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Transitions in the horizontal transport of vertically vibrated granular layers
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Motivated by recent advances in the investigation of fluctuation-driven ratchets and flows in excited granular
media, we have carried out experimental and simulational studies to explore the horizontal transport of granu-
lar particles in a vertically vibrated system whose base has a sawtooth-shaped profile. The resulting material
flow exhibits novel collective behavior, both as a function of the number of layers of particles and the driving
frequency; in particular, under certain conditions, increasing the layer thickness lead®versal of the
current while the onset of transport as a function of frequency occurs gradually in a manner reminiscent of a
phase transition. Our experimental findings are interpreted here with the help of extensive, event driven
Molecular Dynamics simulations. In addition to reproducing the experimental results, the simulations revealed
that the current may beeversedas a function of thelriving frequencyas well. We also give details about the
simulations so that similar numerical studies can be carried out in a more straightforward manner in the future.
[S1063-651%99)15811-3

PACS numbe(s): 83.70.Fn, 45.70:n, 05.40--a, 83.20.Jp

I. INTRODUCTION focused on vibration-driven granular flow, and the details of
the resulting convection patterns have been examined, both
The best known and most common transport mechanismiy direct observatiori4,5,7,§ and by magnetic resonance

involve gradients of external fields or chemical potentialsimaging[6,16]. Granular convection has also been simulated
that extend over the distance traveled by the moving objectglumerically by several groups; the study most closely related
However, recent theoretical studies have shown that there af@ the present work deals with the horizontal transport that
processes in far from equilibrium systems possessing vect&Ccurs when the base is forced to vibrate in an asymmetric
rial symmetry that can bias thermal noise type fluctuationgnanner{17].
and induce macroscopic motion on the basis of purely local
effects. This mechanism is expected to be essential for the
operation of molecular combustion motors responsible for Wwe have experimentally investigated of the horizontal
many kinds of biological motion; it has also been demon-flow of granular material confined between two upright con-
strated experimentally in simple physical systeih], in-  centric cylinders undergoing vertical vibration. In order to
dicating that it could lead to new technological developmentsnduce transport, the height of the annular base between the
such as nanoscale devices or novel types of particle separgylinders has a periodic, piecewise-linear profiie other
tors. Motivated by both of these possibilities, as well as bywords, it is sawtoothlike The experimental setup is also
interesting new results for flows in excited granular materialgjescribed in Ref[18], and is briefly reviewed here.
[3-8], we have carried out a series of experimental and
simulational studies that explore the manner in which granu- A. Apparatus
lar particles ardorizontallytransported by means wértical
vibration.

II. EXPERIMENTS

Figure 1 shows a schematic view of the experimental ap-
. . . paratus. To achieve a quasi-two-dimensional system without

In the corr(::-’spondmg theo_retlcal models, known as ther'boundaries in the direction of the expected flow the granular
maI_ ratchets, fluctuaﬂon-dnven transport pherjomena. Calnaterial is placed between two concentric glass cylinders
be interpreted in terms of overdamped Brownian particle 7]. The mean diameter of the cylinders is 9.2 cm, while the
moving through a periodic but asymmetric, one-dimensiona:E(,il'O between the cylinders is 3.5 mm. A riné fiIIin1g the gap
potential in the presence of nonequilibrium ﬂuctuationsbe,wveen the cylinders, with a éawtodth profile on its upper
[9-12]. Typically, a sawtooth-shaped potential is considered urface, is mounted 01’1 the base of the container; the ring is
and the nonlinear fluctuations are represented either by ad Sade o’f either PV@soft plastio, hard plastic or alljminum,

tlo?al t_ralndomcft?lr Cef or byﬁsw;tchmg bet\(veen ;WO. d'ffertﬁmand different sawtooth shapes are used. The entire assembly
FIO ?n I?S' dri ofec 'V,? eh ects | occl;urnng l'gm%g is vertically vibrated with a displacement that depends sinu-
uctuation-driven motion have also been considerb- soidally on time. Monodisperse glass balls are used in the

15], leading to a number of unusual effects that include Cur'experiments, which are nearly spherical with diameter

rent reversal as a function of particle density. Here we iNVeS3 2" 206 As shown in the inset of Fig. 2, the size of

tlgate' an analogo.us transport . mechanism - for granula{he sawtooth is in the same range as that of the particles.
materials. By carrying out experiments, both real and nu-

merical, on granular materials vibrated vertically by a base
with a sawtooth profile, it is possible to achieve a fascinating
combination of two topics of considerable current interest: Provided the frequency is sufficiently large, the vertical
ratchets and granular flows. A number of recent papers hawabration causes horizontal flow of the entire granular layer.

B. Results
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I FIG. 3. Horizontal velocityv,) as a function of the dimension-
less acceleratioh' at constant amplitudeA=2 mm). The experi-
FIG. 1. Schematic view of the experimental apparatus. ~ Ment is for a strongly asymmetric aluminum sawtoottv (
=12 mm,h=7 mm, a=0) and 200 glass balls. In the inset we
This bulk motion is reproducible over repeated experimentsdisplay the data on a log-log scale far,) close to the transition as
The average flow velocity is determined by tracking indi- function of I'*=(I'=T')/T'c whereI';=1.7. The slope of the
vidual tracer particles visible through the transparent cylinfitted line is 0.48.
der walls. In order to average out fluctuations, the particles
are allowed to travel large distances; depending on the sizectual sawtooth and particle shapes are also indic&esi-
of the fluctuations this distance is between 1.5 and 6 mive velocitiesare defined as follows: Moving in the positive
(equal to 5-20 times the circumference of the systétach  direction the first edge of a sawtooth is the steeper one; i.e.,
point shown in the graphs is an average over 3—6 tracefrom left to the rightfor these cases. The vibration amplitude
particles. and frequency ar&=2 mm andf =25 Hz; the dimension-

Figure 2 shows the horizontal flow velocity as a function|ggg acceleratiof = (2f)2A/g is an important quantity for
of the number of particles for various possible systems. Th‘?/ibrated granular systems, so that h&re5.

s We have observed a variety of qualitatively different

' ' kinds of behavior, some of which can be interpreted by
. 10 mm simple geometrical arguments. The most surprising phenom-
4 enon is that in certain cases the velocity changes sign; in
TTomm other words, the flowdirection depends on the layer thick-
3t ness. In some cases the curves are monotonically decreasing,
_ T %'mm while others have well defined maxima. Altering the particle
L, “Tom ] shape reduces the velocity and shifts the location of the
g — l_>¢3mm maximum, but the shape of the curve remains unchanged
A, ) L /‘S{thnm (results not shown herelLikewise, changing the elasticity of
G = the base does not alter the curves qualitatively. The only
1:3 feature common to the different curves is that beyond a cer-
Q pros - TR tain layer thickness the velocity magnitude decreases as fur-
— Qbm ther layers are added.
1 e Figure 3 shows th& dependence of the flow velocity for
—e— b a system of 200 ball&@mounting to 4 layejsor constantA.
e Flow occurs only above a critical acceleratidh=1.7.
‘20 2 4 é 3 10 Above this critical value the velocity appears to follow a
n power law
FIG. 2. Average horizontal velocity of the beads as a function of v(I)ee(T— Fc)O'AB, 1)

height of the granular layer. Here we characterize the height of the
layer byn=N/k, whereN is the total number of particles arkdis

the number of particles in a single layer. The various curves repre- ) .
sent measurements for various sawtooth shagéen by their ~ SU9gesting that the onset of flow resembles the kind of phase

width w, heighth, and asymmetry parameterwhich is the ratio of ~ transition observed in hydrodynamic instabilities such as
the horizontal projection of the left part of a tooth to its total exten- thermal convectioi19]. In this particular case the exponent
sion) and materials. The shape of the sawtooth can be seen in th&€ obtained is close to 1/2, indicating that the transition is
figure, the filled sawtooth represents hard plastic material, the othmore like a bifurcation. However, for other parameterse,

ers are made of PV(@oft plastig. The particles are glass balls. The €.g., the simulational results presented in Seq. Wé ob-
amplitude and the frequency ake=2 mm,f=25 Hz. tained other exponents as well.
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PY § the velocities of two particles after a collision, a simple
model is used that corresponds to recent collision models
[28-30 with B,=0, i.e., without tangential restitution.

The algorithm described if26] has been implemented in
our simulation with some extensions, e.g. gravitational field,
rotating particles, sinusoidally moving objects. In the Appen-
dix we give some details of the calculations specific to this
simulation so that similar studies could be carried out or
reproduced in the future in a more direct manner.

A typical problem arising in event driven granular simu-
lations is called inelastic collapg81]. One possibility to
avoid the numerical difficulties associated with it is to make
the coefficient of normal restitutione§ velocity dependent

FIG. 4. Visualization of the arrangement used in the simula-r31 32. We use a very simple rule in our simulation:is
tions. The upper wall is fixed, the sawtooth shaped base is oscilla 'on,stant untily />y min (v' is the relative normal velocity of
ing sinusoidally. Periodic boundary condition is applied in horizon- n-.n n

wal direcii the colliding particles after the collisionhowever, if v,
al direction. N . . n
would be less thavy'", it is set to this minimal normal
velocity: v,=v'"". Therefore, the relative normal velocity
cannot be less thav"" between two objects after their col-
Simulations have been useful in the studies of granulafision. Usingvnm‘”=5 mm/s is enough to avoid inelastic col-
systemg 20,21]. Here we perform event-driven simulations |apse, and still this extra rule does not influence the dynamics
of inelastic particles with an additional shear friction in aof the system, as far as the transport is concerned. We
two-dimensional system whose base has a sawtooth-shapeHecked this by determining the proportion of collisions
profile. In event driven simulations the difficult part of the when this rule had to be used and checking the change in the
algorithm is determining the next evefg.g., the next colli- average velocity as the threshold value was lowered. We
sion), and the motion of the particles is calculated analyti-found that in most situations the number of collisions when
cally between two even{4-26. The event driven simula-  this rule has to be applied is negligible, and even in dense
tions discussed below represent an alternative to the morg;stems we did not detect a charigeyond error bajsn the
common Molecular Dynamics calculations assuming differ'transport velocity Whewnmi” was decreased. The simulation
entiable interaction potentials between the parti€®4. program was written in C programming language, and it ran
The particles are modeled as disks with a given radius gy, personal computers with Linux operating system.
These disks can rotate, their moment of inertiér’rﬁqri2 (m;
is the mass of theéth particle. The motion of the beads is
simulated in two-dimensional celéee Fig. 4. To realize the
topology of the experiment, periodical boundary condition is  The system we studied is a complex one, with many pa-
applied in the horizontal direction. The height of the cell isrameters. Since it is impossible to explore the dependence of
chosen in such a way that the number of particles hitting théts behavior on each of the parameters, some of them were
upper wall is negligible. The base is oscillating sinusoidallyfixed in all of the simulations(Still there remained quite a
with frequencyf and amplitudeA. The geometry of the base few parameters to vary, the results shown in this section are
can be seen in Fig. 5 in detail. The shape of a tooth can bselected from simulations with more than 5000 different pa-
described by three parameters: its heightwidth w and  rameter sety We fixed two parameters: the width of a saw-
asymmetry parametea. This asymmetry parameter &  tooth wasw=6 mm and the amplitude of the oscillation
=I/w, wherel is the distance of the projection of the saw- was A=2 mm. According to previous resul{83], the di-
tooth’s top point from the left side point of the unit. The top rection of the horizontal transport does not depend very
point of a tooth is rounded by an arc which smoothly joinsmuch on the friction coefficienk. It may, however, depend
the two sides. on the coefficient of restitution, but due to the great num-
We consider collisions during which the particles canber of other parameters, was kept at fixed value of 0.8 in
stick to or slide along each other’s surface. For calculatingall parameter sets except for one series when it was varied
from 0.4 to 1.0. For the sake of simplicity, bathand . was
pR chosen to be the same in particle-particle and particle-wall
S collisions, although the simulation allows setting different
h values for different type of collisions. The radii of the par-
ticles varied from 1.05 to 1.155 mm uniformly, to avoid the
_ _ , formation of a hexagonal structure which often appears in
A 5 " f two dimensions when the system freezes. The masses were
equal; hence, it did not matter what their actual value was.
FIG. 5. Geometry of the sawtooth base. The shape of a tooth can
be described by three parameters: its helghwidth w, and asym-
metry parametea=1/w, wherel is the horizontal projection of the
left part of the tooth. The top of the teeth are rounded by an arc with  First we investigated howv,) depends on the shape of
radiuss smoothly joining to both sides. the sawtooth(other parameters were kept fiyedvhere the

IIl. EVENT-DRIVEN SIMULATIONS

IV. RESULTS

A. Dependence on the sawtooth shape
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FIG. 8. Horizontal transport as a function of layer width at three
different frequencies, when the shape of the sawtoothhis
=6 mm anda=0.25. The system width was WG-60 mm, one
run lasted for 30 internal s. The data is the average of seven runs.

FIG. 6. Horizontal transport as a function of the asymmetry of
the sawtooth. The shape of the curves depends on the Heigfht
the sawtooth.

average has been taken over both time and the individugort vanishes In conclusion, the horizontal transport can be
particles. We intended to find sawtooth shapes resulting imegative if the height of the sawtooth is between 4 and
negative transport. According to the experiments, negative6 mm and if the asymmetry parameteis less then about
transport occurs only for a few particle layersn ( 0.4. In other cases it is positive or ze(ib the sawtooth is
=0,...,3), and as theumber of particles is increased, the symmetrig. It is important to note that these results are valid
direction of the transport becomes positive. We chosel,  only for a small number of particles. As will be shown, in-
and the frequency was=25 Hz (I'=5.0). The width of creasing the number of particles the negative transport van-
the cell was 2&=144 mm, therefore one layer contained ishes and turns into positive in all cases.

about 70 particles. These simulations lasted for 50 internals,

the following results represent averages of two runs for each B. Dependence on the layer width

parameter sefwith different initial conditions.

In Fig. 6 (v,) can be seen versus(the height was fixed
at four different values The first thing worth to note is that
(vy) tends to zero as the shape becomes symmetiieah
tends to 0.5). The shape of the plots depends on the hieight
of the sawtooth. Ath=3 mm the velocity is positive and

r monotonically, whil mm it is n iv - . i
decreases monotonically, e =5 t IS negative and turns to positive as the layer width is increag&thfor-

and has a minimum a&=2.5, and when the heightis 9 mm, . . . .
tunately, the event-driven simulation becomes unfeasible as

it is still negative but monotonically increasing. These curve he density increases with increasing particle number- there-
are helpful in understanding the mechanism of negativ? Y . g p S
ore, n=5 is the maxium layer width we can have in our

ransport. X . :
transport éslmulatlon) If the sawtooth shape is such that even for a few

In Fig. 7 the dependence of the horizontal transport on th ticles the t i itive. th ith | X
height of the sawtooth can be seen. The shapes of the grap griicies the transport 1S posilive, then with Increasing par-
iICle number the transport decreagsse Fig. 9.

are similar in case o= 0.05 anda=0.333:(v,) is positive

if his small, and decreases and turns to negative with in-
creasingh. Finally, it becomes zero for high values. More C. Frequency dependence

detailed investigations showed that it is true for nearly all Another interesting question is what happens if the fre-
possible values o (except fora=0.5, since then the trans- quency is varied. A sawtooth shape producing negative

The results in the previous section show that if there are
only few particles, then depending on the shape of a saw-
tooth, the transport can be negative or positive. Now we
show what happens if more and more particles are added into
the system.

In Fig. 8 one can see that negative transport becomes zero
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FIG. 9. Horizontal transport as a function of layer width at three
FIG. 7. Horizontal transport as a funcion of height of the saw-different frequencies. The shape of the sawtobth:3 mm anda
tooth. The shape does not depend very much on the asymmetry ef0.1. The data shown here is average of seven runs, one run lasted
the sawtooth. for 30 internal s.
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FIG. 10. Horizontal transport as a function of driving frequency, r
with six different layer widths, where the relation between the fre- ) ] )
quency and the dimensionless acceleration  id FIG. 12. Horizontal velocityv,) as a function of". The shape

:(Fg)lIZA—:L/Z(Zﬂ_)—l, with A=2 mm. The shape of the saw- of a sawtoothh=3 mma=0.1. The layer width was=0.7, the
tooth:h=6 mm.a=0.25. The system width is $¥0=60 mm, one system width 10/:_ 60 mm._The simul_ations ran for 30 internal s.
run lasted for 30 internal s. The plots far=0.35n=0.7n A Power low function was fittedl™ ” with I'* = (' ~T';)/T;. The
=1.05n=1.75n=2.8, andn=4.2 are the average of 30, 18, 12, 7, fitted values ard’.=1.31+0.03, andy=0.27+0.05.
7, 7 runs, respectively.
E. Phase transition

transport for few particles was chosen. Then with different
layer widths the horizontal transport shows interesting be- When the driving fregency is not high enougte., the
havior as a function of frequency. The results are shown irdimensionless acceleratidn<1), then(v,)=0, since the
Fig. 10. whole granular layer has zero velocity compared with the

Generally, the negative transport becomes stronger withbscillating base(solid phasg However, the transport may
increasing frequency. In three cases=(1.05,n=1.75, and  remain zero fol > 1, until a critical acceleration. Increasing
n=2.8) the transporteverses from positive to negative. the frequency, some of the particles, and later all of them are
This phenomenon is again very illuminating when we try toflying (fluidized phasg therefore, transport may appear. We

explain the mechanism of negative transport. investigated this phase transitiqwith control parameter
N o (vy)) in case of two different sawtooth shapes. First we
D. Dependence on the coefficient of restitution chose a shape that produces positive transport for a few par-

We have demonstrated that the transport properties of thigcles. Figure 12 shows thE dependence of the velocity.
granular layer in our system depend on the various paramthe transport appears whdn>I'.=1.31. Above this, a
eters in a nontrivial way. In particular, increasing the layerpower law of the form(v,)~ (I'=T';)®?" can be fitted to the
width, through its effect on the enhanced clustering of theesults.
beads, resulted in a change of the direction of the current. Choosing a sawtooth for which the transport velocity is
Thus, we are motivated to investigate the effect of changingiegative for small particle number, one expects different be-
the coefficient of restitution as well. Except for these serieshavior. Figure 13 shows how the velocity depends on the
e is fixed at 0.8, but now it varies from 0.4 to 1.0. It can befrequency in such a case. The velocity becomes positive
seen in Fig. 11 that as the dissipation is decreased the diregrowing linearly above the critical frequency, and increasing
tion of transport reverses from positive to negative. Thethe frequency, it turns back, and the transport reverses.
magnitude of the velocity reaches a local maximum near

=0.95, and decreases until 1.0. 0.6
04 o0 00°
1.0 0 0
0000 3 00 00
0510ceettitets., _ . AR
N ot a 2 0.0 oot Qe e
a X g %00 o
— 0.0 4485 ot 5 [
z o ° —-02 o0
£ o o & A o
=05 o *° & 04 P
A ° 5 e, . K
et o, a L3
vV _1.0 ., 0.6 3
e, ° ]
215 | & f=24Hz ° ° -0.8 o
¢ f=28Hz °0,
20 o f=32Hz 1.0
o 12 14 16 18 20 22 24
04 05 06 0é7 0.8 09 1.0 f [Hz]

FIG. 11. Horizontal transport as a function of coefficient of  FIG. 13. Horizontal transport velocity as a funcion of driving
restitution for three different driving fregencies. The layer width is frequency. The shape of a sawtoottx6 mm,a=0.25. The layer
n=2.8, the shape of the sawtooth and the system width are thwidth is n=1.75. The system width is #=60 mm, the simula-
same as in Fig. 10. The data shown here are averaged over 20 ruti®ns ran for 30 internal s.
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FIG. 14. Momentum density fieldipper row

and mass density fiel@lower row) in case of
positive  horizontal  transport  ({,)=3.9
+0.3 cm/s, h=3 mm, a=0.1, f=25 Hz, n
=0.7). The arrows represent the average momen-
tum vector in a box(with width w/6) starting

— - from the center of the box, the radii of the disks
/_ _N_ _x _____________________ are proportional to the average magEhe mo-
mentum and mass carried by a particle whose
. center is in the box are taken into account when
.................................... calculating the average in the bpXhe momen-
: tum and the mass are averaged for these spatial
. boxes and phase frames of the oscillatigrth
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length 27/6). In the jth frame, the phasep
=2mft of oscillation A sin(2#ft) is j27/6< ¢
<(j+1)2w/6. (@ j=4, (b) j=0,(c) j=2. The
- F - -C actual height of the simulation cell is three times
larger than shown here.

V. DISCUSSION impulse is reversed, and the net current becomes negative

According to our studies of a simplified geometrical (see Fig. 14

: L We interpret the existence of maxima in Fig. 2 as a func-
model the following qualitative argument can be used to ex-. : ) .
tion of the particle number as follows: If only a few particles

plain the observed current reversal as a function of the par o are present, their motion is erratic, with large jumps in
ticle number: Thgre is an.intermediate _size and asymmetry andom directio’ns. As the number of p;articles is increased,
the teeth for which a single ball falling from a range of 0 4 5 inelastic collapselike process, the particles start to
near-vertical angles bounces back to the (eéigative direc- 1,0 e coherently, and this more ordered motion, together
t!on) in most _of. the cases. This effect is enhanced by rotayiih the right frequency, seems to give rise to a kind of
tion, due to friction between the ball and the tooth. However,agonant behavior as far as transport is concerned. Similar
if there are many particles present, this mechanism is denaxima can also be observed in molecular motor calcula-
stroyed, and on average, the direction of the motion of partions and simulations. Thick layers move more slowly be-
ticles will become positivéthe “natural” direction for this  cause of inelastic damping.
geometry; this corresponds to the usual ratcheting mecha- The remarkable result that emerges from both experiment
nism characterized by larger distances traveled by the pagnd simulation is that the flow direction can change as the
ticles along the smaller slope with occasional jumps over tQayer thickness varies. This is entirely unexpected and re-
the next valley between the tet®-12,23. There is no net  quires further investigation; the only related behavior of
current for symmetric teeth in our case; however, the motioRyhich we are aware is the alternating current direction in a
of a single particle is very interesting in that situation as wellmodel of collectively moving interacting Brownian particles
[22]. in a “flashing” ratchet potential, which is periodically
The reversal of the current as a function of the frequency;hanging from no potential to sawtoothlike potenfikB].
can be interpreted in a similar manner. For smaller frequen- | conclusion, we have investigated granular transport in
cies there are many particles close to the base and the curreqisystem inspired by models of molecular motors and have
is positive. For larger frequencies the granular state is highlypserved, both experimentally and numerically, that the be-
fluidized, the density considerably decays and the mechajavior depends in a complex manner on the parameters char-
nism leading to negative transport for a small number ofacterizing the system. These results ought to stimulate fur-

particles(discussed aboyecomes into play. _ ther research into this fascinating class of problems.
To obtain a deeper insight into the process of horizontal

flow, the momentum density field and mass distribution is

plotted in case opositive (Fig. 14 and negative(Fig. 15 ACKNOWLEDGMENTS
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FIG. 15. The same as in Fig. 14, but in case of
negative horizontal transport ({{,)=—3.2
+0.3 cm/s,h=6 mm, a=0.25, f=30 Hz, n
=0.35).(a) j=4, (b) j=0, and(c) j=1. The
ratio of the absolute value of the average momen-
tum in a box and the length of the arrow is the
same as in Fig. 14.

APPENDIX: COLLISIONS AS EVENTS Ipt+qg|=R;+R,. (A3)

In an event driven algorithm the pace of the simulation |s

determined by the time sequences between collisions. In ouraklng the square of EGA3) and divide it by 2 we get

simulation, which uses Lubachevsky’s event driven algo- p? G2~ (Ry+R,)?
rithm [26] with extensions, there are four types of collisions, —t’+p-qt+ 2 T2 . (A4)
i.e., a particle may collide with &i) particle, (ii) resting 2 2

segment(iii) oscillating segment, an@v) oscillating arc. To
find the next collision is the heart of the matter. One has to
calculate the times of the possible collisions and find the®"
closest one. Let us denote the time of the last everty py
Now we show the calculation of the collision time in full
detail in all cases.

The two particles can collide with each other onlypf+0

D=(p-9)?-p*[g?— (R +Ry)?] (A5)

is non-negative, otherwise the particles will not collide. If
D>0, then the two times when the condition of touching is

1. Particle-particle collision fulfilled are
The motion of particlé until its next collision in a gravi-
tational field is determined by its positiog; and velocityv, coll_ _P-axVD q* \/_
at timet;. As the two particles (1 and)2are moving along tiz = (A6)

parabolic paths, their position at tinhere p*

g wheretS®"'<t5°! (If D=0, thent$°"'=t$°" | and this means
rl(t)=r01+v01(t—t1)—j§(t—tl)2, (Al) that the two partlcles only touch each other, so we may con-
sider that no collision occurs in this cas&ince the smaller
g solution gives the time of the first touching, and only colli-
_ N2 s 2 sions in the future should be regarded, the actual time of the
2(U=rozt Vot t2) —l5 (1), (A2) collision is given byt if t5°"'>t, ., otherwise no collision
occurs. Summarizing the results, two particles collide, and
wherej is a unit vector having opposite direction to that of {han the collision time |$°°”, if and only if all of the fol-

gravity. A collision occurs iffry(t) —ra(t)| =Ry + Rp, which 5ying three conditions are fulfilled|p| 0, D>0, and
can be written, using Eq$A1l) and(A2) and introducing the t§°|l>tLE

following notations:

P=Vo1~Vortjg(ti —tp), 2. Particle-resting segment collision

Let us denote the position and the velocity of the particle
by ro andv, respectively at time,. Let n be a unit vector
perpendicular to the segment, pointing towards the inside of
the simulation space, argl ands, the left and right side end
as point of the segment with respect to(see Fig. 1 Since

9
g=Tro1— o2t Voztz_V01t1_J§(ti_t§)
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FIG. 16. Particle colliding with a resting segment. The particle
arrives from the inside of the simulation space and collides with the

segment between its ending poisisands,.
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which can bet , or t5°"'. Nevertheless, two more

conditions have to be fulfilled at the same time:

coll tcoll
0o '

(i) At the moment of collision the particle has to come
from the inside of the simulation space, i.e.,

v(t¢'.n<o, (A13)

wheret®!" denotes a solution. It is clear that even if there are
two solutions, after EqtA13) only one remains.

(ii) It is not enough to collide with the line of the segment,
the particle has to collide with it between its ending pomts
ands,. This is true if

[r(t®)—s]-t=0 and [r(t°°")—s,]-t=<0,
(A14)

wheret=s,—s,/|s,— |, a unit vector parallel to the seg-

the particle is moving along a parabolic path in the gravitaiment. Summarizing, a particle collides with a segment only

tional field, its position as a function of time is

(=Tt vo(t—t) —i5 (-t (A7)
while its speed is
v(t)=vo—jg(t—to). (A8)
The particle collides with the line if
[r(t)—s]-n=R, (A9)

which, after inserting (t) from Eq. (A7) and using the fol-
lowing notations:

u=— gj -n,  v=(jgtytVvp)-n,

W= ro_S_l_VotO_jgté 'n_R, D:V2_4UV
can be written as
ut?+vt+w=0. (A10)

We have to consider several cases. Firsyy#0 (in other

wordsj andn are perpendicular to each other, therefore the

if Eg. (A10) has solution, and with this solution boft) and
(i) conditions are fulfilled.

3. Particle-oscillating segment collision

In this case the time of collision cannot be obtained in a
closed form, a numerical method has to be used. The seg-
ment (and so its left ending pointis oscillating in vertical
direction:

s () =s,0+jAsin2mft+ dy). (A15)

Let the particle has the same properties as in the previous
(particle-resting segment collisiprcase. Then we get the
equation for collision by replacing; by s,(t) in Eq. (A9).

We can assume thai # 0, so the segment is not vertio@

it is, then with a slight modification it can be taken as a
resting segmeit Using the notations

g (jgtot+Vvo)-n
U=—>~, b=—"—"r
2A Aj-n
_ (2ro— 2810~ 2Vgto—jgt)-n
W= 2Aj-n ’

the equation is

ut?+vt+w=Asin27ft+ ¢). (A16)

segment is vertical then at most one solution is possible. If This equation can be solved only numerically. First, we have
v=0 in this case, we can say that no collision occursz If g find the time region in which a solution is possible. In Fig.

#0, the solution is

w
-, (A11)

i
teoll— _
0 v

and this is valid only ift®"'=t . If u#0, then, provided
thatD >0, there are different solutions:

coII:_Vi\/B.

tl,2 2u (A12)

17 one can see the segment in the lowest and the highest
positions, and two particles touching the segment at its left
end points;; (in the lowest positionand right end poins,,

(in the hightest position It is easy to see that the particle can
collide with the segment ifi) it enters the area bounded by
the two vertical dashed lines arid) the particle’s lowest
point is in the area bounded by the two horizontal dashed
lines. Regarding these dashed lines as resting segments, us-
ing our previous results, we can determine the time intervals
T, and T, when the particle is in a position that conditions
(i) and (ii) are fulfilled. For this, one point of each of these

If D=0, then we have either onghe particle just touches segments has to be determined their direction is known
the line or no solution. In these cases no collision occurs.The center of the particle touching the segment at pgjris
Now let us assume that EGA10) has one or more solutions, at points;;+ Rn, so one point of the vertical boundary line is
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FIG. 17. Particle can collide with an oscillating segment only if !

it enters the area bounded by the vertical dashed lines and its lowest
point is between the two horizontal dashed lines. e

s+ Rn+R(j-n)i, and that of the horizontal boundary line is

s+ Rn—R(j-n)j. Similarily, for points,,, these ares,, FIG. 18. Particle can collide with an oscillating circle only if it
+Rn—R(j-n)i ands,,+Rn—R(j-n)j, respectively. The dot enters the rectangular area bounded by the vertical and horizontal
productj-n is needed to ensure the validity of our results if dashed lines.

n is pointing downwards(In this case “left” and “right,”

and “up” and “down” also have to be swappedlhe time _ N

interval T,,, when the particle is between the vertical dashed = HJASINZa Tt o) (A1D)
lines, is a closed intervdin a special case, when the particle

is moving vertically, this can include all timeThe time (see F|g 18 The partic]e with radiugf{l is moving again

interval Ty,, while the lowest point of the particle is between along a parabolic path, its position is given by E&7). The
the horizontal dashed lines, can be empty or one closed inequation for the collision time is

terval or two disjunctive closed intervals. Furthermore, only

solutions in the future are valid, i.e., a solution has to fall

into the time intervall, =[t, g,%[. Summarizing, a particle Ir(t)—s(t)|=R;+Ry, (A18)
collides with a segment if EQA16) has a solution in the

time interval T=T,NT,NT, , and if there are more than

one of them, the smallest one is the time of collision. In ourWhereR; is the radius of the circle. It is a transcendental

simulation thebisection method34] was used, with ending €duation, and we use again the bisection method for solving
tolerance 1012 s. it. The collision may occur only if the the particle enters the

rectangular area bounded by the two horizontal and vertical

lines in Fig. 18. It is easy to determine these lines: the hori-

zontal lines contain points—R,j and s,+R,j, while the
The method of finding the collision time is similar to that vertical lines contain points;= R,i. The time region of pos-

in the previous case. The center of the circle is moving acsible collision can be calculated similar to the case of the

cording to particle-oscillating segment collision.

4. Particle-oscillating circle collision
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