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Self-diffusion of grains in a two-dimensional vibrofluidized bed
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The analogy of vibrofluidized granular beds with a thermal gas of hard discs has been tested. Analysis of the
mean squared displacement behavior of the grains allowed comparison of the measured diffusion with the
predicted value at a particular combination of granular temperature and packing fraction. High speed photog-
raphy, image analysis, and particle tracking software enabled accurate location of the grains. Appropriate
analysis of the three mean squared displacement regimes, ballistic, diffusive, and crossover between the two
extremes, allowed both the diffusion coefficient and the granular temperature to be measured at the same
packing fraction. Broad agreement between Chapman-Enskog theory relating temperature to self-diffusion and
observation was observed up to packing fractions;6f0.7. At higher packing fractions the grains showed
evidence of caging and jump diffusion, with the observed diffusion rapidly diverging from that predicted by
theory. Measurement of self-diffusion coefficients and subsequent use of kinetic theory was found to be an
accurate method to determine the granular temperature for intermediate packing fragtiodg{0.6), and
would be particularly suitable for those situations where the time resolution of the experimental facility is
insufficient to resolve the speed of the grain between collisi®b5063-651X%99)02012-1

PACS numbeps): 45.70.Mg, 51.10ty, 05.60—k

I. INTRODUCTION case of dissipation during grain-grain collisions, but Kuma-
ran also analyzed dissipation through viscous drag, in which
Investigation into the behavior of granular materials hascase the predicted exponentiisndicating that the observed
uncovered a range of interesting phenomena, many of whicbxponent could be due to a combination of both forms of
have been studied extensivély]. Theoretical understanding dissipation[9,10]. Unfortunately this does not explain the
of granular flow began in the 1970’s, based on analogiesalue of the exponents observed during numerical simula-
with the kinetic theory of gasef2,3]. One barrier to the tions[11]. This has led to some debate, with a number of
successful analysis of granular flow is that the material nevereasons recently put forwafd2,13.
reaches “thermal” equilibrium, rather, it forms a nonequi-  Many authors have highlighted the similarity between flu-
librium steady state. Gas kinetic theory is generally conddized granular materials and thermal liquids. In view of
cerned with the relaxation towards equilibrium; hence anythese similarities, it seems likely that the extensive literature
analysis of granular flows must assume, and then justify, thadn thermal liquids includes results which are likely to be
the system is sufficiently close to equilibrium for such meth-applicable to the flow properties of almost-elastic granular
ods to be appropriate. Recently Camplpéllpointed out the materials at high packing fractions. Molecular dynamics
need for experimental techniques capable of measuring miiD) simulations have proved important in the investigation
croscopic properties such as granular temperature. In resf transport properties of fluids at high densities. Alder and
sponse to this, methods based on high-speed photogf&phy Wainwright[14] found that in two dimensions the velocity
and diffusive wave spectroscop§] have since been devel- autocorrelation function appeared to decayta$ at long
oped to provide such data. These methods have helped tiones, in contrast to the expected exponential decay. This led
justify assumptions of near equilibriup,7]. to significant interest in the high density regime and the col-
Vibrofluidized beds of granular materials, such as steel otective behavior of liquidg15]. MD simulations have also
aluminum balls are an idealization of the mechanical excitabeen used to predict the deviation of the measured diffusion
tion of granular materials found in nature and industry. Warrcoefficient from that expected using Enskog kinetic theory
et al. examined the velocity distributions in theandy di-  [16,17. The diffusion coefficient at intermediate packing
rections in a two dimensional granular bed and found that, afractions is enhanced compared to the theoretical value due
low packing fractions corresponding to a few layers in theto slowly decaying collective motions in the fluid. At densi-
condensed state, the granular temperature is anisotropiies close to crystallization, the diffusion coefficient falls be-
[5,8]. These experiments also revealed that the temperatutew the expected value. This is attributed to cage effects as
declines with increasing distance from the base. The averaghe grains are back-scattered following a collision with near
granular temperature of the grains was reported to scale witheighborg18]. Campbell[19] calculated the diffusion coef-
the velocity of the base as a power law with an exponent oficient in a sheared cell using MD simulation techniques. He
about 1.4. This was in contrast to theoretical predictionsdiscovered that a rapidly flowing granular material is diffu-
Warr et al. and Kumaran predicted a exponent of 2 in thesive except in the limit of high packing fraction, whereupon
the grains become localized and are caged by their nearest
neighbors. This high density result was emphasised by the
*Electronic address: r.d.wildman@Iboro.ac.uk velocity autocorrelation functions not decaying monotoni-
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cally, but fluctuating with constant period as they decayed  0.7p
asymptotically to zero. In shear flow the diffusion coefficient * 60
manifested itself as a second order symmetric tensor, as the 0.6y + %0
diffusion behavior was no longer isotropic. + 13
In this paper, we report on an experimental study into the _0-5f +
diffusive behavior of a two-dimensional vibrofluidized
granular bed. High speed photography at framing rates of up
to 3000 s, together with automated particle tracking soft-
ware, allows the mean squared displacement and granular %93 4
temperature to be measured along each axis, as well as the& x T 4
local packing fraction. We are therefore able to make a direct ~ 9-2f .
assessment of the validity of the relationship between these . . X
three quantities predicted by Chapman-Enskog kinetic o1 . % * * o4 ov .o
theory. The motivation behind these experiments is twofold: #
from a fundamental point of view, there is interest in the % 00z 0.04 0.06 0.08 o1
extent to which diffusive phenomena, previously observed in Height (m)
a thermal fluid where the collisions are elastic, are replicated
in a nonequilibrium stationary state where the grains undergRI
inelastic collisions. Secondly, from a practical viewpoint,
validating the theoretical relationship between granular tem- ) _ i
perature, diffusion constant and particle packing fraction if UP to & maximum of 12000 s. The images were then

vital to the measurement of granular temperature in threedownloaded to a Sun Ultra 170E workstation using an IEEE

dimensional flows when using techniques such as positroffitérface board. Image analysis software based on the Hough

emission particle tracking, which have insufficient time reso-ransform was used to measure the coordinates of each grain

lution to measure temperature distributions directly. to a subpixel accuractp]. .
The paper is structured as follows. Section Il details the TN number of grains in the cel, was varied from 40 to
experimental apparatus and arrangement. Section Il ge200 in steps of about twenty so that a full range of packing

scribes the measurement of packing fraction and meaffaction could be observed. The measured packing fraction
squared displacement obtained using high speed photogrjaried from»~0.01 to »~0.8 enabling the transition from
phy. How granular temperature and self-diffusion coeffi-dilute to dense packing to be observed.

cients can be extracted from mean squared displacement
curves is discussed in Sec. IV, including a brief section on
measured velocity autocorrelation functions. Finally, the re-
sults and conclusions are set out in Secs. V and VI. A. Packing fraction

Packing fraction profiles are calculated from the particle
coordinate data using previously established procedures
[5,9,20. The packing fraction is measured by determining

The experimental arrangement for producing and obserwthe ratio of the total cross-sectional area of the spheres im-
ing a two-dimensional granular gas has already been dexged to the total area of the field of view of the camera.
scribed in several previous publicatiof9,20. In brief, a  Increased spatial resolution is obtained by splitting the field
Ling dynamic systemg§L.DS) vibration facility consisting of  of view into six sections and the accuracy is improved by
an amplification systerfiLDS FPS 1 and PA 10J0and a averaging across the width of the image. Of course, averag-
broad frequency band electrodynamic transdufeDS  ing over the 1600 frames of each individual experiment im-
V651], was used to drive a glass cell containing steelproves the signal to noise ratio still further. Figure 1 shows
spheres. When driven sinusoidally, this system has a freprofiles of the average packing fraction as a function of the
quency range of 5-5000 Hz, a maximum acceleration of 10Geight(y) above the base of the cell for a range of values of
g and maximum amplitude of 12.5 mm. For the experiments\. The form of these curves is typical for dense vibrofluid-
described in this paper, the cell consisted of two glass paralzed beds: low density near the base, rising quickly to a
lel plates separated by 5.05 mm, confining 5 mm diameteplateau, with an exponentially decaying tail at laggéviost
steel ball bearings to a plane, and was vibrated at 50 Hz witbf the measurements on diffusion behavior were taken over
an amplitude of 2.12 mm. The cell dimensions were 150 mnthe plateau regioiifor example, heights 0.02 to 0.05 m for
wide and 220 mm high. A digital camera was positionedN=200) to avoid artefacts due to strong gradients in the
perpendicular to the glass plates and the cell was illuminategacking fraction.
from behind so that the grains appeared as black circles on a The influence of packing fraction is shown qualitatively in
white background. Fig. 2. Figure 2 shows typical trajectory plots at high and

The motion of the steel grains was captured using dow packing fractiong(a) and(b), respectively. In Fig. 2b)
Kodak Ektapro 1000 high-speed digital camera. The camerthe motion is chaotic whereas in Figia2the grains tend to
is capable of capturing up to 1600 images at a maximum rateemain confined to “cages” imposed by their nearest neigh-
of 1000 frames per second when used at a full field of viewbors. Block motion previously associated with the onset of
of 239x192 pixels, although reduction in the number of convection rolls in vertically vibrated granular beldl], is
rows of pixels allowed the camera to capture frames at ratesalso clearly present in the top left hand corner of Fi@) 2
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FIG. 1. Packing fraction profiles for selected numbers of grains.
=40, 90, 135, 200, and 300.

IIl. IMAGE ANALYSIS

Il. EXPERIMENTAL DETAILS
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FIG. 3. High speed video crosses image of fluidized grains with
detected particle position indicated by crosses. The small and large
boxes represent the segment sizes used for the mean squared dis-
placement and the velocity methods of calculating granular tem-

FIG. 2. Position of the grains during filmingy=380 (a) and of

N=90 (b). The lightening of the circles represents increasing time.
Filming occurred at 1000 frames per sec; location at 1 ms intervalé?I

B. Mean squared displacement

The determination of the mean squared displacement
starts with the location of a number of grainstatO, or
equivalently, in frame 1. The selected grains are tracked until
one grain leaves the field of view. The mean squared dis-
placement is then calculated at intervals of 1 ms, the framing
interval of the camera. In general, a grain is lost at times
significantly less than the total filming period, equal to 1.6
sec at 1000 frames per sec. A new set of grains is then
selected and tracked.

To increase the effective number of grains being tracked,

the 1600 images downloaded from the camera are separatec

into sets 200 images long, starting at consecutive frame num-
bers, e.g., set 1 would commence at frame 1, finishing at
frame 200, set 2 would commence at frame 2 and finish at
frame 201, and so on. This results in 1400 sets of images,
200 images in length. Each image is split into six horizontal

segments, allowing the mean squared displacement to be
measured at different heights, although the upper most and
lowest segments are disregarded as the grains have a ten
dency to escape from the field of view at extremely shortn
times.

peratureN=135,y=55.2 mm.

Grains are selected for tracking at the start of each set by

creating a box 100 by 10 pixels(approximately
26.4x2.7mnf) at the center of each horizontal segment.
Any grain located within this box at the start of each set of
images is tracked until one of the grains is lost or 200 frames
have been analyzed. In this way, if for example 5 grains were
found within the box at each start frame, then this would
result in 7000 grains being tracked in total. Figures 3 and 4
illustrate this procedure for a box at height 55.2 mm &hd

135 grains.
Figures %a)—5(g) show the mean squared displacement of

the grains foN=40, 150, 200, 300, 380, and 480 at a height

about 25 mm from the base. At low densit[€sgs. 5a)—

5(c)] grains will leave the field of view before diffusive be-
avior is fully establishedi.e., a linear relationship between
mean square displacement and time is not observed

50
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10} ey g3
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-FIG. 4. Tracking of three particles located within box illustrated

Fig. 3. Particles have been tracked for 26 m&=135, y
55.2 mm.
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FIG. 5. Mean squared displacement behavioNef40 (a), 135(b), 200(c), 300(d), 380(e), and 480(f). Height about 25 mm from the
base.

IV. CALCULATION OF D AND E FROM THE MEAN (A) At short times,t<7g (where7¢ is the Enskog mean
SQUARED DISPLACEMENT collision time), the ballistic motion was analyzed using
Two quantities, granular temperatugeand self-diffusion (Ir(t)—r(0)[|?)=(c?)t?, )

D were determined from the mean squared displacement.
Calculation of E and D was achieved using the following where(|r(t)—r(0)|?) is the mean squared displacement and
three methods. c is the speed of a grain. Extraction (f%) from a plot of
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mean squared displacement versus time using(Bdeads grains at short times, and is the method used in this paper to
directly to a measure of the granular temperature. calculate the granular temperature diredt®0]. This tech-

(B) At longer times, many of the grains will have suffered nique was validated by comparing calculation of the granular
a collision, effectively ruling out any measure of the granulartemperature by three methodgl) fitting Maxwell-
temperature. However, if>> ¢ then the grains may show Boltzmann curves to measured velocity distributio(®)
diffusive behavior such that measuring the mean squared speed directly (8noheasure-
ment of the granular temperature from the mean squared dis-
placement. Even this approach cannot yield the granular tem-
perature beyond a packing fraction f- 0.5 when using the
normal camera framing interval of 1 ms, since the typical

whereD,, is the measured self-diffusion coefficient. In this mean speed of 0.5 m'$ implies 7e~2-3 ms. Some mea-
case, the mean squared displacement is linear with time, argrements up ta~0.8 were, however, possible by reducing
the self-diffusion coefficient can be determined from the grathe interframe time to 0.333 ms, albeit at the expense of a
dient of a mean squared displacement versus time plot. ~ proportionate reduction in image height.

(C) At intermediate times, the behavior is more com- In dilute gases the mean collision timg may be calcu-
pletely described by lated from the ratio of the Boltzmann mean free patio the

mean speedc). At high densities the shielding and volume
o c? reduction effects associated with the closely packed grains is
(Ir®=r )%= ?[exq—ﬁt)Jr,Bt—l], (3 accounted for by incorporating the radial distribution func-
tion at contacig(d) such that

1 )
D= lim Z=(l(0—£(0)[?), @

t—oo

where 8 is known as the friction coefficiei22].
The following sections detail, first, how method A is used _ 1
to measure granular temperature over the range of packing TE_an(c)g(d)’
fractions,»=0 to 0.8, and secondly, how methods B and C
are used to measure the self-diffusion coefficients over thwhered is the diameter of the grains andis the number

(6)

same density range. density[18].
A. Granular temperature B. Self-diffusion
In a vibrofluidized bed, the velocity distribution is typi-  Equation (2) indicates that in the ideal case the self-

cally anisotropic because energy is supplied to the grains ifliffusion coefficient can be measured by calculating the
the vertical direction. It is therefore necessary to define @symptotic gradient of the mean squared displacement with
granular temperature for each direction of measurement. IFespect to timémethod B. The self-diffusion coefficients in
this paper we define the granular temperature componentbex andy directions,D,,x andD,y, respectively, we define
Eyx andEy, in terms of the horizontal and vertical velocity as

components/y andvy, as

1
Ex=m<v>2(> and EY=m<v$>, (4) Dm:DmX+DmY:E(<|X(t)_X(0)|2>+<|y(t)_y(o)|2>),

7
wherem is the mass of the particles and angular brackets "
denotes a statistical average. The velocitigsand vy are  where {|x(t)—x(0)|?) and (]y(t)—y(0)|?) are the mean
measured relative to the mean velocity of the grains beingquared displacements in tkeandy directions after time.
tracked. The granular temperatugg, which is determined As N increases, the length of time over which the mean
from the distribution of speeds is given by squared displacement can be calculated increéSigs 5

and diffusive behavior becomes increasingly apparent. Esti-

1 1 mation ofD,, from the gradient of this line becomes possible
E°:§m<cz>: Em(v)2(>+ §m<v$>= 5 (Ex+Ey). G 4t N~300. At very high values oN [Fig. 5f)] a mode of

behavior commonly called “subdiffusive” in the thermal
At low packing fractionsEy and Ey can be calculated di- fluid literature[23] becomes apparent, in which an initially
rectly from the measured velocity distribution functions. At steeply rising curve crosses over to a near linear behavior
higher packing fractions, however, this approach is less satwith a much smaller slope. Figure(fb shows that atN
isfactory because of the difficulty of reliably detecting all the =480, the motion of the grains is so strongly coupled to the
collision events. An alternative methdchethod A has been motion of the shaker that even after subtracting the center of
developed recently based on measurement of the meanass motion from the displacement of the grains, a sinu-
squared displacement on time scalesre. In the limit of  soidal signal is superimposed onto the mean squared dis-
t=0, Eq.(1) is exact. However, small numbers of collisions placement.
will inevitably have occurred even after short times. In view  Figure 1 shows that at large heights the packing fraction
of this, an estimate ofc?) is calculated by fitting a second becomes very small. This is accompanied by an increase in
order polynomial to the short time mean squared displacethe mean free path of the grains. When the mean free path is
ment behavior. The first order coefficient of this polynomial of the order of the dimensions of the field of view of the
fit is then equal to the mean squared speed. This analysis amera, there are only a few average collision times before
justified by consideration of the collision probabilities of the the tracking procedure stops. Inevitably, this means that the



PRE 60 SELF-DIFFUSION OF GRAINS IN A TWG. .. 7071

system does not enter the diffusive regime, and the meaihe radial distribution function at contact can be estimated
squared displacement has a broadly quadratic relationshipy [25]
with time. In these situations method (Rallistic analysisis

used to calculate the granular temperature, and using kinetic 4= 16-77 (10
theory methods to be described in the following sections, we g(d)= 16(1— 7)2

calculate the diffusion coefficient, but direct comparison of

using kinetic theory, Sec. IV)Qusing method B is not pos- . ,
sible. However, equating the long time resitg. (2)] with It ha§ been establlshed that the gre}nula'r. temperature in a
the long time limit of Eq.(3), allows Eq.(3) to be expressed vibrofluidized bed is anisotropi@]. Equipartition of energy

in terms ofD,,: no longer holds, and in generdt,>Eyx. Therefore the

mean square velocity in thedirection will exceed that in the

x direction, and one may expect the vertical and horizontal
diffusion coefficients to differ. A rough estimate of the dif-
ference may be gained by starting from the exact relation
[18]:

Knowing that at long times the diffusion coefficient is related t v

to the mean squared displacement through @By. we are <|x(t)—x(0)|2)=2f dt’f dt”{v,(t")vy(t")). (12

able to extracD, from the small time behavior using non- 0 0

linear regression analysis. Equati@) is fitted to the experi-

mental data using two parametei,, and 8. The combina-

tion of using this methodmethod G and the increase in

framing rate allows the comparison BX,, to D¢ to be ex- / I — /)2 "y
. - t t")= —|t'—t 12

tended to both low £<0.5) and high ¢>0.7) densities of (Vv ) = (Vi expl — | /7€) (12

grains. _ _ _ _ _ where it is assumed that the same Enskog mean collision

Method C is most effective at intermediate packing frac-jme governs the decorrelation in thendy directions. Sub-

tions (7=0.4-0.6). Figure @) illustrates this point. At a giitution of Eq.(12) into Eq.(11) leads to
packing fraction ofyp~0.5 andN=300 the mean squared

displacement shows diffusive behavior up to a time of 0.08  (|x(t)—x(0)|%)=2(v2) re{t+ re[exp( —t/7g) — 1]}
seconds. This enables the fitting of £§) to both the cross- (13
over and the linear regime, which decreases the chance of
fitting to a local minimum(as opposed to a global minimum  which is of the same form as E¢B). In the long time limit,
when performing the nonlinear regression. At lower packingeq. (13) leads back to Eq8), with
fractions, the ballistic regime is extended, and at higher
packing fractions the crossover regime diminishes to times 1 Ey
comparable to the interframe time. Both of these events in- DEX:§<VX>TE:ﬁTE’
crease the likelihood of nonconvergence of the fit to the data.

The method of measuring the mean squared displacemesimilarly
(Sec. Il B) and its analysis allows the grains to move beyond
their original segment when the tracking ceases. If the 1, Ey
tracked grains move into regions of substantially different DEy:§<Vy>TE:mTE (19
packing fraction or granular temperature from that observed
initially, then the mean squared displacement will deviategnd
strongly from the expected asymptotic behavior predicted by

D
<|r(t>—z<0>|2>=7[exp(—/3t)+ﬁt—1]. (8)

Within the Enskog theory of uncorrelated binary collisions
[18],

(14)

Eqg. (2). This has implications for the measurement of the 1
self-diffusion coefficient. If the behavior predicted by E?). De=Dext DEy:ﬁ(ExJr Ey) e
is not observed, a measurement @f, is not taken. This
approach results in a method that is “self-correcting,” and E, d wE,\ 12
allows measurements to be taken only when any effect of _ETE_gﬂg(d) m (16)
delocalization of the grains is small.
so that Egs(14) and(15) may be rewritten as
C. Scaling of D with E
— X . — —y
1. Self-diffusion in an isotropic medium Dex= DEEX+ E,’ Dey DEEX+ E,’ (17)

Using elementary kinetic theory methofk3,24], it can )
be shown that for a two-dimensional fluid in thermal equi- "€ Enskog theory leading to E€L7) does not account for
librium correlations between successive collisions and effects of col-

lective motion. These are included in MD simulations, which
o provide estimates of the ratio &f,, to its Enskog prediction
Do— d (”Eo) @) D¢ as a function of the packing fraction for the case of
E"8ypg(d)| m | - smooth, hard elastic dis¢$6,17.
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TABLE I. Methods used to measure granular temperature and 1 T T T T
self-diffusion. 3 -0 :“:8:,{3;:
08P — .:<v:.(.t).vi(0)>‘..
Method Granular temperature  Self-diffusion coefficient --- S Ov0>
A .
Method A Directly measured using Calculated using g_ 0.6 :
ballistic method Enskog theon|Eq. 5 °
[Eq. (1)]. (9)] following direct ¥ oaf
measurement of A n
granular temperature. %- ° ______
Method B Calculated using Directly measured using i;i_ 021y :
Enskog theory Eq. Eq. (2). Vv '
(9)] following
measurement dd,
using Eq.(2). | i iat——— wocs
Method C  Calculated using Directly measured using 0 0.02 0.04 0.06 0.08 0.1
Enskog theoryfEq. Eq. (8). @ Time (seconds)
(9)] following i
measurement oD, ? T
using Eq.(8). 0.9f 8 <V}(1.v(0)> 1
0.8 8
A dimensionless diffusion coefficiem, is easily gener- é‘_o.7-
ated by normalizing the diffusion coefficient by the ratio of go.e-
the grain diameter squared to the mean collision time: ‘5“05 .
b Dre w2 19 §0.4 I
°7 dZ " 64y?g(d)? %0_3_ g
The dimensionless diffusion coefficients in thandy direc- 0.2} 8
tions, D,y andD,,, respectively, are calculated in the same 4|
manner and are also functions of packing fraction obly. . ) T
was calculated usin@,, and D¢ substituted forD in Eq. % 1 2 3 4 5
(18) when analysing measured and predicted diffusion coef- (b) Time (seconds) x10°

ficients respectively. The methods used to measure granular
temperature and self-diffusion coefficients, and the notation FIG. 6. Velocity correlation functionN= 300, y=20 mm; (a)
employed, are shown in Table I. up tot=0.1sec andb) up to 0.06 sec.

D. Velocity autocorrelation function V. RESULTS AND DISCUSSION

The velocity of the grains was estimated by a finite dif- Figures 7a)-7(c) show all the experimentally determined
ference calculation in which the distance moved by a grairfliffusion coefficients D,,) together with the diffusion coef-
between the frame before and the frame after the currericients calculated, via Chapman-Enskog theory, from the
frame was divided by twice the framing interval. The cross-measured granular temperatui®g). The dilute phase of a
correlation function and the auto-correlation function for thegranular gas is expected to behave as a nearly ideal gas at
x andy velocity components were calculated for a range oflarge distances from the base. In this phase the diffusion
grain numbers. An example of the velocity autocorrelationcoefficient is high, reflecting the low packing fractipfigs.
function for N=300 andy=20mm is shown in Fig. @, 7(@-7(c)]. In the dense phase, the diffusion is several orders
with the short time behavior of the velocity autocorrelationof magnitude lower and approaches zero as the packing frac-
function shown in Fig. ). This indicates that the relaxation tion approaches the 2D hexagonal close packed value (
times in thex andy directions are similar, justifying assump- ~0.91). Cage effects are also important at high densities,
tions made in Eqs(14) and (15). At times of the order of reducing the diffusion coefficient due to a combination of
several mean collision times the motion imparted by thecorrelated collisions and enclosure. Direct measurement of
shaker dominates thevelocity autocorrelation functions as the diffusion coefficient using method B was only possible
evidenced by the sinusoidal variation at a period of 0.02 sec@bove packing fractions of about O(Borresponding td\

The x-velocity component is decoupled from the shaker mo-~300).

tion and no such sinusoidal signal is seen superimposed on Results for bothD,, and D¢ fall onto a single line over
the x-velocity component autocorrelation function. In vibro- the whole range of packing fractions when plotted in nondi-
fluidized beds, the velocity autocorrelation function appearsnensional fornfi.e., using Eq(18)] so as to take account of
to decay monotonicallyfor times less then the period of the varying mean free time between the different experi-
vibration of the base in contrast to the predictions of Camp- ments[Figs. 7d)—7(f)]. It should be noted that usifgg to

bell [19] (albeit made for a sheared system rather than aetermineD, forcesD, to fall on to the theoretical line by
vibrated granular medium definition, and also that the theoretical line for thendy
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FIG. 7. Diffusion coefficient versus packing fraction: Total diffusi@h, diffusion in thex direction(b), and diffusion in they direction
(c). Dimensionless diffusion coefficient versus packing fraction: Total diffusihndiffusion in thex direction (e), and diffusion in they
direction (f). A: Dg. B: D, [Eq. (2)] using Einstein relationC: D, [Eq. (3)].

components of diffusion are for the isotropic case. At highsion coefficient is seen to drop off rapidly beyond a packing
packing fractiondD,, Doy, andD,, deviate strongly from fraction of about 0.75 which is similar to observations re-
the theoretical prediction€q. (18)] as the collective behav- ported in studies of discs in motion on an air taf2é].

ior becomes more apparent, and the grains become caged. Figures 8a)—8(f) show the granular temperaturd&y,
The maximum packing fraction for discs is 0.91. The diffu- Ey, andE,) vs height profiles foN=300 and 350 grains.
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FIG. 8. Changes in the granular temperature in each direction with height; comparison of the three nth@@3(a)—(c) and 350
(d)—(f).

Good agreement between the three methods of measuring thising Chapman-Enskog theory. Interestingly, such correction
granular temperature is observi@dble |) for these interme- factors tended to shift the calculated granular temperature
diate packing fractions §~0.5). The possibility arises of further from the measured values. The MD results are used
using molecular dynamics results from a hard disc gas tander the assumption that the system is analogous to a gas of
produce still closer agreement between the granular temperamooth, hard elastic discs. There are, of course, a number of
ture measured directlfmethod A, and indirectly fromD,,  important differences between such a model and the system
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2 d y y dicates that the maximum packing fractiom=0.91) has
18t o ; been reached. IncreasesvV,, indicate an expansion of the
| 9 gmng Average | bed. A rolling average of the data points shows qualitative

16 #  Leutheusseretal agreement with MD resultfl7]. The figure suggests that

1.4} 1 above a value oV/V,~1.3 (#<0.7), the measured and

12l predicted self-diffusion coefficients are within 10—20 % of
o each other. At higher densities the figure suggests that diffu-
;E 1 sion drops to zero quicker than is expected from MD studies

0.8} [17], and diffusion will cease to occur at a packing fraction

of about 0.83.

0.6|

0.4 VI. CONCLUSIONS

0.2f

The present investigations show that gas kinetic theory
> 25 3 provides broad agreement with observations on the transport
VN and granular temperature properties of a granular bed. There
are some deviations from published MD results, indicating
 FIG. 9. Ratio of measured diffusion coefficiel,,, to pre-  that the assumption of near equilibrium is not always appli-
dicted diffusion coefficientDe . Vo=Nd*V3/2. cable in a system that is evidently in a nonequilibrium steady
) i , i ... state. The extrapolation of the diffusion to zero seems to
being studied here. The granular gas is not in equilibrium;ngicate that the cage effects may be stronger in a vibroflu-
there is a “heat” flux in the upward direction, the source jgized bed than in a thermal gas. The agreement between
being the vibrating base. One consequence of this is that thgm’ the measured self-diffusion coefficient, am, that
radial distribution function cannot automatically be ass“meq)redicted by Chapman-Enskog theory, at intermediate densi-
to be independent of direction, leading to anisotropy in thg;eq (7~0.5) indicates that this method could be used at
transport coefficients and granular temperature, and asymMgsiarmediate  packing fractions to reliably calculate the
try in the velocity distributions. Consequently the systémg anyjar temperature in situations where the velocities be-

may be in a state far from that modelled in MD studi#®].  een collisions cannot be accurately measured.
The vibrofluidized granular bed analogue to the MD re-

sults of Leuthessegt al.[17] is shown in Fig. 9. This shows

D, normalized byDg, the value predicted by the Chapman-
Enskog kinetic theory. The ratio is plotted as a function of The work was funded by the Engineering and Physical

the bulk volume occupied by the grains normalized by theSciences Research Council under Contract No. GR/L61781,
minimum volume attainable, that is, a value\0®V,=1 in-  and by Shell International Oil Products B.V.
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