
PHYSICAL REVIEW E DECEMBER 1999VOLUME 60, NUMBER 6
Structure of gaseous Kr in the low-q region by neutron scattering and interaction potentials
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Accurate experimental information on the long-range triplet interactions in noble fluids, as well as on the
two-body potential, can be obtained from the low-density behavior of the static structure factorS(q) in the
small-q region. The results here reported of a recent low-q neutron diffraction investigation in Kr, devoted to
undercritical densities in the range 2.4,n/nm23,4.3, provide important indications on the pair interactions
and allow also a reliable analysis of irreducible three-body potential effects on the measured structure, from
which the triple-dipole Axilrod-Teller strength is extracted with unprecedented accuracy.
@S1063-651X~99!13511-6#

PACS number~s!: 51.90.1r, 34.20.Cf, 61.12.Ex
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I. INTRODUCTION

Neutron diffraction measurements have turned out to
quite effective in determining the pair interaction law in low
density gases@1–4#. In the last few years neutron exper
ments have been extended to small-angle investigation
study two- and three-body dispersion forces in class
monatomic fluids@5–8#, taking advantage of the connectio
between the low-q behavior of the static structure facto
S(q) and the long-range interactions. In particular, a spe
feature ofS(q), namely, theq3 term in its low-q expansion
@9–11#, allows a direct experimental access to the long-ra
pair and triplet dipolar interactions in noble fluids.

Small-q (1,q/nm21,4) neutron diffraction on low-
density (n,2.5 nm23) Ar, Kr, and Xe was then profitably
employed to measure the dipole-dipole van der Waals c
stantC6 of these systems@5–7#, and also provided the firs
determination of the triple-dipole Axilrod-Teller~AT! forces
in Xe @7#. Conversely, the weak intensity of three-body lon
range interactions in less polarizable systems, such as Ar
Kr, could not be extracted from the cubic low-q dependence
of the first availableS(q) data in the dilute gas phase@5,6#.

In the case of Kr, it was proved very recently that t
strengthn of the AT potential can indeed be measured by
above method if small-q structure factor determinations a
performed in a wide density range@12#, varying from the
dilute gas up to liquid densities. However such a direct
cess to the AT interaction is generally affected by consid
able experimental uncertainties~more than 50%!, both be-
cause theq3 term gives a very weak contribution to th
measured low-q structure and because few densities ha
PRE 601063-651X/99/60~6!/6682~9!/$15.00
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been studied so far by small-angle investigations in no
systems, especially in the dense fluid region.

Actually, a different method to derive much more acc
rate experimental estimates of the AT dispersion energy
simple fluids exists, and it is based on the density analysi
the totalS(q) of dilute gases at smallq values. Its applica-
tion to the low-density Kr data previously mentioned@6#
allowed the first determination of the AT triple-dipole inte
action constant for this system, providing an value with
about 20% experimental uncertainty@8#.

However, such a method requires the use of a model
the total pair potential, and its overall accuracy critically d
pends on the agreement between the experimental two-b
properties of the fluid and the model assumed. In this
spect, no clear indications have ever been obtained ei
from wide- @13# or small-angle@8# neutron data on the struc
ture of low-density Kr. For instance, in the case of the fi
low-q results@8#, only partial agreement was found betwe
the experimental pure two-body structural quantities and
descriptions provided by the best available realistic mod
for the pair potential of Kr~some deviation being observe
for q.2 nm21!, while in the case of the pioneering neutro
experiment of Teitsma and Egelstaff on Kr@13# discussion
on this important aspect was not quantitatively deepened

In this paper we describe in detail low-density Kr da
which were already used and briefly discussed in Ref.@12#,
obtained from a recent low-q neutron diffraction measure
ment. In particular, the virial expansion~to first order in den-
sity! of the experimentalS(q) is determined here and a car
ful analysis is performed, aimed both at gaining valua
experimental information on the pair potential and at achi
6682 © 1999 The American Physical Society
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ing a much more accurate determination of the AT contri
tion to the total interaction.

The opportunity was also taken to compensate partly
the lack of information on the low-q structure of Kr by de-
voting our measurements to higher undercritical densit
unexplored so far by small-angle diffraction, and by cover
a slightly widerq range~up to 5.5 nm21!. Five thermody-
namic states of natural Kr were studied at room tempera
and densities in the range 2.4,n/nm23,4.3, reproducing
some of the states Teitsma and Egelstaff@13# investigated by
standard neutron diffraction at higherq values. We tried to
improve the overall quality of the data, not only by increa
ing the count statistics, but also by adopting new accu
experimental techniques, such as the use of dilute hydro
as a reference sample for normalization purposes.

The paper is organized as follows. Section II summari
the theoretical background. In Sec. III the experimental se
is described in some detail, while Sec. IV is devoted to
data treatment. The results of this experiment are discu
in Sec. V and, finally, in Sec. VI we draw our conclusion

II. REVIEW OF THE THEORY

Interaction properties in monatomic fluids can be stud
through accurate determinations of the static structure fa
S(q). In fact S(q) is related, via Fourier transformation, t
the pair distribution functiong(r ),

S~q!511nE dr eiq•r@g~r !21#, ~1!

which, in turn, depends on the interaction potential in a fl
composed ofN particles:

V~r1 ,...,rN!5(
i , j

V2~r i j !1 (
i , j ,k

V3~r i ,r j ,r k!1¯ ,

r i j 5ur i2r j u, ~2!

where V2 is the ~central! pair potential,V3 the irreducible
three-body potential andr i is the position vector of atomi. In
what follows we shall neglect fourth- and higher-ord
many-body terms.

Another important quantity in the theory of fluids is th
direct correlation functionc(r ), related to the total correla
tion functionh(r ) through the Ornstein-Zernike equation

h~r !5g~r !215c~r !1nE dr 8c~r 8!h~ ur2r 8u! ~3!

whose Fourier transform isH(q)5@S(q)21#/n5c(q)
1nc(q)H(q), and leads to

c~q!5
1

n F12
1

S~q!G . ~4!

Both the total and the direct correlation functions are rela
to the thermodynamic properties of the fluid. For instan
the well-known compressibility equation

nxT

b
511nE dr h~r !5S~0! ~5!
-
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links the isothermal compressibilityxT to S(q50). In Eq.
~5! b51/(kBT), whereT is the temperature of the fluid an
kB is the Boltzmann constant.

Several methods provide useful information on the int
action law starting from structural data. The one we d
with in this paper is based on the density behavior ofS(q) in
dilute gases, which has been profitably used in the pas
obtain important indications on the two-body interactions
classical @1–3# and quantum fluids@4#, as well as about
three-body effects in noble gases@13–16#.

It is well known @17,18# that density expansions analo
gous to the virial series for the pressurep hold for all the
correlation functions previously introduced and for the
Fourier transforms. Particularly useful to our purposes is
low-density behavior ofc(q), which can be written as

c~q!5c0~q!1nc1~q!1O~n2!, ~6!

where the zero-density termc0(q) depends only onV2 ,
since

c0~q!5E dr exp~ iq•r !$exp@2bV2~r !#21%, ~7!

while the first-order termc1(q) can be split in two contribu-
tions c1

(2)(q)1c1
(3)(q), the latter depending also onV3 , ac-

cording to

c1
~2!~q!5E dr12dr13exp~ iq•r12! f 12f 13f 23,

c1
~3!~q!5E dr12dr13exp~ iq•r12!~11 f 12!~11 f 13!

3~11 f 23! f 123 ~8!

where f i j 5exp@2bV2(rij)#21 is the Mayer function and
f 1235exp@2bV3(r1 ,r2 ,r3)#21.

It is useful to note that the experimentally accessi
quantity S(q), as well as the derived quantityc(q), probe
two-body correlations. If irreducible three-body forces a
also present, obviouslyS(q) andc(q) measure pair correla
tions which depend on the features of the triplet poten
too, as expressed, to first order in density, by the sec
relation in Eqs.~8!.

It is also clear, from Eqs.~7! and~8!, that reliable models
for the pair and the triplet potentials can be used to calcu
c0 and c1 . On the other hand, isothermal structure fac
measurements, if performed at densities low enough so
n2 and higher-order terms are negligible in Eq.~6!, provide,
through a linear density fit toc(q), an experimental deter
mination ofc0 andc1 . The comparison between calculate
and experimental quantities thus allows a stringent test
the pair and triplet potential models assumed.

The effects of nonadditive three-body interactions on flu
structure are known to be considerable especially in
low-q region @14–16#. Therefore, the experimental behavi
of c1(q) at smallq values (q&5 nm21) gives important in-
formation about the role played by triplet forces and on
adequacy of the model typically assumed to describe th
i.e. the AT triple-dipole interaction@19#
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V3~r1 ,r2 ,r3!5n
113 cosu1 cosu2 cosu3

~r 12r 23r 13!
3 , ~9!

where the anglesu i and the sidesr i j define the triangle
formed by the three particles and the strengthn depends on
the system in consideration. Computational methods ba
on dynamic polarizability evaluations have been develo
to obtain numerical results for the interaction constantn of
various systems@20#. These estimates are often referred to
‘‘semiempirical,’’ since the dynamic dipole polarizabilit
obtained from index of refraction data is used to calculaten.

III. EXPERIMENTAL DETAILS

The experiment was carried out at the Orphe´e reactor of
Laboratoire Le´on Brillouin, Saclay, using the small-ang
diffractometer PAXE with a monochromatic neutron bea
of wavelengthl050.4 nm. The latter is the shortest wav
length that can be selected on PAXE, and it was chosen
to minimize neutron absorption from natural Kr and to e
ploit the instrument maximum flux. The width of the wav
length distribution around the chosen value is estimated to
about 10% ofl0 . However, the consequent limited resol
tion in q has negligible effect in our case, sinceS(q) is a
slowly decreasing function at smallq values.

The incident beam, of circular shape, was defined
means of a cadmium diaphragm of 0.9-cm diameter, su
to the sample container dimensions. The latter is the s
slab container, with single-crystal sapphire windows, use
a recent experiment on dilute Kr@6,8# and was kindly pro-
vided by the IRI @21# neutron group. The sample~whose
shape is a truncated cone of 3.48-cm height! was positioned
with its central axis along the incident neutron beam. To ta
advantage of a completely symmetrical configuration,
10BF3 detector~a square matrix of 643 64 cells, 13 1cm2

each! was centered on the transmitted beam. A samp
detector distance of 99.5 cm was chosen. As a result of
above setup, the exploredq range was 0.8,q/nm21,5.5.

A capillary tube, screwed to the container, was connec
through a high-pressure gas-handling system to the sam
gas bottle in order to fill the container at the desired press
The five thermodynamic states of natural Kr~pure within
99.995%! studied at room temperature are reported in Ta
I, together with the correspondingS(0) values obtained from
the isothermal compressibilities@see Eq.~5!#. The equation-
of-state data of Ju˚za and Sˇ ifner @22# were used to calculate
S(0) and the number density of each state, taking into

TABLE I. Thermodynamical coordinates of the Kr states co
sidered in this work according to the equation of state of Ref.@22#.
S(0) values, as obtained from compressibility calculations@see Eq.
~5!# are also shown.

State No. T ~K! p ~bar! n ~nm23! S(0)

1 300.460.09 84.0460.04 2.421460.0003 1.42
2 29861 95.860.7 2.87560.002 1.49
3 29761 111.160.9 3.45560.003 1.55
4 29761 121.160.9 3.84760.002 1.58
5 297.260.5 132.560.5 4.27760.002 1.59
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count temperature and pressure fluctuations to evaluate
uncertainties. States are labeled as shown in the first colu

To extract the structure factor from diffraction data, ad
tional measurements for background evaluation and for
strumental calibration need to be performed. The former
quires empty beam, empty container, and cadmium-cove
container measurements, while the latter is discussed in
subsection below. The counting time for each of these m
surements was adjusted~according to scattering power an
absorption calculations! in order to obtain comparable error
on all the experimentalc(q)’s, almost independently of the
density. An exception is made for state No. 1 in Table
whose short measurement was performed as a check ag
the previous low-q experiment on Kr@6,8#.

A new normalization standard: H2

The relation betweenS(q) and the single scattering inten
sity from the sample,I s

(1) , can be written as

I s
~1!~q!5NF~q!Fscoh

4p
S~q!1

s inc

4p
1P~q!G , ~10!

whereN is the number of atoms exposed to the beam,scoh
ands inc are the coherent and incoherent scattering cross
tions, respectively,P(q) represents the inelastic scatterin
contribution~in units of barn/sr!, andF(q)5FDV«(k0) is
an instrumental factor, depending on incident fluxF, solid
angle DV, and detector efficiency at the incident neutr
wave vector«(k0). It is clear from Eq.~10! that the deter-
mination of F(q) allows instrumental calibration and da
normalization to absolute units. This important step in t
data treatment usually requires an extra measurement
reference incoherent sample, such as vanadium or w
However, the unavoidable differences in the geometry
tween fluid samples and such standards can lead to se
normalization errors.

Recently low-density CH4 was used as a new referenc
sample for normalization purposes@8,23#, both because the
double differential cross section for methane~when close to
perfect gas conditions! can be computed rather well and b
cause hydrogen is a strongly incoherent neutron scatte
The great advantage with such a gaseous standard is tha
same container can be used both for the sample and for C4,
thus leaving the geometry unchanged.

In this respect, however, another, even better, calibra
sample is dilute hydrogen. In fact, its double different
cross section can be calculated exactly~to the extent that
vibration-rotation coupling can be neglected! developing the
quantum-mechanical model for a diatomic ideal gas of fre
rotating harmonic oscillators@24–26#. Moreover, for a given
number of H atoms, low-density hydrogen@27# is closer to
ideal gas conditions than methane@28#. Hydrogen has thus
been used as a reference sample, at the very low densi
n50.0979 nm23.

Since the single scattering intensity from H2 can be writ-
ten as

-
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I H2

~1!~q!5F~q!NH2
E

2`

v0
dv

«~k1!

«~k0!

d2s

dVdvU
H2

, ~11!

the instrumental factorF(q) follows immediately from the
measured intensity with the hydrogen sample~once corrected
for attenuation and multiple scattering! and from the fre-
om
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quency integration, at constant scattering angle, of the mo
for the double differential cross section of hydrogen.

IV. DATA TREATMENT

To extract the single scattering intensity from the ra
neutron data, corrections for background, container sca
ing, attenuation effects and multiple scattering are requir
Taking all these corrections into account,I s

(1) can be ex-
pressed in terms of the experimental quantities as@8#
I s
~1!5

I sc
expt2I Cd2Tsc~ I eb2I Cd!2

Ac,sc

Ac,c
@ I c

expt2I Cd2Tc~ I eb2I Cd!#

As,sc~11ms!
~12!
-

d
n-
nal

ed,

n

-

on-
ite

on
is

ing,
the
tal

ls,

0.1,
ical
where the dependence on the scattering angle has been
ted and the subscript to the intensitiesI refers to the
sample1 container~sc! or to the empty container~c! or to
the cadmium-covered container~Cd! or, finally, to the
empty-beam~eb! runs. The same meaning have the su
scripts to the transmissionT factors, the latter accounting fo
the background neutrons attenuation.

The attenuation from sample and container is taken
account by the well known Paalman-Pings coefficientsAa,b ,
with a denoting where scattering takes place andb indicat-
ing where attenuation occurs. Their angular dependenc
typically weak, even more at small angles and in narr
angular ranges, and was negligible in our case.

The fraction of multiple to single scattering from th
sample,ms , has been evaluated, in the isotropic approxim
tion, by calculating the double-to-single intensity rat
through multidimensional Monte Carlo integrations and
ing the Sears formula@29#. The values obtained forms were
found to range from 2.5% to 4% with increasing density.

Using Eqs.~10!–~12!, S(q) can be obtained, provided th
inelastic scattering contributionP(q) is evaluated. To per-
form this last correction we assumed the ideal gas~i.g.!
model and calculatedP(q) as:

P~q!5
1

«~k0!
E

2`

v0
dv «~k1!

d2s

dV dvU
i.g.

2
sscat

4p
, ~13!

wheresscat5scoh1s inc57.68 b is the total scattering cros
section of Kr @30#. Since Kr is a relatively heavy elemen
this correction turned out to be quite small~less than 0.022
b/sr!, as expected. However, it is of the same order of m
nitude of s inc /(4p), where s inc50.2 b is the incoheren
cross section of Kr~see, for example, Ref.@13#!.

The structure factors thus obtained are shown in Fig
with the labeling of Table I. Error bars are smaller than t
size of the symbols. The average relative error is about 0
for each state. The agreement with thermodynamical dat
q50 is qualitatively good. However a closer inspection c
be performed, taking advantage of the small-q behavior of
the structure factor of simple liquids@9,11# experimentally
confirmed in Refs.@5–7,12#. Thus by fitting the model func-
tion S(q)5s01s2q21s3q31s4q4 to the measuredS(q), an
it-
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‘‘experimental’’ S(0) values0 , could be derived and com
pared with the thermodynamical one~Table I! at each den-
sity. A ratio s0 /S(0) ranging from 0.96 to 0.97 was foun
for the various states, with no evident correlation with de
sity. In order to remove even these small differences, a fi
correction on the measuredS(q) was performed using the
renormalization factorsS(0)/s0 .

From these renormalized structure factors we deriv
through Eq.~4!, the correspondingc(q)’s shown in Fig. 2.
Here the results are compared with calculations@to first order
in density, see Eqs.~6!–~8!# based on model potentials. I
particular, the two-body Hartree-Fock dispersion@31# poten-
tial of Aziz and Slaman@32#, which is known to be an accu
rate model for pair interactions in Kr@14#, and the AT triplet
potential of amplituden52.22310226J nm9, the latter being
a weighted mean of the semiempirical estimates for this c
stant in Kr@20#, were taken. The data for state 1 agree qu
well with those of the previous low-density experiment
Kr @6,8#, also shown in the plot. Good overall agreement
found between data and calculations. Generally speak
this indication is not enough to assess the validity of
model potentials used in the calculations. In fact, the to
c(q) is not particularly sensitive to the interaction detai
since it represents a com-

FIG. 1. Experimental structure factorS(q) for the five densities
of Table I. Data for states 2–5 have been shifted upwards by
0.2, 0.3, and 0.4, respectively. The corresponding thermodynam
S(0) values@22#, shifted by the same amounts, are also shown.
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bination of two- and many-body effects. To obtain reliab
information on pair and triplet interactions one must refer
the single quantitiesc0(q) andc1(q), which are discussed in
Sec. V.

V. RESULTS AND DISCUSSION

A. Density analysis

The density dependence of the experimentalc(q), at vari-
ous q values, is shown in Fig. 3, together with the lea
squares fit lines. Theq50 values, as obtained from thePVT
data of Ju˚za and Sˇ ifner @22# are also reported with differen
symbols. The errors onc(0) were estimated~0.45% on av-
erage in the density range here considered! on the basis of
the equation-of-state accuracy and are much smaller than
size of the symbols. Both structural and thermodynam

FIG. 2. Experimentalc(q) ~dots with error bars! for the five
states of Kr studied in this work, shifted by the amounts shown
brackets. The density of each state is also reported. Data are
pared with the corresponding quantities as calculated from E
~6!–~8! ~solid curves! using the pair potential of Ref.@32# plus the
AT three-body interaction with the average literature amplituden
52.22310226 J nm9 @20#. The data for state 1 obtained from th
only previous experiment on the low-q structure of Kr@6,8# are also
shown ~open circles!. Data atq50 are thermodynamical value
@22#.

FIG. 3. Density behavior of the experimentalc(q) ~open circles
with error bars! at some of the investigatedq values, specified in the
plot ~nm21!. The thermodynamical@22# c(0) data are also reporte
~dots! as a function of density. The solid lines represent the le
squares linear fits to the data according to Eq.~6!.
-

he
l

data show a linear behavior in density. The absence ofn2

and higher-order terms excludes higher than three-body c
tributions within the experimental uncertainties. Therefo
in the density range considered here,c0(q) andc1(q) can be
determined from the intercept and the slope of each reg
sion line @see Eq.~6!# and the results are shown in Figs.
and 5, compared with the calculated quantities.

The pair potential of Ref.@32# reproduces a pure two
body property likec0(q) remarkably well. In the wholeq
range covered in this low-q investigation, no deviation is
observed from the calculated shape, not even at higheq
values, as was found in@8#. This might be due to the differ-
ent calibration samples used in the two experiments, and
different accuracy in the modeling of the respective dou
differential cross sections.

The calculation based on another realistic potential for
two-body interactions in Kr, i.e., the well-known one o
Barkeret al. @33#, gives a similarly very good description o
the experimentalc0(q) and is in better agreement with the
modynamics (q50), though the mean square deviation fro
the structural data was found to be slightly higher than
the result of Ref.@32#, therefore, we shall mainly refer to th
latter hereinafter.

As it is clear from Fig. 5, pair interactions alone cann
account for the experimental behavior ofc1(q), which can
be explained only including irreducible three-body intera
tions too. An additional triplet potential of the AT type give
a good description of the experimental data forc1(q),
though calculations slightly miss the thermodynamicalq
50) value. However, this small difference between therm
dynamics and calculations appears to be independent o
pair potential assumed since, for instance, the models
Refs. @32# and @33# give equal results forc1

(2)(q) to within
0.2% at most, and calculations ofc1

(3)(q) are found to be

n
m-
s.

st

FIG. 4. Experimentalc0(q) ~dots with error bars!, as obtained
from the various intercepts of the density fits to the measu
c(q)’s. Calculations@see Eq.~7!# with the pair potential models o
Refs.@32# ~solid curve! or @33# ~dashed curve! are compared to the
data.
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even less sensitive to the two-body potential used, as alre
observed in Ref.@14#, and for this reason, the results of Re
@32# and @33# are undistinguishable on the scale of Fig.
Therefore, only the features of the triplet interaction seem
have, throughc1

(3)(q), a decisive influence on the resultin
c1(q) in the low-q region.

It is worth noting that, since the linear density term in E
~6! is quite a bit smaller thanc0(q), precise experimenta
determinations ofc1(q) by means of a fitting procedure gen
erally require extremely accurate structural data. This pr
lem has prevented one, so far, from obtaining for most s
tems @3,8,15,16#, quantitative information on three-bod
forces directly from the experimental behavior ofc1(q),
even when the most appropriateq region to detect triplet
potential effects~i.e., the low-q one! was probed in detail, as
it was done for Kr in Ref.@8#. The situation appears to b
different with the present small-q results on Kr ~Fig. 5!,
which show a rather good accuracy, and whose nearly re
lar trend can indeed be taken as an indication of the h
quality of our data.

B. Accurate determination of Axilrod-Teller triple-dipole
forces

In Sec. V A, clear evidence was obtained of the validity
the pair potentials of Refs.@32# and @33# in reproducing the
experimental pure two-body correlations in the fluid, t
gether with a first indication of the overall adequacy of t
AT triplet potential to explain the observed three-body int
action effects on the measured structure. The important
formation gained on the pair interactions allows a furth
analysis on three-body interactions in Kr, since one of
above two-body models can rightly be used to isol

FIG. 5. Experimentalc1(q) ~dots with error bars!, as obtained
from the slopes of the linear density fits, compared with calcu
tions @see Eq.~8!# performed using the pair potential of Ref.@32#
and with ~solid curve! or without ~dashed curve! irreducible three-
body AT interactions of amplituden52.22310226 J nm9 @20#.
Equal results forc1(q) and c1

(2)(q) are obtained by modeling th
two-body interactions with Barkeret al.’s @33# potential.
dy
.
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h
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-
n-
r
e
e

c1
(3)(q), i.e., the quantity depending on the irreducible trip

potential, from the experimentalc(q). For instance, an ‘‘ex-
perimental’’c1

(3)(q) can be determined from the data, as w
done in Ref.@8#, through

c1
~3!,expt~q!5

1

n
@cexpt~q!2c0

calc~q!2nc1
~2!,calc~q!#, ~14!

i.e., exploiting the calculated two-body structural quantiti
c0(q) andc1

(2)(q), and the full experimental quantityc(q).
However, while small differences between the results

Refs. @32# and @33# for c0(q) can be observed especially
low-q values~see Fig. 4!, calculations ofc1

(2) are insensitive
to which of the above pair potentials is used. It is clear th
that, once the overall reliability of the two-body model
established, the most appropriate way to extractc1

(3)(q) from
the structural data is

c1
~3!,expt~q!5c1

expt~q!2c1
~2!,calc~q!, ~15!

which has the advantage of being a nearly mod
independent determination, though intrinsically affected
larger errors. In fact, the main difference between Eqs.~14!
and~15! is that the latter avoids the use of the calculation
c0 , which is the only one showing a weak but detecta
dependence on the choice of the pair potential model,
allows one to determinec1

(3) as if subtracting the experimen
tal c0 from the totalc(q). Obviously, if the experimentalc0
is far from consistent with a given two-body model, the u
of c1

(2) calculated with the same pair potential is not justifi
to confidently derivec1

(3) from Eq. ~15!.
Provided this is not the case, as for the present data,

comparison between experimental@Eqs. ~14! or ~15!# and
calculatedc1

(3)(q) allows a quantitative study on the streng
of the AT potential. In fact, using the second equation in E
~8! and assuming an AT triplet interaction,c1

(3),calc(q) is
found to be proportional, within 0.2% in the wholeq range
of our measurements, to then value (n,3310226J nm9)
used in the calculations. Thus the amplituden which, if cho-
sen to calculatec1

(3) , would reproduce at best the experime
tal data can be fitted by means of

c1
~3!,expt~q!5n S c1

~3!,calc~q,n0!

n0
D , ~16!

where n0 represents the AT strength used to evaluate
fitting function, for instance the average semiempirical va
2.22310226J nm9 @20#, andn is the only free parameter.

Since our data provided an accurate determination
c1(q), the more appropriate Eq.~15! could be employed to
derivec1

(3) , and the results~dots with error bars! are shown
in Fig. 6, compared with the corresponding calculation p
formed using the two-body potential of Refs.@32# and @33#
plus an AT three-body interaction of strengthn052.22
310226J nm9. The best fit according to Eq.~16!, also re-
ported in Fig. 6~dashed curve!, provided the value

n5~2.3960.09!310226J nm9,
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on which we estimate an additional systematic error of
order of 0.1310226J nm9, related to the final renormaliza
tion of the experimentalS(q) to the thermodynamical data

Our result agrees remarkably well with the previo
evaluation ofn obtained from the first low-q experiment on
dilute Kr @8#, n5(2.4060.21)310226J nm9, on which, ac-
cording to the authors’ estimates, a systematic error of 0
310226J nm9 must also be considered. Differently from th
new determination, the value of Ref.@8# was derived using
Eqs. ~14! and ~16! and modeling the two-body interactio
with the potential of Ref.@32#. Indeed, the present data a
lowed a strong reduction of the experimental uncertainty
the AT potential amplitude of Kr. This is an evidence of t
good quality of the new measurements since, though dea
with a more appropriate but less accurate quantity l
c1(q), the error on the fitted parametern is anyway halved
with respect to the previous determination based on the t
c(q) @8#.

However, both low-q investigations appear to give a mea
n value slightly larger than all existing semiempirical es
mates for Kr@20#, though consistency is reached within th
errors ~the upper bound predicted for this interaction co
stant by the computational methods is 2.275310226J nm9

@20#!. Our results show that such an effect cannot be ascr
to possible subtle dependencies on the pair potential m
used to extract the experimentalc1

(3)(q) or to deviations be-
tween the experimental and calculated pure two-body co
lations, since both these difficulties are overcome by the
of Eq. ~15! and by the remarkable agreement found betw
calculations and experimental data forc0(q). Thus the con-
sistency found between the results of both low-q structural
measurements, though different and independent of e
other, appears to be significant.

FIG. 6. Experimentalc1
(3)(q) ~dots with error bars! as obtained

from Eq. ~15!. The solid curve corresponds to the calculation p
formed with Aziz and Slaman’s potential@32# plus three-body AT
potential. The best fit to the data according to Eq.~16! ~dashed
curve! provided n52.39310226 J nm9. Open squares are th
Teitsma and Egelstaff standard neutron diffraction results@13# rel-
evant to theq range explored in this work.
e
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ng
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al

-

ed
el

e-
se
n

ch

We found it interesting to perform the same analysis
q50, using Eq.~15! to derive the experimentalc1

(3)(0) from
the slope of the density fit to thePVT data~dots in Fig. 3!
and applying Eq.~16! ~with q50! to evaluaten. This pro-
vides n5(2.3660.14)310226J nm9, which agrees rathe
well with our result obtained above by fully exploiting th
information contained in theq dependence ofc1

(3) . There-
fore, both thermodynamical data, which are generally m
accurate but limited to the singleq50 value, and structura
measurements, in the wholeq range where three-body effec
are important, lead approximately to the same value for
AT strength, indicating that a differentn ~at least 6% higher
than the mean semiempirical one@20#! should be used in the
calculations to properly account for the experimental resu

For the sake of completeness, Fig. 6 also reports
c1

(3)(q) data, limited to theq range considered here, derive
by Teitsma and Egelstaff from the early wide-angle neut
diffraction experiment on Kr@13# and successively furthe
analyzed in Ref.@14#. The same method used in this pap
@see Eq.~15!# was first applied by the above authors to e
tract c1

(3)(q) from the experimentalc1(q), taking advantage
of the calculation ofc1

(2)(q) with the pair potential of Barker
et al. @33#.

Although standard diffraction provided only few exper
mental points in theq region which is more suited to inquir
ies on three-body potential effects (q,6 nm21), it is anyway
quite clear that very different results were obtained
Teitsma and Egelstaff with respect to the recent low-q ones.
It is also evident why the first data of@13# raised naturally
questions on the adequacy of the AT long-range interac
to effectively account for three-body forces in real fluid
However, neither the low-q data of @8#, nor the even more
accurate ones of this work, provide any convincing eviden
of different from AT three-body interactions.

On the other hand, thec1
(3) of Ref. @13# seems to deviate

largely ~more than 35%! from the thermodynamical limit.
The authors of Ref.@13# did not comment on this discrep
ancy, which is not found in our data. We already note
however, thatc1

(3) is sensitive to discrepancies between e
perimental and modeled pure two-body correlations, and
be consistently determined only if good agreement exists
in the present work, between the fittedc0 and the corre-
sponding result provided by the chosen pair potential mo
We also think that the normalization procedure is a cruc
problem for such delicate investigations. In this respect,
important improvement was obtained by the use of lo
density hydrogen or methane@8,23# calibration samples in
place of the vanadium normalization.

Finally we note that the result obtained forn might be
slightly different if other terms in the long-range multipola
expansion of the three-body potential are taken into acco
Tau et al. @14# calculatedc1

(3)(q) for room temperature Kr,
adding to the triple-dipole~DDD! AT term the quadrupolar
terms DDQ, DQQ, and QQQ. The use of such a triplet
teraction, in place of the AT potential alone, was shown@14#
to improve the agreement of the calculation with thermod
namics, but its effect is negligible compared to the deviat
of the Teitsma and Egelstaff results fromPVTdata. Concern-
ing the low-q data of this work, we estimated that, by su
tracting the effect of the above three-body quadrupolar c
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tributions from the experimentalc1
(3) , and fitting the

amplitude of the residual pure AT part, the resultingn would
be 2% smaller than the value obtained by neglecting s
effects. However, there is some indication that an effec
cancellation might exist between the above quadrup
terms ~DDQ, DQQ, and QQQ! and the triple-dipole term
resulting from fourth-order perturbation theory@usually indi-
cated as (DDD)4 to distinguish it from the third-order AT
one# @34#. This has been shown, for instance, for the latt
energy of rare gas crystals at 0 K@35#. For this reason, the
inclusion of quadrupolar three-body terms only does not n
essarily lead to a more correct determination ofn and we
decided not to consider it. On the other hand, we note tha
third order in perturbation theory, terms including octopo
moments might have a small effect onc1

(3)(q). Among these
the dipole-dipole-octopole~DDO! one should be first quan
titatively checked.

VI. CONCLUSIONS

Three-body forces mainly affect the structure factor
small-q values, therefore conclusions on their effects can
liably be drawn only through low-q measurements. The da
presented in this paper provide important information
both the pair and triplet interactions in Kr, since accur
experimental determinations ofc0(q) andc1(q) in the range
0.8,q/nm21,5.5 are obtained.

Our data provide not only clear evidence of irreducib
three-body effects on the structure of fluid Kr but, in ad
tion, reveal that, together with a reliable model for the p
potential, the long-range triple-dipole AT interaction is bo
absolutely necessary and, on the whole, sufficient to exp
the experimental behavior ofc1(q) within the uncertainties.
Thus the results of this work represent convincing proof t
the AT potential alone properly accounts for three-body
teraction effects on the structure of noble gases.

The remarkable agreement of the experimentalc0(q) with
the corresponding calculations based on realistic pair po
tials for Kr ~those of Refs.@32# and@33#! confirms the valid-
ity of the quoted models. This represents the basic condit
.
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allowing one to extract a reliablec1
(3)(q) from the experi-

mental data and further to investigate the three-body inte
tions quantitatively. The method described here to determ
the strength of the AT potential appears to be applied pr
erly, sincec1

(3)(q) is derived directly from the experimenta
c1(q) and is nearly model independent.

The high quality of our data thus led to the most accur
~8%! determination of the AT potential amplitude of Kr from
structure factor measurements, to our knowledge. This de
mination is also, more generally, the best experimental re
for three-body AT forces in noble gases. We believe that
choice of hydrogen as a reference sample for data norm
ization had an important role in increasing both the accur
and the reliability of the results.

The optimaln value that adequately describes both stru
tural and thermodynamical data is found to be slightly high
than, though consistent with, the published values ofn cal-
culated for Kr by the semiempirical approach@20#. Such an
indication is also qualitatively confirmed by the very rece
direct measurement ofn for Kr @12#, a result which, though
not very accurate, was obtained by exclusively probing
dipolar interactions@11# and independently of any assum
tion on the two-body properties of the fluid. Indirectly, a
the results of this work prove that accurate low-q neutron
data can be very helpful to develop realistic models for
interaction law in simple fluids, even at the level of thre
body interactions.
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