig. 6~c!, there is no
sharp Bragg peak and the isotropic profile is observed in F
6~a!, indicating that the colloidal crystal is melting in thi
concentration~fluid phase!. In Fig. 6~b!, we can see the an
isotropic profiles with sixfold symmetry, and no defini

FIG. 6. The structure factorS(q) of the colloidal system at an
air-water interface. The screening lengthk21 is taken to bek21

5200 nm. ~a! Fluid phase (f50.008), ~b! hexatic phase (f
50.01), ~c! solid phase (f50.014).
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PRE 60 7161CRYSTALLIZATION IN QUASI-TWO-DIMENSIONAL . . .
Bragg peak. Figure 6~b! displays that there is no translation
order, but the orientational order still remains. These res
coincide with the Kosterlitz-Thouless-Halperin-Nelso
Young ~KTHNY ! theory @1,18–21#. To our knowledge, this
is the first calculation showing the hexatic phase of char
colloidal particles trapped at an air-water interface@Eq. ~1!#.
We also numerically study the probability distribution of th
total energyP(E) near the melting transition@28#. Figure 7
shows the profile ofP(E) at the concentrationf50.01. It
shows a single peak on the energy dependence ofP(E),
which supports the theoretical prediction by KTNHY th
these melting transitions are continuous.

IV. CONCLUSIONS

In this paper, we have performed computer simulations
quasi-two-dimensional colloidal suspensions at an air-w
interface. The bond-orientational order parameterF6 has
been clarified numerically to characterize the structural or
of these colloidal systems, with different particle concent
tion f and the screening lengthk21. The value ofuF6u2

becomes zero at small particle concentrationf, in a fluid
phase. The value ofuF6u2 increases at larger concentratio
f, reflecting the colloidal crystallization. In addition, w
have clarified the pair-correlation functiong(r ) and the ori-
entational correlation functiongB(r ) on these colloidal sys
tems. We have observed that bothg(r ) and gB(r ) decay
exponentially for smaller concentration, where there is
translational or orientational order in these systems.

FIG. 7. The probability distributionP(E8) as a function of the
renormalized total energyE8[E/NkBT.
J.
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larger concentration, however, there is~quasi-!long-range
translational order and bond-orientational order, which in
cates crystallization on these systems. In the intermed
concentration, the orientational correlation functiongB(r )
shows a power-law decay such asgB(r )}r 21/4. We have
also studied the structure factorS(q) numerically. There is
no sharp Bragg peak and the isotropic profile is observed
the fluid phase at smallerf, which shows that the colloida
crystal is melting in this concentration. There are defin
Bragg peaks for the solid phase at largerf, which reflects the
formation of the colloidal crystal. In the intermediate co
centration, we observe anisotropic profiles with sixfold sy
metry and no definite Bragg peak. These results demons
that the two-dimensional colloidal crystal at an air-water
terface shows a two-stage melting, and there is a chara
istic bond-orientational order called the hexatic phase at
intermediate concentration, in good agreement with the p
diction by KTHNY theory@1,18–21#.

We discuss the relationship between the calculated res
of the bond-orientational order parameterF65F6(f) and
the two-stage melting transition described above. In Fig
the value ofuF6u2 increases rapidly from zero atf5f1 , and
increases slowly atf5f2(.f1). This corresponds to the
fact that the two-stage melting occurs at the concentrati
f5f1 and f5f2 ~see Figs. 4–6!, which implies that the
bond-orientational order parameterF65F6(f) is a useful
quantity to observe the two-stage melting on these system
is well known that there is a finite-size effect in actual co
puter simulations as well as experiments@21#. For under-
standing of two-dimensional melting transition, it is better
perform computer simulations with larger number of pa
ticles and this is a future problem. In Ref.@8# the fluid phase
and the solid phase at an air-water interface have been s
ied in the experiment, but the existence of the intermed
hexatic phase has not been investigated yet. Experime
studies of the hexatic phase on the colloidal particles at
air-water interface are desired, to compare with our num
cal results and obtain a deep understanding of colloidal s
tem in aqueous solutions. These results give new insight
recent studies on colloidal crystallization in restricted geo
etries.
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