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Self-diffusion of grains in a two-dimensional vibrofluidized bed
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The analogy of vibrofluidized granular beds with a thermal gas of hard discs has been tested. Analysis of the
mean squared displacement behavior of the grains allowed comparison of the measured diffusion with the
predicted value at a particular combination of granular temperature and packing fraction. High speed photog-
raphy, image analysis, and particle tracking software enabled accurate location of the grains. Appropriate
analysis of the three mean squared displacement regimes, ballistic, diffusive, and crossover between the two
extremes, allowed both the diffusion coefficient and the granular temperature to be measured at the same
packing fraction. Broad agreement between Chapman-Enskog theory relating temperature to self-diffusion and
observation was observed up to packing fractions ofh;0.7. At higher packing fractions the grains showed
evidence of caging and jump diffusion, with the observed diffusion rapidly diverging from that predicted by
theory. Measurement of self-diffusion coefficients and subsequent use of kinetic theory was found to be an
accurate method to determine the granular temperature for intermediate packing fractions (h50.4– 0.6), and
would be particularly suitable for those situations where the time resolution of the experimental facility is
insufficient to resolve the speed of the grain between collisions.@S1063-651X~99!02012-7#

PACS number~s!: 45.70.Mg, 51.10.1y, 05.60.2k
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I. INTRODUCTION

Investigation into the behavior of granular materials h
uncovered a range of interesting phenomena, many of w
have been studied extensively@1#. Theoretical understandin
of granular flow began in the 1970’s, based on analog
with the kinetic theory of gases@2,3#. One barrier to the
successful analysis of granular flow is that the material ne
reaches ‘‘thermal’’ equilibrium, rather, it forms a nonequ
librium steady state. Gas kinetic theory is generally co
cerned with the relaxation towards equilibrium; hence a
analysis of granular flows must assume, and then justify,
the system is sufficiently close to equilibrium for such me
ods to be appropriate. Recently Campbell@4# pointed out the
need for experimental techniques capable of measuring
croscopic properties such as granular temperature. In
sponse to this, methods based on high-speed photograph@5#
and diffusive wave spectroscopy@6# have since been deve
oped to provide such data. These methods have helpe
justify assumptions of near equilibrium@5,7#.

Vibrofluidized beds of granular materials, such as stee
aluminum balls are an idealization of the mechanical exc
tion of granular materials found in nature and industry. W
et al. examined the velocity distributions in thex and y di-
rections in a two dimensional granular bed and found tha
low packing fractions corresponding to a few layers in t
condensed state, the granular temperature is anisotr
@5,8#. These experiments also revealed that the tempera
declines with increasing distance from the base. The ave
granular temperature of the grains was reported to scale
the velocity of the base as a power law with an exponen
about 1.4. This was in contrast to theoretical predictio
Warr et al. and Kumaran predicted a exponent of 2 in t

*Electronic address: r.d.wildman@lboro.ac.uk
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case of dissipation during grain-grain collisions, but Kum
ran also analyzed dissipation through viscous drag, in wh
case the predicted exponent is4

3, indicating that the observed
exponent could be due to a combination of both forms
dissipation@9,10#. Unfortunately this does not explain th
value of the exponents observed during numerical simu
tions @11#. This has led to some debate, with a number
reasons recently put forward@12,13#.

Many authors have highlighted the similarity between fl
idized granular materials and thermal liquids. In view
these similarities, it seems likely that the extensive literat
on thermal liquids includes results which are likely to
applicable to the flow properties of almost-elastic granu
materials at high packing fractions. Molecular dynam
~MD! simulations have proved important in the investigati
of transport properties of fluids at high densities. Alder a
Wainwright @14# found that in two dimensions the velocit
autocorrelation function appeared to decay ast21 at long
times, in contrast to the expected exponential decay. This
to significant interest in the high density regime and the c
lective behavior of liquids@15#. MD simulations have also
been used to predict the deviation of the measured diffus
coefficient from that expected using Enskog kinetic theo
@16,17#. The diffusion coefficient at intermediate packin
fractions is enhanced compared to the theoretical value
to slowly decaying collective motions in the fluid. At dens
ties close to crystallization, the diffusion coefficient falls b
low the expected value. This is attributed to cage effects
the grains are back-scattered following a collision with ne
neighbors@18#. Campbell@19# calculated the diffusion coef
ficient in a sheared cell using MD simulation techniques.
discovered that a rapidly flowing granular material is diff
sive except in the limit of high packing fraction, whereupo
the grains become localized and are caged by their nea
neighbors. This high density result was emphasised by
velocity autocorrelation functions not decaying monoto
7066 © 1999 The American Physical Society
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cally, but fluctuating with constant period as they decay
asymptotically to zero. In shear flow the diffusion coefficie
manifested itself as a second order symmetric tensor, as
diffusion behavior was no longer isotropic.

In this paper, we report on an experimental study into
diffusive behavior of a two-dimensional vibrofluidize
granular bed. High speed photography at framing rates o
to 3000 s21, together with automated particle tracking so
ware, allows the mean squared displacement and gran
temperature to be measured along each axis, as well a
local packing fraction. We are therefore able to make a dir
assessment of the validity of the relationship between th
three quantities predicted by Chapman-Enskog kin
theory. The motivation behind these experiments is twofo
from a fundamental point of view, there is interest in t
extent to which diffusive phenomena, previously observed
a thermal fluid where the collisions are elastic, are replica
in a nonequilibrium stationary state where the grains unde
inelastic collisions. Secondly, from a practical viewpoin
validating the theoretical relationship between granular te
perature, diffusion constant and particle packing fraction
vital to the measurement of granular temperature in thr
dimensional flows when using techniques such as posi
emission particle tracking, which have insufficient time res
lution to measure temperature distributions directly.

The paper is structured as follows. Section II details
experimental apparatus and arrangement. Section III
scribes the measurement of packing fraction and m
squared displacement obtained using high speed photo
phy. How granular temperature and self-diffusion coe
cients can be extracted from mean squared displacem
curves is discussed in Sec. IV, including a brief section
measured velocity autocorrelation functions. Finally, the
sults and conclusions are set out in Secs. V and VI.

II. EXPERIMENTAL DETAILS

The experimental arrangement for producing and obs
ing a two-dimensional granular gas has already been
scribed in several previous publications@5,9,20#. In brief, a
Ling dynamic systems~LDS! vibration facility consisting of
an amplification system@LDS FPS 1 and PA 1000# and a
broad frequency band electrodynamic transducer@LDS
V651#, was used to drive a glass cell containing st
spheres. When driven sinusoidally, this system has a
quency range of 5–5000 Hz, a maximum acceleration of
g and maximum amplitude of 12.5 mm. For the experime
described in this paper, the cell consisted of two glass pa
lel plates separated by 5.05 mm, confining 5 mm diame
steel ball bearings to a plane, and was vibrated at 50 Hz w
an amplitude of 2.12 mm. The cell dimensions were 150 m
wide and 220 mm high. A digital camera was position
perpendicular to the glass plates and the cell was illumina
from behind so that the grains appeared as black circles
white background.

The motion of the steel grains was captured using
Kodak Ektapro 1000 high-speed digital camera. The cam
is capable of capturing up to 1600 images at a maximum
of 1000 frames per second when used at a full field of vi
of 2393192 pixels, although reduction in the number
rows of pixels allowed the camera to capture frames at r
d
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of up to a maximum of 12 000 s21. The images were then
downloaded to a Sun Ultra 170E workstation using an IE
interface board. Image analysis software based on the Ho
transform was used to measure the coordinates of each g
to a subpixel accuracy@5#.

The number of grains in the cell,N, was varied from 40 to
500 in steps of about twenty so that a full range of pack
fraction could be observed. The measured packing frac
varied fromh;0.01 toh;0.8 enabling the transition from
dilute to dense packing to be observed.

III. IMAGE ANALYSIS

A. Packing fraction

Packing fraction profiles are calculated from the parti
coordinate data using previously established procedu
@5,9,20#. The packing fraction is measured by determini
the ratio of the total cross-sectional area of the spheres
aged to the total area of the field of view of the came
Increased spatial resolution is obtained by splitting the fi
of view into six sections and the accuracy is improved
averaging across the width of the image. Of course, ave
ing over the 1600 frames of each individual experiment i
proves the signal to noise ratio still further. Figure 1 sho
profiles of the average packing fraction as a function of
height~y! above the base of the cell for a range of values
N. The form of these curves is typical for dense vibroflui
ized beds: low density near the base, rising quickly to
plateau, with an exponentially decaying tail at largey. Most
of the measurements on diffusion behavior were taken o
the plateau region~for example, heights 0.02 to 0.05 m fo
N5200) to avoid artefacts due to strong gradients in
packing fraction.

The influence of packing fraction is shown qualitatively
Fig. 2. Figure 2 shows typical trajectory plots at high a
low packing fractions@~a! and~b!, respectively#. In Fig. 2~b!
the motion is chaotic whereas in Fig. 2~a! the grains tend to
remain confined to ‘‘cages’’ imposed by their nearest neig
bors. Block motion previously associated with the onset
convection rolls in vertically vibrated granular beds@21#, is
also clearly present in the top left hand corner of Fig. 2~a!.

FIG. 1. Packing fraction profiles for selected numbers of grai
N540, 90, 135, 200, and 300.
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B. Mean squared displacement

The determination of the mean squared displacem
starts with the location of a number of grains att50, or
equivalently, in frame 1. The selected grains are tracked u
one grain leaves the field of view. The mean squared
placement is then calculated at intervals of 1 ms, the fram
interval of the camera. In general, a grain is lost at tim
significantly less than the total filming period, equal to 1
sec at 1000 frames per sec. A new set of grains is t
selected and tracked.

To increase the effective number of grains being track
the 1600 images downloaded from the camera are sepa
into sets 200 images long, starting at consecutive frame n
bers, e.g., set 1 would commence at frame 1, finishing
frame 200, set 2 would commence at frame 2 and finish
frame 201, and so on. This results in 1400 sets of imag
200 images in length. Each image is split into six horizon
segments, allowing the mean squared displacement to
measured at different heights, although the upper most
lowest segments are disregarded as the grains have a
dency to escape from the field of view at extremely sh
times.

FIG. 2. Position of the grains during filming,N5380 ~a! and
N590 ~b!. The lightening of the circles represents increasing tim
Filming occurred at 1000 frames per sec; location at 1 ms interv
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Grains are selected for tracking at the start of each se
creating a box 100 by 10 pixels~approximately
26.432.7 mm2) at the center of each horizontal segme
Any grain located within this box at the start of each set
images is tracked until one of the grains is lost or 200 fram
have been analyzed. In this way, if for example 5 grains w
found within the box at each start frame, then this wou
result in 7000 grains being tracked in total. Figures 3 an
illustrate this procedure for a box at height 55.2 mm andN
5135 grains.

Figures 5~a!–5~g! show the mean squared displacement
the grains forN540, 150, 200, 300, 380, and 480 at a heig
of about 25 mm from the base. At low densities@Figs. 5~a!–
5~c!# grains will leave the field of view before diffusive be
havior is fully established~i.e., a linear relationship betwee
mean square displacement and time is not observed!.

.
s.

FIG. 3. High speed video crosses image of fluidized grains w
detected particle position indicated by crosses. The small and l
boxes represent the segment sizes used for the mean square
placement and the velocity methods of calculating granular te
perature.N5135, y555.2 mm.

FIG. 4. Tracking of three particles located within box illustrat
in Fig. 3. Particles have been tracked for 26 ms.N5135, y
555.2 mm.
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FIG. 5. Mean squared displacement behavior ofN540 ~a!, 135~b!, 200~c!, 300~d!, 380~e!, and 480~f!. Height about 25 mm from the
base.
e
g nd
IV. CALCULATION OF D AND E FROM THE MEAN
SQUARED DISPLACEMENT

Two quantities, granular temperatureE and self-diffusion
D were determined from the mean squared displacem
Calculation ofE and D was achieved using the followin
three methods.
nt.

~A! At short times,t!tE ~wheretE is the Enskog mean
collision time!, the ballistic motion was analyzed using

^urI~ t !2rI~0!u2&5^c2&t2, ~1!

where^urI (t)2rI (0)u2& is the mean squared displacement a
c is the speed of a grain. Extraction of^c2& from a plot of
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mean squared displacement versus time using Eq.~1! leads
directly to a measure of the granular temperature.

~B! At longer times, many of the grains will have suffere
a collision, effectively ruling out any measure of the granu
temperature. However, ift@tE then the grains may show
diffusive behavior such that

Dm5 lim
t→`

1

4t
^urI~ t !2rI~0!u2&, ~2!

whereDm is the measured self-diffusion coefficient. In th
case, the mean squared displacement is linear with time,
the self-diffusion coefficient can be determined from the g
dient of a mean squared displacement versus time plot.

~C! At intermediate times, the behavior is more com
pletely described by

^urI~ t !2rI~0!u2&5
^c2&
b2 @exp~2bt !1bt21#, ~3!

whereb is known as the friction coefficient@22#.
The following sections detail, first, how method A is us

to measure granular temperature over the range of pac
fractions,h50 to 0.8, and secondly, how methods B and
are used to measure the self-diffusion coefficients over
same density range.

A. Granular temperature

In a vibrofluidized bed, the velocity distribution is typ
cally anisotropic because energy is supplied to the grain
the vertical direction. It is therefore necessary to defin
granular temperature for each direction of measuremen
this paper we define the granular temperature compon
EX andEY , in terms of the horizontal and vertical velocit
componentsvX andvY , as

EX5m^vX
2& and EY5m^vY

2&, ~4!

where m is the mass of the particles and angular brack
denotes a statistical average. The velocitiesvX and vY are
measured relative to the mean velocity of the grains be
tracked. The granular temperatureEo , which is determined
from the distribution of speedsc, is given by

Eo5
1

2
m^c2&5

1

2
m^vX

2&1
1

2
m^vY

2&5
1

2
~EX1EY!. ~5!

At low packing fractionsEX and EY can be calculated di
rectly from the measured velocity distribution functions.
higher packing fractions, however, this approach is less
isfactory because of the difficulty of reliably detecting all t
collision events. An alternative method~method A! has been
developed recently based on measurement of the m
squared displacement on time scalest!tE . In the limit of
t50, Eq.~1! is exact. However, small numbers of collision
will inevitably have occurred even after short times. In vie
of this, an estimate of̂c2& is calculated by fitting a secon
order polynomial to the short time mean squared displa
ment behavior. The first order coefficient of this polynom
fit is then equal to the mean squared speed. This analys
justified by consideration of the collision probabilities of th
r
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grains at short times, and is the method used in this pape
calculate the granular temperature directly@20#. This tech-
nique was validated by comparing calculation of the granu
temperature by three methods,~1! fitting Maxwell-
Boltzmann curves to measured velocity distributions,~2!
measuring the mean squared speed directly, and~3! measure-
ment of the granular temperature from the mean squared
placement. Even this approach cannot yield the granular t
perature beyond a packing fraction ofh;0.5 when using the
normal camera framing interval of 1 ms, since the typic
mean speed of 0.5 m s21 implies tE;2 – 3 ms. Some mea
surements up toh;0.8 were, however, possible by reducin
the interframe time to 0.333 ms, albeit at the expense o
proportionate reduction in image height.

In dilute gases the mean collision timetE may be calcu-
lated from the ratio of the Boltzmann mean free pathl to the
mean speed̂c&. At high densities the shielding and volum
reduction effects associated with the closely packed grain
accounted for by incorporating the radial distribution fun
tion at contactg(d) such that

tE5
1

2nd^c&g~d!
, ~6!

whered is the diameter of the grains andn is the number
density@18#.

B. Self-diffusion

Equation ~2! indicates that in the ideal case the se
diffusion coefficient can be measured by calculating
asymptotic gradient of the mean squared displacement
respect to time~method B!. The self-diffusion coefficients in
thex andy directions,DmX andDmY, respectively, we define
as

Dm5DmX1DmY5
1

4t
~^ux~ t !2x~0!u2&1^uy~ t !2y~0!u2&!,

~7!

where ^ux(t)2x(0)u2& and ^uy(t)2y(0)u2& are the mean
squared displacements in thex andy directions after timet.

As N increases, the length of time over which the me
squared displacement can be calculated increases~Fig. 5!
and diffusive behavior becomes increasingly apparent. E
mation ofDm from the gradient of this line becomes possib
at N;300. At very high values ofN @Fig. 5~f!# a mode of
behavior commonly called ‘‘subdiffusive’’ in the therma
fluid literature@23# becomes apparent, in which an initiall
steeply rising curve crosses over to a near linear beha
with a much smaller slope. Figure 5~f! shows that atN
5480, the motion of the grains is so strongly coupled to
motion of the shaker that even after subtracting the cente
mass motion from the displacement of the grains, a si
soidal signal is superimposed onto the mean squared
placement.

Figure 1 shows that at large heights the packing fract
becomes very small. This is accompanied by an increas
the mean free path of the grains. When the mean free pa
of the order of the dimensions of the field of view of th
camera, there are only a few average collision times be
the tracking procedure stops. Inevitably, this means that
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system does not enter the diffusive regime, and the m
squared displacement has a broadly quadratic relation
with time. In these situations method A~ballistic analysis! is
used to calculate the granular temperature, and using kin
theory methods to be described in the following sections,
calculate the diffusion coefficient, but direct comparison
Dm with DE ~the prediction of the self-diffusion coefficien
using kinetic theory, Sec. IV C! using method B is not pos
sible. However, equating the long time result@Eq. ~2!# with
the long time limit of Eq.~3!, allows Eq.~3! to be expressed
in terms ofDm :

^urI~ t !2rI~0!u2&5
Dm

b
@exp~2bt !1bt21#. ~8!

Knowing that at long times the diffusion coefficient is relat
to the mean squared displacement through Eq.~8!, we are
able to extractDm from the small time behavior using non
linear regression analysis. Equation~8! is fitted to the experi-
mental data using two parameters,Dm andb. The combina-
tion of using this method~method C! and the increase in
framing rate allows the comparison ofDm to DE to be ex-
tended to both low (h,0.5) and high (h.0.7) densities of
grains.

Method C is most effective at intermediate packing fra
tions (h50.4– 0.6). Figure 5~d! illustrates this point. At a
packing fraction ofh;0.5 andN5300 the mean square
displacement shows diffusive behavior up to a time of 0
seconds. This enables the fitting of Eq.~8! to both the cross-
over and the linear regime, which decreases the chanc
fitting to a local minimum~as opposed to a global minimum!
when performing the nonlinear regression. At lower pack
fractions, the ballistic regime is extended, and at hig
packing fractions the crossover regime diminishes to tim
comparable to the interframe time. Both of these events
crease the likelihood of nonconvergence of the fit to the d

The method of measuring the mean squared displacem
~Sec. III B! and its analysis allows the grains to move beyo
their original segment when the tracking ceases. If
tracked grains move into regions of substantially differe
packing fraction or granular temperature from that obser
initially, then the mean squared displacement will devi
strongly from the expected asymptotic behavior predicted
Eq. ~2!. This has implications for the measurement of t
self-diffusion coefficient. If the behavior predicted by Eq.~2!
is not observed, a measurement ofDm is not taken. This
approach results in a method that is ‘‘self-correcting,’’ a
allows measurements to be taken only when any effec
delocalization of the grains is small.

C. Scaling ofD with E

1. Self-diffusion in an isotropic medium

Using elementary kinetic theory methods@18,24#, it can
be shown that for a two-dimensional fluid in thermal eq
librium

DE5
d

8hg~d! S pEo

m D 1/2

. ~9!
an
ip

tic
e
f

-

8

of

g
r
s
-

a.
nt

d
e
t
d
e
y

of

-

The radial distribution function at contact can be estima
by @25#

g~d!5
1627h

16~12h!2 . ~10!

2. Self-diffusion in an anisotropic medium

It has been established that the granular temperature
vibrofluidized bed is anisotropic@9#. Equipartition of energy
no longer holds, and in general,EY.EX . Therefore the
mean square velocity in they direction will exceed that in the
x direction, and one may expect the vertical and horizon
diffusion coefficients to differ. A rough estimate of the di
ference may be gained by starting from the exact relat
@18#:

^ux~ t !2x~0!u2&52E
0

t

dt8E
0

t8
dt9^vx~ t8!vx~ t9!&. ~11!

Within the Enskog theory of uncorrelated binary collisio
@18#,

^vx~ t8!vx~ t9!&5^vx
2&exp~2ut82t9u/tE! ~12!

where it is assumed that the same Enskog mean colli
time governs the decorrelation in thex andy directions. Sub-
stitution of Eq.~12! into Eq. ~11! leads to

^ux~ t !2x~0!u2&52^vx
2&tE$t1tE@exp~2t/tE!21#%

~13!

which is of the same form as Eq.~3!. In the long time limit,
Eq. ~13! leads back to Eq.~8!, with

DEx5
1

2
^vx

2&tE5
Ex

2m
tE , ~14!

similarly

DEy5
1

2
^vy

2&tE5
Ey

2m
tE ~15!

and

DE5DEx1DEy5
1

2m
~Ex1Ey!tE

5
Eo

m
tE5

d

8hg~d! S pEo

m D 1/2

~16!

so that Eqs.~14! and ~15! may be rewritten as

DEx5DE

Ex

Ex1Ey
; DEy5DE

Ey

Ex1Ey
. ~17!

The Enskog theory leading to Eq.~17! does not account for
correlations between successive collisions and effects of
lective motion. These are included in MD simulations, whi
provide estimates of the ratio ofDm to its Enskog prediction
DE as a function of the packing fraction for the case
smooth, hard elastic discs@16,17#.
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A dimensionless diffusion coefficientDo is easily gener-
ated by normalizing the diffusion coefficient by the ratio
the grain diameter squared to the mean collision time:

Do5
DtE

d2 5
p&

64h2g~d!2 . ~18!

The dimensionless diffusion coefficients in thex andy direc-
tions,Dox andDoy , respectively, are calculated in the sam
manner and are also functions of packing fraction only.Do
was calculated usingDm and DE substituted forD in Eq.
~18! when analysing measured and predicted diffusion co
ficients respectively. The methods used to measure gran
temperature and self-diffusion coefficients, and the nota
employed, are shown in Table I.

D. Velocity autocorrelation function

The velocity of the grains was estimated by a finite d
ference calculation in which the distance moved by a gr
between the frame before and the frame after the cur
frame was divided by twice the framing interval. The cros
correlation function and the auto-correlation function for t
x andy velocity components were calculated for a range
grain numbers. An example of the velocity autocorrelat
function for N5300 andy520 mm is shown in Fig. 6~a!,
with the short time behavior of the velocity autocorrelati
function shown in Fig. 6~b!. This indicates that the relaxatio
times in thex andy directions are similar, justifying assump
tions made in Eqs.~14! and ~15!. At times of the order of
several mean collision times the motion imparted by
shaker dominates they-velocity autocorrelation functions a
evidenced by the sinusoidal variation at a period of 0.02 s
Thex-velocity component is decoupled from the shaker m
tion and no such sinusoidal signal is seen superimpose
the x-velocity component autocorrelation function. In vibr
fluidized beds, the velocity autocorrelation function appe
to decay monotonically~for times less then the period o
vibration of the base!, in contrast to the predictions of Camp
bell @19# ~albeit made for a sheared system rather tha
vibrated granular medium!.

TABLE I. Methods used to measure granular temperature
self-diffusion.

Method Granular temperature Self-diffusion coefficie

Method A Directly measured using
ballistic method
@Eq. ~1!#.

Calculated using
Enskog theory@Eq.
~9!# following direct
measurement of
granular temperature.

Method B Calculated using
Enskog theory@Eq.
~9!# following
measurement ofDm

using Eq.~2!.

Directly measured using
Eq. ~2!.

Method C Calculated using
Enskog theory@Eq.
~9!# following
measurement ofDm

using Eq.~8!.

Directly measured using
Eq. ~8!.
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V. RESULTS AND DISCUSSION

Figures 7~a!–7~c! show all the experimentally determine
diffusion coefficients (Dm) together with the diffusion coef-
ficients calculated, via Chapman-Enskog theory, from
measured granular temperature (DE). The dilute phase of a
granular gas is expected to behave as a nearly ideal ga
large distances from the base. In this phase the diffus
coefficient is high, reflecting the low packing fraction@Figs.
7~a!–7~c!#. In the dense phase, the diffusion is several ord
of magnitude lower and approaches zero as the packing f
tion approaches the 2D hexagonal close packed valueh
;0.91). Cage effects are also important at high densit
reducing the diffusion coefficient due to a combination
correlated collisions and enclosure. Direct measuremen
the diffusion coefficient using method B was only possib
above packing fractions of about 0.5~corresponding toN
;300).

Results for bothDm and DE fall onto a single line over
the whole range of packing fractions when plotted in non
mensional form@i.e., using Eq.~18!# so as to take account o
the varying mean free time between the different expe
ments@Figs. 7~d!–7~f!#. It should be noted that usingDE to
determineDo forcesDo to fall on to the theoretical line by
definition, and also that the theoretical line for thex and y

FIG. 6. Velocity correlation function.N5300, y520 mm; ~a!
up to t50.1 sec and~b! up to 0.06 sec.

d
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FIG. 7. Diffusion coefficient versus packing fraction: Total diffusion~a!, diffusion in thex direction~b!, and diffusion in they direction
~c!. Dimensionless diffusion coefficient versus packing fraction: Total diffusion~d!, diffusion in thex direction ~e!, and diffusion in they
direction ~f!. A: DE . B: Dm @Eq. ~2!# using Einstein relation.C: Dm @Eq. ~3!#.
gh
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components of diffusion are for the isotropic case. At hi
packing fractionsDo , Dox , andDoy deviate strongly from
the theoretical predictions@Eq. ~18!# as the collective behav
ior becomes more apparent, and the grains become ca
The maximum packing fraction for discs is 0.91. The diff
ed.

sion coefficient is seen to drop off rapidly beyond a pack
fraction of about 0.75 which is similar to observations r
ported in studies of discs in motion on an air table@26#.

Figures 8~a!–8~f! show the granular temperature (EX ,
EY , andEo) vs height profiles forN5300 and 350 grains
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FIG. 8. Changes in the granular temperature in each direction with height; comparison of the three methods.N5300 ~a!–~c! and 350
~d!–~f!.
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Good agreement between the three methods of measurin
granular temperature is observed~Table I! for these interme-
diate packing fractions (h;0.5). The possibility arises o
using molecular dynamics results from a hard disc gas
produce still closer agreement between the granular temp
ture measured directly~method A!, and indirectly fromDm
the

to
ra-

using Chapman-Enskog theory. Interestingly, such correc
factors tended to shift the calculated granular tempera
further from the measured values. The MD results are u
under the assumption that the system is analogous to a g
smooth, hard elastic discs. There are, of course, a numbe
important differences between such a model and the sys
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being studied here. The granular gas is not in equilibriu
there is a ‘‘heat’’ flux in the upward direction, the sourc
being the vibrating base. One consequence of this is tha
radial distribution function cannot automatically be assum
to be independent of direction, leading to anisotropy in
transport coefficients and granular temperature, and asym
try in the velocity distributions. Consequently the syste
may be in a state far from that modelled in MD studies@17#.

The vibrofluidized granular bed analogue to the MD
sults of Leuthesseret al. @17# is shown in Fig. 9. This shows
Dm normalized byDE , the value predicted by the Chapma
Enskog kinetic theory. The ratio is plotted as a function
the bulk volume occupied by the grains normalized by
minimum volume attainable, that is, a value ofV/Vo51 in-

FIG. 9. Ratio of measured diffusion coefficient,Dm , to pre-
dicted diffusion coefficient,DE . V05Nd2)/2.
da

no

.

e

,

he
d
e
e-

-

f
e

dicates that the maximum packing fraction (h50.91) has
been reached. Increases inV/Vo indicate an expansion of th
bed. A rolling average of the data points shows qualitat
agreement with MD results@17#. The figure suggests tha
above a value ofV/Vo;1.3 (h,0.7), the measured an
predicted self-diffusion coefficients are within 10–20 %
each other. At higher densities the figure suggests that d
sion drops to zero quicker than is expected from MD stud
@17#, and diffusion will cease to occur at a packing fractio
of about 0.83.

VI. CONCLUSIONS

The present investigations show that gas kinetic the
provides broad agreement with observations on the trans
and granular temperature properties of a granular bed. T
are some deviations from published MD results, indicat
that the assumption of near equilibrium is not always ap
cable in a system that is evidently in a nonequilibrium stea
state. The extrapolation of the diffusion to zero seems
indicate that the cage effects may be stronger in a vibro
idized bed than in a thermal gas. The agreement betw
Dm , the measured self-diffusion coefficient, andDE , that
predicted by Chapman-Enskog theory, at intermediate de
ties (h;0.5) indicates that this method could be used
intermediate packing fractions to reliably calculate t
granular temperature in situations where the velocities
tween collisions cannot be accurately measured.
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