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Molecular theory of ferroelectric ordering in enantiomeric mixtures of smectic-C* liquid crystals
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A molecular theory of ferroelectric ordering in smectic-C* liquid crystals composed of left and right
enantiomers is developed taking into account the effects of chiral discrimination. The recently observed
nonlinear dependence of the spontaneous polarization on the enantiomeric excess is explained in the frame-
work of a molecular model that takes into consideration the strong electrostatic interaction between effective
atomic charges in the chiral centers of the two enantiomers. This nonlinear dependence is determined by a
difference of interaction energies between the pairs of chiral molecules with equal and opposite handedness,
respectively. A relation between the molecular structure of different ferroelectric smecticsC* and the depen-
dence of the polarization on the enantiomeric excess is discussed in detail.@S1063-651X~99!10312-X#

PACS number~s!: 61.30.2v, 77.80.2e
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I. INTRODUCTION

Ferroelectricity in smectic-C* liquid crystals is observed
only if the material is chiral. In the case of mixed smect
C* , however, only a part of the components need to
chiral. For example, a popular way to obtain new ferroel
tric liquid crystals is to induce ferroelectricity using a sm
amount of chiral dopant added to a nonchiral smectic-C host
phase@1,2#. Another interesting type of ferroelectric smecti
C corresponds to enantiomeric mixtures composed of l
and right-handed chiral molecules. In enantiomeric mixtu
the number density of left moleculesrL is generally different
from the number density of right moleculesrR and thus the
chirality of the mixture is characterized by the enantiome
excessDx5(rR2rL)/r0, where r05rL2rR is the total
number density.

The importance of enantiomeric mixtures is related to
unique possibility to vary the chirality of the phase contin
ously by changing the value of the enantiomeric excess.
spontaneous polarization and other ferroelectric propertie
the smectic-C* phase strongly depend on the enantiome
excess while the nonchiral parameters of the phase are
weakly affected by the nonzeroDx. For example, the
smectic-C–smectic-A transition temperature does depend
the enantiomeric excess@3–5# but the maximum shift of the
transition temperatureDTAC is typically within 5% ofTAC .
Thus enantiomeric mixtures provide a possibility to chan
ferroelectric properties of the smectic-C* phase practically
without affecting other~nonchiral! parameters of the liquid
crystal material.

Experimental data indicate that usually the spontane
polarization of an enantiomeric mixture is a linear functi
of enantiomeric excess@3–5#. This behavior has been ob
served in several ferroelectric smecticsC* with moderate
and large spontaneous polarization. The linear dependen
the polarization onDx seems to be reasonable and is co
firmed by an elementary lattice theory@5#. Moreover, some
authors claim that this linear dependence is a general fea
that follows from some general physical arguments~see, for
PRE 601063-651X/99/60~6!/6855~9!/$15.00
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example,@6#!. Recently, however, strongly nonlinear depe
dence of the spontaneous polarization on the enantiom
excess has been observed in mixtures of right- and l
handed molecules with a sulfinate group as a unique ch
source@7#. These new chiral mesogenic molecules have b
shown to exhibit rather large values of the spontaneous
larization@8#. The schematic structure of this chiral molecu
is presented in Fig. 1 and the experimentally observed n
linear dependence of the reduced polarizationPs /Q on the
enantiomeric excessDx is presented in Fig. 2 for three dif
ferent temperatures. One can readily see that the molecu

FIG. 1. Structure of chiral mesogenic molecules used in
study of the ferroelectric properties of enantiomeric mixtures@3–7#;
~a! smectic liquid crystal material with the sulphinate group as
unique chiral source which yields a nonlinear dependence of po
ization on the enantiomeric excess;~b! other chiral liquid crystal
materials which yield a linear dependence of polarization on
enantiomeric excess.
6855 © 1999 The American Physical Society
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6856 PRE 60M. A. OSIPOV AND D. GUILLON
Fig. 1~a! possesses a chiral center that differs significan
from the structure of chiral centers in molecules studied
fore @3–5# @see Fig. 1~b!#. This difference, related to th
properties of the sulfinate group, is expected to be resp
sible for the anomalous behavior of the new material@7#. We
note that recently a noninear dependence of the spontan
polarization on the enantiomeric excess has also been
served in ferroelectric liquid-crystal mixtures ofS enanti-
omer and its corresponding racemate, based on the leu
chiral group@9#. In our case, however, the nonlinear depe
dence is much more pronounced.

The purpose of this paper is to show that the possibility
a nonlinear dependence of the spontaneous polarizatio
the enantiomeric excess follows from the general statist
theory of ferroelectric ordering in mixed smecticsC* . An-
other purpose is to understand why in some cases the
served dependence is practically linear. The answer to
question is obviously related to the specific properties of
new chiral center with a sulfinate~or some other specific!
group. However, before discussing this point in more det
we consider the general qualitative arguments that are u
to prove the universality of the linear dependence of the
larization on the enantiomeric excess.

According to the phenomenological theory of ferroelect
liquid crystals @10#, the spontaneous polarization in th
smectic-C* phase is given by

Ps5x'mp sin 2Q, ~1!

whereQ is the tilt angle, the pseudoscalar parametermp is
sensitive to molecular chirality, andx' is the transverse di
electric susceptibility of the smectic-C* phase.

In the general case all coefficients in Eq.~1! depend on
the enantiomeric exess. However, the experimental data
respond to the concentration dependence of the reduced
larization P05Ps /Q and therefore there is no need to co
sider the concentration dependence of the tilt angle~at least
at smallQ). It is reasonable to assume~and the assumption
is confirmed by the molecular theory of ferroelectric ord
ing in mixed smecticsC* @10–12#! that the coefficientmp is

FIG. 2. Dependence of the reduced spontaneous polariza
P05Ps /Q on the enantiomeric excess for the new liquid crys
material with the sulphinate group presented in Fig. 1~a!. Solid
curves represent the results of the present theory@see Eq.~15!# for
B50.74 andA50.38 and 0.4.
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determined by some pairwise interactions between chiral
polar molecules. Then, in the first approximation,mp can be
written as a quadratic form of the molar fractionsxL
5rL/r0 , xR5rR/r0 of the two enantiomers:

mp5mLLxL
212mLRxRxR1mRRxR

21mLxL1mRxR , ~2!

where the coefficientsmab , a,b5L,R are determined by
an interaction between the molecules of the componenta
and b and the coefficientsma describe an interaction with
the rest of the media~i.e., the interaction that does not dis
tinguish between left and right enantiomers@13#!.

Using the relationshipxL1xR51, the linear terms in Eq
~2! can be rewritten as mLxL1mRxR5(mL1mR)/2
1DmDx, whereDx5xL2xR is the enantiomeric excess an
Dm5(mL2mR)/2. Now it is possible to establish some r
lations between the coefficients of Eq.~2! using the symme-
try properties of enantiomeric mixtures.

First, let us consider one-component smecticsC* , com-
posed of pure left-handed or right-handed enantiomers,
spectively. These two systems are completely equivalen
their properties and can be transformed into each other b
space inversion. The spontaneous polarization in these
systems must have the same absolute value and posses
posite signs,

Ps~xL51!52Ps~xR51!.

From Eqs.~1! and ~2! we conclude thatmp(xL51, xR50)
52mp(xL50, xR51) and therefore

mLL1mL52mRR2mR .

Now let us consider the racemic mixture of the same co
pounds. In this mixture the polarization must vanish, i.
Ps(xL5xR51/2)50, and thusmp50 for xL5xR . It follows
then that

mLL1mRR12mLR12~mL1mR!50.

Using these relationships and the conditionxL1xR51, Eq.
~2! can be rewritten as

mp5~mLL1mL!Dx1
1

4
~mL1mR22mLR!~Dx!2. ~3!

One notes that the spontaneous polarization of the ena
meric mixture must be an odd function of the enantiome
excess~because the states withDx5D0 andDx52D0 can
be considered as mirror images!. Then the coefficient in the
second term in Eq.~3! must vanish, i.e., 2mLR5mL1mR .
Finally one ontainsmLL52mRR, mL52mR , andmLR50.

Thus we arrive at the conclusion that the reduced spo
neous polarizationP0 should simply be proportional to th
enantiomeric exessDx:

P05x'm0Dx, ~4!

wherem05mLL1mL52mRR2mR . We note that the same
qualitative result has been obtained by Ginzburget al. @5# in
the framework of a simple model.
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The qualitative arguments presented above seem to
rather general. However, it is obvious that they are based
the following two main assumptions

~i! The coefficientmp is assumed to be determined by pa
intermolecular correlations~by pair interactions in the mean
field theory!. Thus many-body effects are neglected.

~ii ! The dielectric susceptibilityx' is assumed to be in
dependent on the enantiomeric exess.

The assumption~i! seems to be reasonable. In the gene
case there can be some contribution from many-body co
lations to the spontaneous polarization, but this contribut
is not expected to be large enough to account for the stro
nonlinear concentration dependence of the reduced pola
tion observed in the experiment. At the same time the
sumption ~ii ! is not justified because we cannot exclude
sufficiently strong dependence of the transverse dielec
susceptibility on the enantiomeric excess. We note that
dependence on the square of the enantiomeric excesx'

5x'@(Dx)2# will not be in contradiction with the symmetr
properties of enantiomeric mixtures. One can argue that u
ally nonchiral parameters of enantiomeric mixtures o
weakly depend on the enantiomeric excess. At the same
it is possible to present simple contradicting examples.
example, the excluded volumes for the two left-handed~or
right-handed! molecules can differ significantly from the ex
cluded volume for a pair composed of one left-handed
one right-handed molecule if the molecular shape is stron
chiral.

In this paper we show that the strong dependence ofx'

on (Dx)2 can be determined by a strong discrimination
interaction between the molecules of equal and oppo
handedness, respectively. For new chiral molecules wit
sulfinate group this discrimination mainly results from ele
trostatic forces between effective atomic charges. Numer
calculations show that the separation of charges in the vi
ity of the chiral sulfur is much stronger than that in the chi
centers of common ferroelectric smecticsC* which have
been investigated before.

This paper is arranged as follows. In Sec. II we pres
the general statistical theory of ferroelectric ordering in en
tiomeric mixtures using the approach developed by one
the authors before@12# and derive a general expression f
the spontaneous polarization as a function of the enan
meric excess. In Sec. III we consider a chiral discriminat
that is responsible for the nonlinear dependence of the po
ization on the enantiomeric excess. In Sec. IV electrost
interactions between chiral molecules in the smectic-C layer
are considered in detail and the estimates are given for
parameter that is responsible for the nonlinear dependenc
Ps on Dx. Finally, Sec. V contains discussion and conc
sions. In Appendix A we consider the density-functional a
proach to the theory of ferroelectric liquid-crystal mixtur
and derive some general expressions that are used in Se

II. THEORY OF FERROELECTRIC ORDERING
IN A MIXTURE OF TWO ENANTIOMERS

Let us consider a mixture of two enantiomeric smect
C* liquid crystals with the molar fractionsxL and xR ~for
left-handed and right-handed compounds, respectively!. The
be
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-

spontaneous polarization of the mixture can be written in
general form

P5PL1PR , ~5!

wherePL andPR are the contributions from left-handed an
right-handed molecules, respectively. These contributi
are expressed as

PL5r0xL^mL'&,
~6!

PR5r0xR^mR'&,

where xL1xR51, r0 is the total number density of mol
ecules in the smectic-C* phase andm' is the transverse
molecular dipole. The brackets^ & denote the statistical av
eraging.

The average molecular dipole can more explicitly be w
ten as

^m'a&5E m'a f 1a~x!dx, ~7!

wherea5R, L, and f 1a(x) is the orientational distribution
function. The variablex specifies the molecular orientation

General expression for the one-particle distribution fun
tion can be obtained using the density-functional appro
@14#. For the case of mixtures of liquid crystals, this a
proach is described in Appendix A~see also@12#!. As shown
in Appendix A, the one-particle distribution function can b
written in the form

f 1L~x!5ZL
21exp@xLCLL~x!1xRCLR~x!#,

~8!
f 1R~x!5ZR

21exp@xLCLR~x!1xRCRR~x!#,

where the effective one-particle potentials are expressed

Cab~x1!5r0E C̃ab~x1 ,x2! f 1b~x2!dx2 , ~9!

and whereC̃ab(x1 ,x2) is the direct pair correlation function
for the molecules of the compoundsa andb, averaged over
the relative position of the two molecules in the smectic-C*
phase~see Appendix A!.

At small tilt anglesQ the spontaneous polarization is als
small and in this domain one can expand the effective po
tials Cab(b) in powers of the vector order parameter of t
smectic-C* phasew and the spontaneous polarizationP:

Cab~b!5Cab
A 1~Sa•w!1~Gab•Pb!xb

211•••, ~10!

where

w5~n•e!@n3e#,

and whereCab
A (a,b5L,R) are the effective one-particle

potentials in the smectic-A phase, the unit vectore is in the
direction of the smectic plane normal, andn is the director.
In Eq. ~10! we have taken into account only the first-ord
terms inQ ~we note thatw}Q andPb}Q at smallQ). The
quantitiesS and Gab depend on the short axisb and are
functions of the molecular parameters.
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6858 PRE 60M. A. OSIPOV AND D. GUILLON
We note that the second term in Eq.~10! is sensitive to
molecular chirality. The order parameterw is a pseudovecto
and therefore the quantitySa must also be a pseudovect
because the potential itself is a true scalar. Thus the qua
Sa represents somehow the chirality of the mixture.

Substituting Eq.~10! into Eqs.~7! and~8! and expanding
the exponent in powers of small order parameterw and po-
larization P, we obtain the following equations for the tw
contributions to the total spontaneous polarization:

PL5 1
2 r0xL@xL~SL•m'L!1xR~SR•m'L!#w

1 1
2 r0xL@GLLPL1GLRPR#,

~11!

PR5 1
2 r0xR@xR~SR•m'R!1xL~SL•m'R!#w

1 1
2 r0xR@GRRPR1GRLPL#,

whereGab5(Gab•m'b).
Now it is possible to establish some relations between

quantitiesSL andSR andGLL , GLR , andGRR, respectively,
using the general symmetry properties of the enantiom
mixture. The symmetry arguments, that are used here,
similar to the ones discussed in the Introduction. First o
notes that the systems withxL51 andxR51, respectively,
can be considered as mirror images, and there
PL(xL51)52PR(xR51). On the other hand, in a racem
mixture (xL5xr51/2) the total polarization vanishes an
therefore one again arrives atPL52PR . These relations are
compatible with Eqs.~11! only if

~SL•m'L!52~SR•m'R!;

(SL•m'R)1(SR•m'L) andGLL2GLR1GRL2GRR50.
We note that the parametersGab are true scalars and thu

GLL5GRR because the two enantiomers are complet
equivalent. It follows then from Eqs.~11! that GLR5GRL .

Introducing the notationsC5(SL•m'L)52(SR•m'R),
G5GLL5GRR, 5G15GLR5GRL , one can rewrite Eqs
~11! in the following simple way:

PL5 1
2 r0xL@Cw1GP1DGDP#,

PR5 1
2 r0xR@2Cw1GP2DGDP#, ~12!

where DP5PL2PR , G5(1/2)(G01G1), DG5(1/2)(G0
2G1).

The system of the two equations~12! can readily be
solved to yield the expression for the total polarization:

P5 1
2 x0r0CDxw, ~13!

where

x0
215~12 1

2 r0G!~12 1
2 r0DG!2 1

4 r0
2GDG~Dx!2,

~14!

whereDx5xL2xR is the enantiomeric excess.
ity
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re
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One can readily see that the results of the statistical the
confirm the results of the phenomenological considerat
and the assumptions discussed in the Introduction. Ind
according to Eq.~13! the spontaneous polarization is propo
tional to the enantiomeric excessDx. At the same time, the
transverse dielectric permittivityx0 appears to be a quadrat
function of Dx. As a result, the reduced polarizationP0
5P/sin 2Q also appears to be a nonlinear function of t
enantiomeric excess:

P05
ADx

12B~Dx!2
, ~15!

where

A5 1
2 r0G/~12 1

2 r0G!~12 1
2 r0DG!,

~16!

B5 1
4 r0

2GDG/~12 1
2 r0G!~12 1

2 r0DG!.

The dependence of the reduced polarization on the ena
meric excess, given by Eq.~15!, has qualitatively the same
form as that observed in the experiment@7#. In Fig. 2 the
experimental values ofP0 are presented as a function of th
enantiomeric excess for four different temperatures not v
far from the smectic-A* –smectic-C* transition point. The
two solid curves in Fig. 2 represent the results of the pres
theory@Eq. ~15!# for B50.74 andA52.8;4. One can readily
see that Eq.~15! provides a reasonably good description
the experimental nonlinear dependence ofP0 on the enantio-
meric excess for all temperatures used in the experiment.
experimental values ofP0 for DT54.5 °C, DT510.5 °C,
and DT512.5 °C have been fitted by Eq.~15! using the
same values of parametersA and B. We note that forDT
53.0 °C ~i.e., closer to the transition point! the dependence
of P0 on Dx can also be described by Eq.~15! ~see the
second solid curve in Fig. 2! but with a slightly higher value
of the coefficientA54. This indicates that there may b
some additional dependence of the reduced polarization
the tilt angleQ which is not accounted for in the prese
theory.

III. CHIRAL DISCRIMINATION IN RACEMIC MIXTURES
OF SMECTICS C

The nonlinear dependence of the reduced polarization
the enantiomeric excess is determined by the param
DG5(1/2)(GRR2GLR) that characterizes the difference
interactions between the molecules of the same handed
~parameterGRR) and the molecules of the opposite hande
ness~parameterGLR). The parameterDG is nonzero in the
general case but its absolute value strongly depends on
chiral molecular structure. In this section we obtain so
estimates ofDG in the mean-field approximation.

General expressions for the coefficientsGRR andGLR in
the case of perfect nematic and smectic ordering are der
in the Appendix@see Eq.~A10!#:
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GRR5
1

2p2rm'
2 E C̃RR~b1 ,b2!~m'1•m'2!db1db2 ,

~17!

GLR5
1

2p2rm'
2 E C̃LR~b1 ,b2!~m'1•m'2!db1db2 ,

where C̃RR(b1 ,b2) and C̃LR(b1 ,b2) are the effective direc
correlation functions for theR-R andL-R pairs, respectively,
which depend on the orientation of the short axesb1 andb2
of the molecules ‘‘1’’ and ‘‘2.’’ These correlation function
have already been averaged over all relative positions of
neighboring molecules in the ideal smectic structure@see Eq.
~A7! of the Appendix#.

Simple estimates for the quantitiesGRR and GLR can be
obtained in the mean-spherical approximation. In this
proximation the direct correlation function is expressed
terms of the attraction intermolecular interaction ene
Vatt(1,2) and the molecular shape:

Cab52
1

kT
Vatt

ab~1,2!Q~r 122j12
ab!. ~18!

Here Q(r 122j12
ab) is a step function which describes th

so-called steric cutoff. The functionQ(r 122j12
ab)50 if the

molecules penetrate each other~i.e., if r 12,j12
ab) andQ(r 12

2j12
ab)51 otherwise. Herej12

ab is the minimum distance o
approach between the centers of the two molecules w
fixed relative orientation. Thus the functionj12

ab depends on
the relative orientation of the molecules.

We note that only intermolecular interactions of a partic
lar symmetry contribute to the parametersGab . One can
readily see from Eqs.~17! that the integrals overb1 andb2

do not vanish only if the attraction potentialVatt
ab(b1 ,b2) is

odd both inb1 and inb2. Thus the interaction is supposed
be polar.

IV. ELECTROSTATIC INTERACTION BETWEEN
CHIRAL CENTERS IN THE SMECTIC- C LAYER

The parameterDG5GLR2GLL that characterizes the ch
ral discrimination@see Eqs.~17!# can be sufficiently large
only if the interaction between two equal chiral molecu
differs significantly from the interaction between molecu
of the opposite handedness. In this paper we assume tha
discrimination is mainly determined by electrostatic forc
between effective atomic charges in the vicinity of a chi
center. This assumption is confirmed by numerical MND
calculations of the parameters of the molecular structure
cluding effective charges. The effective atomic charg
around the chiral center are shown in Fig. 3 for differe
molecules of ferroelectric smecticsC* . One can readily see
from Fig. 3~a! that in the molecule of the new ferroelectr
smecticC* with the sulfinate group as a unique chiral sour
~that shows nonlinear dependence ofPs on the enantiomeric
excess! there exists a strong separation of charges around
sulfur atom in the chiral center. In particular, the oxygen t
goes out of the molecular plane possesses a large effe
negative charge of about20.8e. By contrast, in molecules
of common ferroelectric smectics~that show a linear depen
he
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-

his
s
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-
s
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t
ive

dence ofPs on enantiomeric excess@3–5#! the separation of
charges around the chiral center is much weaker. In fact,
charge separation along theS* 5O bond in the chiral center
of the molecule in Fig. 3~a! is about 1.6e, while the separa-
tion along theC* -Cl bond in the chiral center of the mol
ecule in Fig. 3~b! is less than 0.2e. This difference is becom-
ing even more important if we take into account th
electrostatic forces depend quadratically on charges.

The data presented in Fig. 3 enable one to understan
principle why some properties of ferroelectric smectics co
posed of molecules with a sulfinate group in the chiral cen
differ significantly from those of common ferroelectric liqui
crystals with different structure of the chiral center. We no
consider in more detail the contribution from electrosta
interaction between chiral centers to the discrimination
rameterDG. For this purpose we estimate the quantitiesGLL
and GLR taking into account the interaction between effe
tive charges in the chiral centers of the two molecules.
these estimates we will use the simple molecular model p
sented in Fig. 4.

In this simple model the molecular chirality is determin

FIG. 3. Distribution of effective atomic charges around the c
ral center in the molecule with the sulphinate group as a uni
chiral source~a! and in a chiral molecule with an asymmetric ca
bon ~b!. Note that the charge separation in the chiral center is m
stronger in the case~a!.

FIG. 4. Two pairs of neighboring chiral molecules in th
smectic-C layer. In this model the molecular chirality is determine
by the negative charge that goes out of the molecular plain. N
that in the first pair, which is composed of molecules of the sa
handedness, the distance between the negative charges is large
in the second pair composed of molecules of the opposite han
ness.
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6860 PRE 60M. A. OSIPOV AND D. GUILLON
by the effective charge@associated with the oxygen atom
Fig. 3~a!# that goes out of the plane of the rings. Thus, in t
estimate of the chiral discrimination it is sufficient to ta
into account the electrostatic interaction between th
charges. Other charges in this molecular fragment are loc
in the plane and therefore they do not contribute to the
crimination of the interaction betweenL-L andL-R pairs.

The electrostatic interaction between the two charges
the neighbor molecules is written as

Uel5
q2

R12
,

whereR12 is a complicated function of the relative orient
tion and position of the two molecules in the smectic lay

To perform simple estimates we assume that the plane
the rings of the two neighbor molecules are parallel and
average distance between rings is equal toR0. We also as-
sume the perfect nematic ordering of the long molecu
axes. In this case the distance between the chargesR12 can
be written as

R12
ab5R0u121 l i~a12a2!1 l'~b12b2!1hac12hbc2 ,

~19!

whereu12 is the unit vector pointing from the center of th
ring system of the molecule ‘‘1’’ to that of the molecu
‘‘2,’’ the unit vector a is in the direction of the long molecu
lar axis, and the unit vectorsb andc are in the direction of
the two short molecular axes, (b•c)50. The vectorb is
taken to be parallel to the molecular plane. In Eq.~19!, the
vectora1l i1b1l' points from the center of the ring system
the projection of the charge on the same plane and there
l i and l' are the corresponding coordinates of the project
point in the molecular frame. Finally,ha is the distance from
the charge to the plane. Herea,b5L,R and the parameter
ha ,hb possess opposite signs for left and right molecules
the case of the perfect nematic ordering the long molec
axes are parallel to the directorn and thereforea5hn,
whereh511,21 is the discrete variable.

Now we substitute Eq.~19! into the expression for the
electrostatic energy and then into the general Eq.~17!. We
then perform the averaging over the intermolecular vec
u12 and over the orientations of the short axes of the t
molecules. The averaging over the short axesb1 and b2 is
simplified in the case when the molecular planes are alw
parallel. In this case (b1•b2)51 or (b1•b2)521.

We note that the distance between the charges stro
depends on the orientation of the intermolecular unit vec
u12. The integral overu12 can be estimated by using a line
interpolation between the orientationsu125b1 and u125c1.
In this case one can use the effective interaction energy

Uel5
1

2

q2

R12
1

1
1

2

q2

R12
2

, ~20!

where the distancesR12
1 andR12

2 are given by Eq.~19! with
u125b1 andu125c1, respectively.

Finally the transverse molecular dipolem @that enters Eq.
~17!# can be expressed as
e
ed
-

of

.
of
e

r

re
n

n
ar

r
o

ys

ly
r

m5mxb1myc. ~21!

Substituting Eqs.~20! and ~21! into Eq. ~17!, assumingmy
50, and averaging over the orientation of the short axesb1
andb2 we obtain the estimate

r0GLL;
1

6

sq2

kT S 1

R0
2

1

R022h1 l'
D ,

~22!

r0GLR;
1

4

sq2

kT S 1

R022h
2

1

R01 l'
D ,

wheres is the fraction of nearest neighbors which are
cated in the same smectic-C layer.

Assuming thath!R0 andl'!R0, the parameterDG that
characterizes the chiral discrimination can be estimated

r0DG;
sq2h

3R0
2kT

. ~23!

We note that the parameterDG is mainly determined by the
value of the effective chargeq and the distanceh from this
charge to the molecular plane. The distanceh can be esti-
mated as 1 Å while the average distanceR0 between mol-
ecules in the smectic layer is of the order of 10 Å . Thus
ratio h/R0 in Eq. ~23! is of the order of 1021. Now the value
of DG is determined by the value of the dimensionless
rameterq2/kTR0, which grows as a square of the effectiv
chargeq. In the molecule with a sulfinate group in the chir
center, the effective charge of the oxygen atom is rat
large,q;0.8. In this case the parameterq2/kTR0;40 and
the chirality discrimination parameterr0DG;1 for s
53/4. By contrast, in the molecules of common ferroelect
smecticsC* , presented in Fig. 3, the effective chargeq is
much smaller and the parameterq2/kTR0;0.6. In this case
r0DG;1022.

Equations~22! can also be used to obtain a crude estim
of the coefficientG. Taking l'51 Å , one obtainsr0G
;0.5. Now the coefficientB in Eq. ~15! can be estimated
using the estimates of the quantitiesr0DG andr0G. Taking
r0DG5r0G51 we obtainB51, which is rather close to
the value 0.75 which has been obtained by fitting the exp
mental data. We note, however, that the estimates forr0G
andB are rather crude and should not be taken too seriou
The coefficientG is mainly determined by the average pol
interaction between different molecular pairs in the enan
meric mixture. This coefficient is a sum of various contrib
tions, some of them being not sensitive to molecular chir
ity. In the context of the present simple model we c
estimate only one particular contribution, which may not
the predominant one. The coefficientB strongly depends on
G and, in addition, it is very sensitive to the particular n
merical values ofr0G and r0DG when bothr0G;1 and
r0DG;1. By contrast, the coefficientDG is determined by
molecular chirality and is much more specific thanG. We
assume that in the present caseDG is mainly determined by
the electrostatic interaction between effective charges aro
the chiral centers of molecules presented in Fig. 1. Thus
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value of the parameterDG seems to be a reasonable meas
of the chiral discrimination in different ferroelectric smecti
C* .

We note that the nonlinear dependence of the spontan
polarization on the enantiomeric excess can be sufficie
strong only if the parameterDG is of the order of 1. Accord-
ing to Eq.~23! this is achieved only if the effective chargeq
is sufficiently large. This explains why the nonlinear depe
dence ofPs on the enantiomeric excess has been observe
ferroelectric smectics composed of molecules with a su
nate group that is characterized by a strong effective cha
separation around the chiral sulfur.

V. DISCUSSION

In this paper we have considered in detail the depende
of the spontaneous polarization in the smectic-C* phase on
the enantiomeric excess. Both phenomenological argum
and the results of the molecular-statistical theory confi
that the polarization is always proportional to the enan
meric excessDx. The same result has been obtained bef
by Ginzburget al. @5# using a simple lattice model. We not
that this result is not related to any molecular model. Ac
ally, it follows from the general fact that the spontaneo
polarization must vanish in a racemic mixture and must p
sess opposite signs in the systems composed of pure
handed and right-handed enantiomers, respectively. H
ever, according to the molecular theory, presented in Sec
there exists an additional dependence of the polarization
the square of the enantiomeric excess. This additional n
linear dependence is determined by the chiral discriminat
i.e., by a difference in interaction between the pairs of ch
molecules with equal and opposite handedness, respecti
Similar ideas have been used in the qualitative explanatio
the nonlinear dependencePs(Dx) observed recently for mol
ecules with a different structure of the chiral center@9#. In
Ref. @9#, however, the authors take into consideration a d
ference between host-host, host-dopant, and dopant-do
interactions, where one enantiomer plays the role of a dop
and its racemate is treated as a nonchiral host. Thus
model is more suitable for a description of the dependenc
polarization on the enantiomeric excessin chiral dopant
added to a nonchiral smectic-C host @15#.

We note that the difference in interaction energy betwe
two enantiomers is nonzero for any chiral molecules. Ho
ever, this discrimination will result in any noticeable nonli
ear dependence on the enantiomeric excess only if the
ference in intermolecular interaction energies is sufficien
large. We note that generally this difference is expected to
rather small and thus the effects of the chiral discriminat
will be sufficiently important only if there exist some specifi
strong interactions between chiral molecules. In this pa
we have concluded that the observed nonlinear depend
of the polarization onDx can be related to the fact that i
new chiral molecules with a sulfinate group one finds sign
cant separation of the effective atomic charges. Then
chiral discrimination can be determined by the strong el
trostatic interaction between the effective charges around
chiral center.

It is interesting to note also that the effects of chiral d
crimination seem to be magnified in thin layers. In the sm
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tic layer, chiral molecules possess less translational freed
and thus it is more difficult for them to avoid configuration
with large energy that contribute to the chiral discriminatio
By contrast, in three-dimensional systems the positional
eraging is more complete and the contribution from the
discriminating configurations is expected to be smaller. Th
we conclude that the dependence of various macroscopic
rameters on the enantiomeric excess is expected to be s
ger in quasi-two-dimensional systems such as smectic lay
Langmuir-Blodgett films, and surface structures. This co
clusion is supported by the recent observation of the ph
separation in the mixture of two enantiomers in a Langm
monolayer@16#. We note that phase separation of left-hand
and right-handed molecules is a very unusual chirality eff
that requires a very strong chiral discrimination. As far as
know, such separation has not been observed in real th
dimensional systems without any additional phase transi
that actually induces the separation~such as crystallization
for example!.

Finally we discuss a different explanation of the nonline
dependence of the spontaneous polarization on the ena
meric excess proposed by Galerne@17#. According to Gal-
erne, the nonlinear dependence of the polarization may re
from long-range spatial fluctuations of the densities of le
and right-handed enantiomers in the smectic-C* liquid crys-
tal. These fluctuations can be taken into account if one c
siders the local polarizationPs(r ) which is related to the
densities of left-handed and right-handed molecules by
same phenomenological relation~1!,

Ps~r !5x'm0@xR~r !2xL~r !#,

where the local concentrationsxR(r ) andxL(r ) are now the
fluctuating quantities. The average spontaneous poalriza
P̄s5x'm0^(xR2xL)& will now be equal to the linear term
x'm0Dx plus some fluctuation corrections that are nonline
in the average enantiomeric excessDx. We note, however,
that these fluctuation corrections are expected to be s
ciently large only if the system is close to a local separat
between left and right enantiomers. Such separation can
place only if the chiral discrimination is particularly stron
even in comparison with the effects described in the pres
paper. In other words, this mechanism requires an e
stronger influence of molecular chirality on the parameters
the system. In addition, this phenomenological explanatio
incomplete because one still has to explain why in so
cases the dependence is practically linear. To answer
question, one has to consider explicitly some specific in
actions between chiral molecules in a similar way, as
been done in Sec. IV.

ACKNOWLEDGMENTS

The authors are grateful to Yves Galerne for interest
discussions and valuable comments, and P. Masson fo
help in the numerical MNDO calculations. This work ha
been supported by the EC HCM, Contract No. CHRX-CT9
0161, and Russian Fundamental Research Fund, Grant
98-02-16802.



ti
a

te
ns
gy

rm
ut

s
r
s

n

n

th
n

s
ee

-
e
-

e
x-
on
ol-

ion
f

si-
:

t
ol-

rest
the

o

-

ort

6862 PRE 60M. A. OSIPOV AND D. GUILLON
APPENDIX A: DENSITY-FUNCTIONAL APPROACH
TO THE THEORY OF FERROELECTRIC

LIQUID-CRYSTAL MIXTURES

The general expression for the free energy of the smec
C* phase can be obtained using the density-functional
proach to the theory of liquid crystals@13#. According to the
density-functional approach, the free energy of the sys
can be represented as a functional of the one-particle de
r(x)5r0f 1(x). In the case of mixtures, the free-ener
functional depends on the densitiesra(x) of all components
a. This functional can be represented as a sum of two te
F5F1H, whereF is the free energy of the system witho
intermolecular interactions

F5(akTr0xa*dx f a~x!@ ln f a~x!11#,

where f a(x) are the distribution functions of the molecule
of the componenta, and xa are the corresponding mola
fractions. In the case of enantiomeric mixtures, the indicea
andb denote left and right molecules,a,b5L,R. The func-
tional derivatives ofH are related to the direct correlatio
functions of the liquid crystal. For example,

d2H

d f a~x1!d f b~x!
52kTr0

2Cab~x1 ,x2!, ~A1!

whereCab(x1 ,x2) is the direct correlation function betwee
the molecules of the componentsa andb.

This relation enables one to expand the free energy of
ferroelectric smectic-C* phase with respect to its value i
the smectic-A phase, using the differencesD f a as the expan-
sion parameters. One can neglect the higher-order term
the corresponding functional Taylor expansion of the fr
energy functional because for small tilt angleQ the differ-
encesD f a are also small.

Now the free energy of the induced smectic-C* phase can
be written as

FC'FA1kTr0xLE dx f CL~x!ln@ f CL~x!/ f AL~x!#

1kTr0xRE dx f CR~x!ln@ f CR~x!/ f AR~x!#

2~kT/2!r0
2 (

a,b5L,R
xaxb

3E dx1dx2Cab~x1 ,x2!D f a~x1!D f b~x2!, ~A2!

wheref L(x) and f R(x) are the one-particle distribution func
tions of left-handed and right-handed molecules, resp
tively, while xL and xR are the corresponding molar frac
tions.

Minimization of the free energy~A2! yields the following
expression for the distribution functionsf L and f R :
c-
p-

m
ity

s

e

in
-

c-

f a~x!5 f a
A 1

Za
expS xbr0E Cba~x1 ,x2!D f b~x2!dx2

1xar0E Caa~x1 ,x2!D f a~x2!dx2D , ~A3!

wherea,b5L,R.
One can readily see from Eq.~A3! that in the general cas

the distribution function of the left-handed molecule, for e
ample, is determined both by the correlation functi
CLR(x1 ,x2) between the left-handed and right-handed m
ecules and the correlation functionCLL(x1 ,x2) between the
left-handed molecules.

In the case of the perfect nematic order, the distribut
functions f L(x) and f R(x) depend only on the orientation o
the short molecular axesb and c. Then Eq.~A3! can be
rewritten as

f a~b,c!5
1

Za
exp@Ca~b,c!#, ~A4!

where the effective one-particle potentialCa(b,c) can be
represented as a sum of two terms:

Ca~b,c!5xaCab~b,c!1xbCab~b,c!, ~A5!

with

Cab~b,c!5r0E C̄ab~b,c,b2 ,c2!D f b~b2 ,c2!db2 ,

~A6!

Caa~b,c!5r0E C̄aa~b,c,b2 ,c2!D f a~b2 ,c2!db2 ,

and whereC̄ab(b,c,b2 ,c2) and C̄aa(b,c,b2 ,c2) are the ef-
fective direct correlation functions averaged over all po
tions of neighbor molecules in the ideal smectic structure

C̄ab~b1 ,c1 ,b2 ,c2!

5sE Cab~b1 ,c1 ,b2 ,c2 ,r12!d~r12•e!d3r12

1~12s!E Cab~b1 ,c1 ,b2 ,c2 ,er 12!r 12
2 dr12. ~A7!

Here againa,b5L,R ands is the fraction of the neares
neighbors which are in the same plane with the central m
ecule. The first term in Eq.~A7! is a contribution from the
correlations between the central molecule and the nea
neighbor of the corresponding component, which are in
same smectic plane. For such moleculesr12'e. The second
term is a contribution from the molecules which are in tw
neighbor planes. In this caser12ie.

Equations~A6! contain an averaging with the orienta
tional distribution function of the smectic-C* phase. The dis-
tribution function depends only on the direction of the sh
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molecular axesb and in the vicinity of the Smectic
A–Smectic-C phase transition it can be expanded in pow
of the spontaneous polarizationPs5r0m'^b&:

D f Ca~b!5
1

2p S 11
2

r0m'

bPs1••• D , ~A8!

wherem is the transverse molecular dipole. Substituting E
~A8! into Eq. ~A6! one obtains the following expression fo
the quantityGab that enters Eq.~10!:
A.

c.

n,

r.
d

s

.

Gab5
1

pr0m'
2 E C̃ab~b1 ,b2!m2db2 . ~A9!

Finally, the coefficientsGab in Eq. ~11! are given by

Gab5
1

2pE ~Gab•m2!db1 . ~A10!
,

out

A.
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