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Negative electrostatic contribution to the bending rigidity of charged membranes
and polyelectrolytes screened by multivalent counterions
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Bending rigidity of a charged membrane or polyelectrolyte screened by monovalent counterions is known to
be enhanced by electrostatic effects. We show that in the case of screening by multivalent counterions the
electrostatic effects reduce the bending rigidity. This inversion of the sign of the electrostatic contribution is
related to the formation of two-dimensional strongly correlated liqU®SL) of counterions at the charged
surface due to strong lateral repulsion between them. When a membrane or a polyelectrolyte is bent, SCL is
compressed on one side and stretched on the other so that thermodynamic properties of SCL contribute to the
bending rigidity. Thermodynamic properties of SCL are similar to those of Wigner crystal and are anomalous
in the sense that the pressure, compressibility and screening radius of SCL are negative. This brings about
substantial negative correction to the bending rigidity. For the case of DNA this effect qualitatively agrees with
experiment[S1063-651X%99)16011-7

PACS numbeps): 77.84.Jd, 61.20.Qg, 61.25.Hq

I. INTRODUCTION Qy, and an electrostatic contributi@y,. In the worm model
of a linear polymer, the persistence lendthpf the polymer
Many polymers and membranes are strongly charged in & related toQ,

water solution. Among them are biopolymers such as lipid
membranes, DNA, actin, and other proteins as well as nu- 0 Qo Qe
merous synthetic polyelectrolytes. In this paper, we concen- L= T kT "ot Lotlen 5
trate on bending of membranes and cylindrical polyelectro- B B B
lytes with fixed uniform distribution of charge at their
surfaces. For a flat symmetrical membrane, the curvature fr
energy per unit area can be expressed in terms of the curv.

turesc,; andc, along two orthogonal axes %]

e\ghereLO is the bare persistent length ahg, is an electro-
gtatic contribution to it. In the absence of screening, repul-
sion of like charges of a membrane or a polyelectrolyte leads
to infinite x¢; and Lg. Only screening makes them finite.

oF 1 5 When the surface charge density is small enough Debye-
5 ~pk(Ct Cp)“+ KkGgC1Co, (1) Huckel (DH) approximation can be used. For a membrane
wherek is the bending rigidity k¢ is the Gaussian rigidity, h
and S is the membrane surface area. For cylindrical and L
spherical deformations with the radius of curvatig(see !
Fig. 1), ‘f
SFY 1, 1]
=5kR;“, i)
S 2 J X a
SFsPh .
S :(2K+KG)RC ’ (3) q b
respectively. In generalx=kg+ ke, Where kg is the d R

“bare” bending rigidity related to short range forces axg
is electrostatic contribution which is determined by the mag- a) b)
nitude of surface charge density and the condition of its

screening by small ions of the water solution. Similarly, fora g 1. Bending of membranihe curvature has been exagger-
rodlike polymer, such as double helix DNA, the change Nated. For simplicity, the WC case is depicte@) A thick mem-

free energy per unit length due to bending is given by brane. The right WC is compressed, while the left WC is stretched.
For thick membranes, this is the dominant cause of the change in

f _ EQRC_Z (4) free energy(b) A very thin membrane. Only one Wigner-Seitz cell
L 2 ' is shown. Due to finite curvature of the surface, the distance from

) _ ) any point of the Wigner-Seitz cell to the central ion is shorter than
where/L is the length of the rodQ= Qg+ Qg is the bending  that in the flat configuration. For thin membranes, this is the domi-
constant of the rod, which consists of a “bare” component,nant cause of free energy change.
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with the surface charge densityo on each sidex, was  When a membrane or polyelectrolyte is bent, the density of

calculated 2—5] when DH screening length, is larger than its SCL follows the changes in the density of the surface

membrane thickneds charge, increasing on one side and decreasing on the oppo-
site side(see Fig. 1 As a result the bending rigidities can be

oZri expressed through thermodynamic properties of the SCL,

KDH:3”T' KepH™ ™ 3 XDH (h<ry). () namely, two-dimensional pressure and compressibility. For
two-dimensional one component plasittan uniform back-

HereD is dielectric constant of water. ground these quantities were found by Monte Carlo simula-

For cylindrical polyelectrolyte with diameted much tion and other numerical method$5-17 as functions of
smaller tharr ¢, calculations in the DH limit lead to the well temperature. The inverse dimensionless temperature of SCL
known Odijk-Skolnick-Fixman formuld6] for the persis- is usually written as the ratio of the average Coulomb inter-

tence length, action between ions to the thermal kinetic enekgy,
2.2 1/252,2
A B (mn)~“Z%e
LDH_W (d<ry), () " DkgT (10

where — »=mad is the charge per unit length of the poly- wheren=g/Ze is concentration of SCle.g., forZ=3 and
mer. Equationg6) and(7) show that, in DH approximation, o=1.0 e/nm 2, I'=6.3). We will show that in the range of
ke @ndLg vanish atrg=0 so that one can measukg and  our interest 3<I"'<15 the free energy, the pressure the com-
L, in the limit of high concentration of monovalent salt. At pressibility, and, therefore, electrostatic bending rigidities
r«<>0, the quantitiesk,; and Ly, are always positive and differ only by 20% from those in the low temperature limit
grow with rg. However, in many practical situations, poly- I'—o, where SCL freezes into the WC. This difference is
electrolytes are so strongly charged that DH approximatiordue to the effects of finite temperature, in particular due to
does not work and the nonlinear Poisson-Boltzm#&RB) long-wavelength phonons and higher anharmonic correc-
equation was used to calculakg, and L. If counterions tions. All these effects are taken into account in Secs. Ill and
have charg&e, the PB equation gives, for a thin membranelV, where general results for the bending rigidity of mem-

[3], branes[Egs. (32) and (33)] and polyelectrolyte$Eq. (39)]
are given. Now we present only very simple results obtained
KeTrs ’ in the WC limit,
Kpe="_ 1+ Kepe= 3 kps (N<ry) 8
- 680;2h2 o7 0.3/2(Ze)1/2h2
and for the thin rod7] Kwe= ~0.085-hma=—0. D '
2
Log=—  (d<ry) ©) 2

PB™ 4] i Kewc= ~ gz Kwe (13)
wherel =Z72e?/DkgT is the Bjerrum length with chargg. 2 2 70) 122
Equations(6)—(9) give positive ke; and L in agreement Lwc=—0.05 7 daz—O.lOn—. (12)
with the common expectations that electrostatic effects can kgT DkgT

only increase bending rigidity.

This paper deals with the case of a strongly charged mentierea=(2Ze/30)*? s the lattice constant of the triangu-
brane or polyelectrolyte with a uniform distribution of im- lar close packed WC. The membrane and the cylinder are
mobile charge on its surface. It was shown in Rg8s-14)  assumed to be reasonably thickriz>a andd>a. In con-
that screening of such surface by multivalent counteriondrast with results for DH and PB approximationsyc and
with chargeZ=2 cannot be described by the PB equation.Lwc arenegatve, so that multivalent counterions make a
Due to strong lateral Coulomb repulsion, counterions conmembrane or a polyelectrolyte more flexible. For a mem-
densed on the surface form strongly correlated twobrane withc=1.0 e/nm 2, h=4 nm atZ=3 we find that
dimensional liquid(SCL). Their correlations are so strong a=1.7 nm, inequality Zrh>a is fulfiled and Eg. (11)
that a simple picture of the two-dimensional Wigner crystalyields xyc=—14kgT (at room temperatuje This value
(WC) of counterions on a background of uniform surfaceshould be compared with typicat,~20—100gT. For a
charge is a good approximation for calculation of the freecylindrical polyelectrolyte with parameters of the double he-
energy of the SCL. The concept of SCL was used to demonkix DNA, d=2 nm andn»=5.9 e/nm, inequalityrd>a is
strate that two charged surfaces in the presence of multivaralid and we obtairkyc= —4.9 nm, which is much smaller
lent counterions attract each other at small distancethan the bare persistence lendth=50 nm. We should,
[10,13,14. It was also shown that cohesive energy of SCLhowever, note that our estimates are based on the use of the
leads to much stronger counterion attraction to the surfacbulk dielectric constant of wated =80. For the lateral in-
than in conventional solutions of the Poisson-Boltzmanrteractions of counterions near the surface of organic material
equation, so that surface charge is almost totally comperwith low dielectric constant, the effectivi@ can be substan-
sated by the SCI[14]. tially smaller.(In macroscopic approach, it is close Bd2.)

In this paper we calculate effect of SCL at the surface ofAs a result, absolute values &fyc andLyc can grow sig-

a membrane or a polyelectrolyte on its bending rigidity. nificantly.

)1/2
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Negative electrostatic contributions to the bending rigidityattraction to the background is provided by a triangular close
were also predicted in two recent papgt8,19. The authors packed WC of counterions. Let us write energy per unit sur-
considered this problem in the high temperature limit whereface area of WC aE=ne(n), wheree(n) is the energy per
attraction between different points of a membrane or a polyion. One can estimate(n) as the interaction energy of an
electrolyte is a result of correlations of thermal fluctuationsion with its Wigner-Seitz cell of background chargehexa-
of screening atmosphere at these points. Such theories dgen of the background with charge Ze). This estimate
scribe negative contribution to rigidity f&=1 or for larger  gives &(n)~ —Z%e?/Da~ —Z%e’nY3D. A more accurate
Z but with weakly charged surfaces wheke<1. On the expression foe(n) is [23]
other hand, aZ=3 and largeo, one deals with low tem-
perature situation whefi>1. In this case the main terms of e(n)=—an'?2%e’D =~ 1.1TkgT, (13
the electrostatic contribution to the bending rigidity are given )
by Egs.(11) and(12), which are based ostatic spatial cor- wherea=1.96. At room temperature, E(L3) can be rewrit-
relations of ions. As we mentioned above I# 1, the in- €N as
clusion of all the dynamic terms result in less than 20%
corrections to Eqs(11) and(12).

i o1 Lo Smpnasiz at conan 10 RO pndihereote s measured in uisof .
At 0=1.0 e/nm 2, Eq. (14) gives|s(n)|=7kgT or I

or a polyelectrolyte. We are not talking about a global insta-_6 3 atz=3, and|e(n)|=13T or ['=12 atZ=4. Thus
- . - y _— B - - . y

bility of a membrane or polyelecirolyte due to self-attractlon,for multivalent ions at room temperature we are dealing with

where, for example, a membrane rolls itself into a cylinder or, : o
’ ' . - the low temperature regime. However, it is knoj¥] that
a polyelectrolyte, as in the case of DNA, rolls into a toroidal P g ]

article[10]. Global instabilities can happen even when totaldue to a very small shear modulus, WC melts at even lower
I%cal bendiﬁ rigidities are still ositi\F/)ep To prevent thesetemperature:leSO. Nevertheless, the disappearance of
instabilities i?w eg eriment one cgn Work Withpa small arealong range order produces only a small effect on thermody-
membrane or shgrt olyelectrolyfe0] or keep their total namic properties. They are determined by the short range
poly y p the . __order, which does not change significantly in the range of our
bend small by an external force, for example, with optical. .
interest 5<1'<15[10,11,13,14 This can be seen from nu-
tweezerd21,22, merical calculation§15—17 of thermodynamic properties of
It is known that, in a monovalent salt, DNA has a persis-

tence lengti>50 nm that saturates at 50 nm at large Con_cIaSS|caI two-dimensional SCL of Coulomb particles on the

. o izi . b< i -
centration of salt. Thus, it is natural to assume that the bargeutrallzmg background. In the range 8550, the inter

persistence lengtih,=50 nm. However, it was found in fial energy of SCL per counterion(n,T), was fitted by
Refs.[20—-27 that a relatively small concentration of coun- e(n,T)=kgT(— 110+ 0.58 4+ 0.74), (15)
terions withZ=2,3,4 leads to an even smaller persistence

length, which can be as low ds=25—30 nm. We empha- with an error of less than 2%i5]. The first term on the
size that a strong effect was observed for multivalent counright-hand side of Eq(15) is identical to Eq(13) and domi-
terions which are known to bind to DNA due to the nonspe-nates at largd’. All other thermodynamic functions can be
cific electrostatic force. obtained from Eq(15). In the next section we show that,

These experimental data can be interpreted as a result ghdL, are proportional to the inverse isothermal compress-
replacement of monovalent counterions with multivalentipijity of SCL at a given number of ions!,

ones that create SCL at the DNA surface. As we stated be-
fore, multivalent counterions should produce a negative cor- x t=n(dPlon)t, (16)
rection toL,, although the above calculated correction to
persistence length is smaller than the experimental one. where
This paper is organized as follows. In Sec. Il we discuss
thermodynamic properties of SCL and WC as functions of its P=—(dF/3S)1=[ne(n,T) +nkgT]/2
density and temperature. In Secs. Ill and IV we use expres- _ 14
sions for their pressure and compressibility to calculaig, =nkgT(—0.597+0.2A7+0.87 (17

andLsc, and their asymptotic expressiorgc andLwc. In ig the two-dimensional pressuriejs the free energy of SCL

Sec. V we calculate contributions of the tail of screening o : -
and S=N/n is its area. Using Eq(17) and relationdl’/on
atmosphere tok, and L, and show that forZ=2 and —T'/2n. one finds g Eql?)

strongly charged membranes and polyelectrolytes, tail con-
tri_butions to the bending rigidity are small in comparison ¥ '=nksT(—0.83 +0.3314+0.87), (18)
with that of SCL.

e(n)=—1.4 2% ole)Y%gT, (14)

where the first term on the right-hand side follows from Eq.
(13) and describes the WC limit. The last two terms describe
finite temperature effects, in particular the contributions of
phonons and anharmonic terms; they give a 33% correction

Let us consider a flat surface uniformly charged with sur-to the WC term atfl’=5 and only a 12% correction dt
face density— o and covered by concentration= o/Ze of =15. So one can use zero temperature, 84), as first
counterions with chargg&e. It is well known that the mini- approximation to calculate,, andL,. This is how we ob-
mum of Coulomb energy of counterion repulsion and theirtained Eqs(11) and (12).

Il. STRONGLY CORRELATED LIQUID AND WIGNER
CRYSTAL
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Equations(17) and(18) show that, in contrast with most JF of of
of liquids and solids, SCL and WC hawegativepressureP P=- (g) =- N(%) = nza_n’ (21)
and compressibilityy. We will see below that anomalous NT N.T
behavior is the reason for anomalonegativerigidity «
and persistence length,, and positive Gaussian rigidity 1_ f —5 2ﬂ+ 3ﬁ 22
Kgel- The curious negative sign of compressibility of two- X -n an T_ : an : on2’ (22
dimensional electron SCL and WC was first predicted in Ref.
[24]. Later it was discovered in magnetocapacitance experieq. (20) can be rewritten as
ments in metal-oxide-semiconductor field-effect transistors
and semiconductor heterojunctiofs,2§. SP S/ 1

According to Eq.(18) y =0 atI'=1.48, P=0 atI’ 5FL,R:75HL,R+¥ Z_P>5”E,R- (23

=2.18 and they become positive at smallerAs one can
see from Eqs(14) and(10), at o~ 1.0 e/nm 2 such small
values ofl" correspond t&Zz=1. Thus, the surface layer of
monovalent ions does not produce large negatiyeandL

in comparison with multivalent ions. For them, the conven-

So, the total change in the free energy of the membrane
per unit area is

tional results of Eqs(6)—(9) related to counterions in the ﬁz 5FL+5FR: E(n +n —2n)+£ i_p)
long distance tail of screening atmosphere work better. We S S nt bR n2\2x

will return to this question in Sec. V where we discuss the

role of these tails. X[(n.=n)?+(ng—n)?]. (24)

Before ending this section, we would like to mention that N .
Eq. (15) for the internal energy was obtained by Monte Carlo In the case of F:yhndncal geonleltry, keeping only terms up
simulations of a flat two-dimensional system with a largel© Second order in the curvatuRg *, we have
number of particles. In reality, a membrane or a polyelectro-

lyte are flat only on the local scale. The accuracy of our S Re N~ l_L h_2 N (25)
approach is proportional to the ratio of the Wigner-Seitz cell LRTR.=h2" | ""2R.  4R?
size to the size of the local flat area. Depending on specific ¢
membranes and polyelectrolytes, this correction may vangubstituting Eq(25) into Eq. (24), we get
from a fraction of one percent to 10—-20 %. A Monte Carlo
simulation to investigate the finite size effect would be de- SEY 1
sirable. S :4—h2RC‘2. (26)
X
ll. MEMBRANE Similarly, in the case of spherical geometry we have
We will consider a “thick’” membrane for which one can R 2 h  3n2
neglect the effects of the correlation of SCL on two surfaces N, = (_C) n=l1¥—+>"1|n (27)
of the membrane. If we approximate SCL by WC, the energy Re+h/2 Re 4R§
of such correlations between two surfaces of the membrane
decay as expf2wh/a), so the condition of “thickness,’h and
>2ma, is actually easily satisfied for a strongly charged
5Fsphere 1 P
membrane. _ (_ _ _) h2R-2 28)
Let us first write the free energy of each surface of the S X 2 ¢

membrane as
Comparing Eqgs(26) and (28) with Egs.(2) and(3), we
F=Nf(n,T), (19 obtain general expressions for the electrostatic contribution
to the bending rigidity,
wheref(n,T) is the free energy per ion.
When a membrane is befisee Fig. 1a)], the surface h? h?p
charge on the right side is compressed to a new dengity Kelzﬂv Keel™™ 75 (29)
>n, while the surface charge on the left-hand side is

stretched tan, <n. Since the total charge on each surface isFor example, in the case of low surface charge density, the
conserved, this change in density leads to a change in theH approximation can be used to déf

free energy of each surface,
2

g
f 1 52 f(n,T)=27—n"1rg, (30

5F, o N| 2 on, = 2 sn2 (20) D
’ an ’ 2 (7n2 LR

from which we can easily get a generalization of Eg).for
in which we kept only terms up to second orderdn, x @ “thick” membrane fi>ry),
= nL’R_ n.
Using the definitiong17) and (16) for the pressure and
the compressibility of 2D systems

2
[oa
KDszﬁﬁhzrs, KG,DH:_EKDH' (31)
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In the case of high surface charge density that we study ir
this paper, a SCL of multivalent counterions resides on eact 4
surface of the membrane. The expressions for the pressur !
and the compressibility given by Eqg&l7) and (18) can be
used to calculate the bending rigidity,

nh? 1/4 9

nh2 1/4 )
Kg,scL™ — TkBT(_OST+02T +087) (33) 2

In the limit of a strongly charged surfac€% 1), the first l‘; —L
term in Egs(32) and(33) dominates, the free energy of SCL Y a) b)

is close to that of the WC. Using E¢L0) one arrives at Eq.
(12) for the bending rigidity in the WC limit. FIG. 2. Bending of cylindrical polyelectrolyte&) A thick cyl-

As already stated in Sec. |, fér>3, Egs.(32) and(33)  inder. Rigidity is mostly determined by the change in density of
give a negative value for the bending modulus and a positiv&CL. (b) A thin cylinder. The curvature effect is the dominant cause
value for the Gaussian bending modulus. In other wordsef change in free energy.
multivalent counterions make the membrane more flexible.

This conclusion is the opposite of the standard results obeloser to the central counterion of the cell in the three-
tained by mean field theori¢&gs.(6), (8), and(31)] where  dimensional space where Coulomb interaction operates. As a
electrostatic effects are known to enhance the bending rigidesult, the energy of SCL goes down. In the Wigner-Seitz
ity of membranes £,,>0 and kg <<0). Obviously, this approximation, where energy per ion of the WC is approxi-
anomaly is related to the strong correlation between multivamated by its interaction with the Wigner-Seitz cell of the
lent counterions condensed on the surface of the membrangackground charge, we obtain
which was neglected in mean field theories.

We can also look at Eq$31) and(11) from another in- 2.3

. og“a . 2 ..
teresting perspective: apart from a numerical factor, (Bj. K= — 0.006—. KW=~ 3 K. (35)

is identical to Eq(11) if we replacers by —a. So the WC of
counterions has effect on bending properties of the mem-
brane as if one replaces the normal 3D screening length oiVe see that this effect also gives anomalous signs for elec-
counterions gas by megativescreening length of the order trostatic contribution to rigidity in the WC limit, but with a

of lattice constant. Such negative screening length of the w@ery small numerical coefficient. Also note that, as in the
or SCL was derived for the first time in RéR7]. It follows  thick membrane case, we can obtain E2§) for a thin mem-
from the negative compressibility predicted in Rgf4], and ~ brane by replacings in Eqg. (6) by a negative screening

observed in Refd.25] and[26]. radius of the WC with absolute value of the order
Until now we have ignored the effects related to Poisson’s
ratio op of the membrane material. We are talking about the IV. CYLINDRICAL POLYELECTROLYTES

bending induced increase of the thickness of the compressed

(right) half of the membrane, simultaneous decrease of the In this section, we study the bending properties of cylin-
thickness of its stretchedeft) half, and the corresponding drical polyelectrolytes with diameted and linear charge
shift of the neutral plane of the membrafthe plane which densityn (see Fig. 2 As in the membrane problem, we will
by definition does not experience any compression omssume that the cylinder is thick, i.e., its circumferenckis
stretching to the left from the central plane. These deforma-much larger than the average distaadeetween counterions
tions can be found following Ref28] and lead to the addi- on it surface. The calculation is carried out exactly in the
tional term oph?/(1—0p)RZ in the right-hand side of Eq. same way as in the case of thick membrane. The only differ-

(25). It gives for the bending rigidity ence is that, instead of summing the free energy of two sur-
faces of the membrane, we average over the circumference
h?  op PH? of the cylinder.
Kel™2y Tz op 2 (34) Let us denote by, the local density at an angtg on the

circumference on the cylindgsee Fig. 2a)]. Before bending

So, for example, atp=1/3, the second term of E¢34) ng=n=y/mdZe, after bending it changes to a new value,
gives a 33% correction to E¢11).

According to Egs.(29), (32), and (33) k¢ =0 ath=0. R dcos¢ d2cofe
This happens because in this limit two SCL merge into one, n,=n——————=~n| 1+ +
whose surface charge density remains unchanged after bend- Rc—(df2)cosé 2R; 4R§
ing. Nevertheless, there is another effect directly related to (36)
the curvature of SCL. It can be explained by concentrating
on one curved Wigner-Seitz c¢Bee Fig. 1b)]. One can see Using Eq.(24) the free energy per unit length of the polymer
that, due to the curvature, points of the background comean be written as
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SE 27d = 1/1 easily in the WC limit. Let us consider the electron at the
i §d¢(ﬁ(n¢—n)+ - 2——P)(n¢—n)2) origin; its energy can be written as
0 n X
Z%e> (L Ze
o (d 3 _ _ Y
:Z(E) R;Z, (37) & i Drl J,Lds_DS y (42)

where we keep terms up to second order in the curvatur@herer;=ia andsis the contour distance from our ion to an
R-L lattice pointi and the elements of the background charge.
CComparing Eq(37) with Egs.(4) and(5), one can easily In the straight rod configuration the space distant is the same

calculate the electrostatic contribution to the persistenc%)S the contour distance; however, after bending they change
length

+ [d\3 rl=ri(1-r?24R%), s'=s(1-s%24R?). (43
Lo kaT | 2 38
X¥8 Using these new distances to calculate the energy of the bent

In the case of a highly charged polymer, a SCL of Counteri_rod and subtract Eq42) from it, one can easily calculate the

ons resides on the polymer surface. For a thick cylinder, thggﬁ?r?beutlignetgerge%s?sut:nz:% (I::r:v?r:lljre and the corresponding
SCL is locally flat and we can use the numerical expressiorsi: P gth:
(18) for x ! to obtain

. I
T LU\}QZ - 9_6! (44)
LSCngnd?’(—O.BC{“+O.3T1’4+ 0.87). (39)
which is negative and very small. For example, 7ot 3, 4,

thin _ ;
Again, we see that correlations between counterions ofrwc = —0.065 and—0.116 nm, respectively.

the surface of a polymer lead to a negative electric contribu-

tion to persistence length fdr>1.5. In the WC limitT" V. CONTRIBUTIONS OF THE TAIL OF THE SCREENING

>1, the first term in Eq(39) dominates, and using E¢LO) ATMOSPHERE

one can easily obtain E@12). . . I
As in the membrane case, for simplicity, in writing Egs. In preceding sections, we calculated the contribution of a

(36), we have ignored the effect of finite value of the Pois-SCL Sf countenolnslth?t :St cc;ndt(ar]nge% or:j.the .Su.g.‘ilcev(\)/f a

son’s ratio of the polymer material. In membranes, this effecfneM ragehor phO ye eg rolyte to I(Ie” ending r'g('j :)y. h €

results in a gain in energy due to the shift of the neutral plam—fflssume t. at C_ a;ge ensatylns tofta y complensfate y the

toward the conveXstretched sides. For a cylinder, there is concentratiom=o/Ze. A_ctua y, for examplé, for a mem-

an additional expansion in the direction (Fig. 2) that re- brane, some concentratioN,(x), of c_ounterlons is d|str|_b-

duces the change in surface charge density, hence comp ed at a distance from the surface in the bulk of solution

sates for the above gain. These deformations can be fourl#€ call it the tail of the screening atmosphere

following Ref.[28] and lead to a correction to Eq&6), The standard solution of PB equation for concentration
N(x) at N()=0 has a form
d cos¢ dzco§¢< op 2) 1 1
Ny n(l-l— 2R, (1-—0p)+ 4R§ 1 5 +op N(X)Zﬁ o (45)
—dza%(l—cos%) (40) where \=Ze/(2ml o) is Gouy-Chapman length. At>1,
R2 ' correlations in SCL provide additional strong binding for
counterions, which dramatically change the form Nfx)
This gives, for the persistence length, [14]. It decays exponentially at<x<1/4, and atx>1/4 it
behaves as
o [(d\31 5 5
Le|=ﬁ(§ (—(1—op> +P(Bop—0f)|. (4D 11
B X N(x)= (46)

27 (A+x)?°
Obviously, due to the expansionyrdirection, the correc-

tion to energy is not as strong as in the membrane case. Fbétere A=Ze/(2wl0*) is an exponentially large length and

example, atop=1/3, Eq.(41) gives only 3% correction to o™ is the exponentially small uncompensated surface charge

Eq. (12). density at the distance 1/4. In any realistic situation when
According to Eqs(39) and(12), atd=0, «,, vanishes. In  N() is finite or a monovalent salt is added to the solution,

this limit, we have to directly include the curvature effect on Egs.(45) and(46) should be truncated at the screening radius

one dimensional SCL, as shown in FiglbR2 As already rs. Then the solution of the standard PB equation gi\&s

mentioned in the previous section, after bending, points on &g. (8) atr >\ or Eq.(6) atrg<\. In the case of SCL, for

Wigner-Seitz cell come closer to the central ion, which low-realistic values of ¢ in the rangel/4<r <A, we obtain a

ers the energy of the system. This effect can be calculatedontribution of the tail similar to Eq6),
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(o*)%rd Another approximation which we used is that the surface
S . . .
D (47 charge is uniformly smeared. This cannot be exactly true
because localized charges are always discrete. Nevertheless
our approximation makes sense if the surface charges are
distributed evenly, and their absolute value is much smaller
than the counterion charge. For example, when the surface

: T charged heads have chargeand the counterion charge is
case, the solution of the PB equation is knoi@8] to con- Zex>e, then the repulsion between counterions is much

firm the main features of the Onsager-Mann[8g] picture o 0o than their pinning by the surface chargesZ A3

of the counterion condensation. This solution depends on the seem to be close to this picture. On the other hand, if the
relation betweer}n| and 7.=Ze/l. In the case interesting g face charges were clustered, for example, they form com-
for us, | 77|_> 7¢, the counterion chargeey| — 7 is localized  pact triplets, the trivalent counterion would simply neutralize
at the cylinder surface, while the chargg is spread in the sych cluster, creating a small dipole. Obviously our theory
bulk of the solution. This means that at large distances thg,ould overestimate electrostatic contribution to the bending
apparent charge density of the cylindey,, equals— 7. and rigidity in this case.
does not depend on. Equation(9) can actually be obtained Al calculations in this paper were done for pointlike
from Eq. (7) by substitutingz, for 7. counterions. Actually counterions have a finite size and one
Itis shown in Ref[14] that atl'>1, the existence of SCL can wonder how this affects our results. Our results, of
at the surface of the cylinder leads to substantial correctiongourse, make sense only if the counterion diameter is smaller
to the Onsager-Manning theory. Due to additional binding ofthan the average distance between them in SCL. For a typical
counterions by SCl.»,|<|7| and is given by the expres- surface charge densityr=1.0 e/nm 2, the average dis-
sion tance between trivalent ions is 1.7 nm, so that this condition
IN[N(0)/N(%2)] is easily satisfied. The most important correction to the en-
Na= — Yo", (49 ergy is related to the fact that dug to the ion’s finite size, the
In(4rs/1) plane of the center of the counterion charge can be located at
some distance from the plane of location of the surface
: : k X charge. This creates an additional planar capacitor at each
distancer =1/4 from the cylinder axis, used in Réfl4] as & gyface and results in a positive contribution to the bending
boundary condition for PB equation &t=0. Therefore, one igigity similar to Eq.(31) that can compensate our negative
can obtain for the tail contribution the estimate from thecqniribution. On the other hand, if the negative ions stick out
above using Eq(9). For Z=3 andry=5 nm this givesL;  f the surface and the centers of counterions are in the same
<1 nm. For DNA, this contribution is much smaller than yjane with centers of negative charge this effect disappears.
Lsci=—5 nm. In the general case, one can look at this problem from
another angle. Let us assume that the bare quanikitesd
VI. CONCLUSION L, are constructively defined as experimental values ob-
We would like to conclude with the discussion of ap- tained i.n the limit of a high concentration. of monovalent
proximations used in this study. First, we assumed that thggg?ézgﬁn; nl'qitng\slglesrg[ Z,S%\J,ggrf{] 2;f;fe?iljint(i)etshgfscukrj-seg

surface charges are immobile. This is true for rigid polyelec-

trolytes, such as double helical DNA or actin, as well as forface are the same. This means that the planar capacitor effect

frozen or tethered membranes. But if the membrane is quid(,j's‘Cussed above is already included in the bare quan_tdges
its charged polar heads can move along the surface. In th dLo. Th_en the replacement of monovalent counterions by
case surface charges can accumulate n@avalent counter- < valent will always lead to Eqd11) and(12).

ion and screen it. Such screening creates short dipoles ori- In summary, we have shown that condensation of multi-
valent counterions on the surface of a charged membrane or

ented perpendicular to the surface. Interaction energy be ;
tween these dipoles is much weaker than the correlatio olyelectrolyte happens in the form of a strongly correlated

energy of SCL. Therefore, it produces a negligible contribu- oulomb liquid, Wh_'Ch close_ly _res_embles a Wigner crystal.
tion to the membrane rigidity. The mobility of the charged Anomalous properties Of.ﬂ."s. liquid lead 1o the observable
polar heads eliminates effects of counterion correlation onif!€créase of the bending rigidity of a membrane and polyelec-
in the situation where the membrane has polar heads of twgolyte.
different charges, for example, neutral and negative ones. In
such a membrane, the local surface charge density can grow

due to the increase of local concentration of negative heads. We are grateful to V. A. Bloomfield and A. Yu. Grosberg
But if all of the closely packed polar heads are equallyfor valuable discussions. This work was supported by NSF
charged their motion does not lead to redistribution of theGrant No. DMR-961688QT.N. and B.S. and Grant No.

k=3

At reasonable values af,, this expression is much smaller
than k. due to very small values of the ratie*/o.
Now we switch to a cylindrical polyelectrolyte. In this

where N(0) is an exponentially small concentration at the
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