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Cyclotron resonance line shape function from the equilibrium density
projection operator technique
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Department of Physics, Kyungpook National University, Taegu 702-701, Seoul, Republic of Korea
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In this work, we present the calculation processes for obtaining the scattering factor for an electron-phonon
system using the equilibrium density projection operator technique. We introduce two useful identities neces-
sary to expand the scattering factor. We derive a cancellation relation which simplifies the expansion of the
scattering factor. We obtain the cyclotron resonance line shape function in the case of weak interaction.
Finally, we compare our results with other theories.@S1063-651X~99!13612-2#

PACS number~s!: 02.50.2r, 05.40.2a
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I. INTRODUCTION

Research in quantum transport theory is very importan
investigating the microscopic scattering phenomena of m
body systems. From 1950 to the present, many researc
have intensively carried out about this research@1–14#.
Some of these researchers pointed out two problems in
field. One is the problem of nonlinear behavior under a m
erately strong external field system, and the other conc
divergence in the expansion of the scattering factor at
resonance peak. Our group introduced a response functio
understand these problems, utilizing the equilibrium den
projection technique~EDPT! @9#.

The conductivity formalism based on the Liouville equ
tion has been successful in dealing with cyclotron transit
phenomena in many works@6–8,10#. In these theories, sinc
the conductivity function has a Lorenzian form, the scatt
ing factor in the denominator of the conductivity functio
represents the inverse of the relaxation time or the line sh
function of the optical absorption power. These are import
to understand microscopic properties of semiconductors,
Thus these authors introduced many theories with vari
methodologies concerning the line shape formulas. Am
these are Mori and Kawabata’s line shape formula of
electron-impurity interacting system utilizing a projectio
operator based on Kubo’s inner product@6#, Lodder and co-
workers’ line shape formula of an electron-phonon intera
ing system utilizing a diagram method, and Suzuki’s a
Dunn’s line shape formula of an electron-phonon interact
system utilizing a superoperator method@7#. Suzuki’s result
is compared with Kobori’s experimental research, the re
corresponding well to the experimental data in some se
conductor@11#. In this work, we summarize the calculatio
processes for obtaining the scattering factor using the ED
@9#, and obtain a line shape formula for an electron-phon
interacting system.

The EDPT theory represents a compact form utilizing u
per nonlinear order and lower continued fractional repres
tation ~CFR! order in the derivation of the basic formula

*FAX: 82-53-952-1739.
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Then we expand the form, and reorganize the calcula
processes. The, CFR has a complicated interacting term,
thus we rearrange the calculation processes at first. W
arranging the calculation processes, we introduce two us
identities necessary to expand the elements of the scatte
factor. We also derive a cancellation relation which simp
fies the expansion of the scattering factor. We explain th
definitions and relation in later sections.

Most of our researches used Kubo’s identity and diago
approximation to obtain the line shape function, utilizing t
combined projection technique~CPT! @10#. In the EDPT@9#,
we showed the difference between the scheme of the C
and the ensemble average projection technique~EAPT!. The
EAPT has an advantageous aspect because it can dir
obtain the line shape function, and shows the dependenc
temperature of the line shape function, and the depende
on magnetic field of the line shape function and other fu
tions; it is needed to calculate the absorption power for
taining the linewidth in the CPT. So, in this work, we use t
EAPT in the CFR formula. We strictly use the commutati
relation of annihilation and creation operators and do not
the Kubo identity.

Since the perturbation of an external field is weak in t
electron-phonon intraband transition between Landau le
in a semiconductor, we neglect the nonlinear effect. So
this work, we study only the linear response term in t
EDPT. Considering the weak electron-phonon interactio
we calculate the first and second terms with pair interacti
in the CFR, then compare our results with other theories

II. SYSTEM AND CONDUCTIVITY FORMULA

A. System

We consider a system of many electrons which intera
weakly with background phonons. For a static magnetic fi
BW applied in thez direction, the electron energy is quantize
We also consider a system which is subject to an oscillat
external fieldEW (t)5êlEle

2 ivt, whereêl is the unit vector in
the external field direction (l 5x,y,z, etc.!, andv is the an-
gular frequency. Then the HamiltonianH(t) is given by

H~ t !5Hs1Hext~ t !5Hs1H8El~ t !, ~2.1!

where the time-independent HamiltonianHs is
6538 © 1999 The American Physical Society
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Hs5He1HP1V, ~2.2!

He5(
b

^buh0ub&ab
1ab , ~2.3!

HP5(
q

\vqbq
1bq , ~2.4!

V5(
q

(
a,m

Ca,m~q!aa
1am~bq1b2q

1 !. ~2.5!

Here He is the electron Hamiltonian,Hp is the phonon
Hamiltonian, V is the electron-phonon interaction Ham
tonian andaa

1 (aa) is the creation~annihilation! operator for
electron in the Landau stateua&[uNa ,kya&, whereNa and
ka are the Landau level index and the electron wave vec
respectively. Also,m* is the effective mass of the electro
and vc([eB/m* ) is the cyclotron resonance frequency
the electrons. In Eq.~2.4!, bq

1 (bq) is the creation~annihila-
tion! operator for a phonon in the stateu6q&, \vq the pho-
non energy,qW the phonon wave vector, andCq the coupling
coefficient for the electron-phonon interaction. The tim
dependent HamiltonianHext is

Hext~ t !5
epW

m
•AW ~ t !52JW•AW ~ t !

52~ i /v!EW ~ t !•JW5H8El~ t !, ~2.6!

where

H85S 2
i

v D J1. ~2.7!

Here J1 is the induced directional current component ofJW .
The many body current operators areJ15(a j a

1aa11
1 aa ,

J25(a( j a
1)* aa

1aa11, and the single electron current oper
tors arej 6[ j x6 i j y . The corresponding Liouville operato
of this system,L(t), is given by

L~ t !5Ls1L8~ t !. ~2.8!

Using the Landau gaugeAW 5(0,Bx,0), the single electron
Hamiltonian is

h05 (
i 5x,y,z

~pW 1eAW !2/2mi , ~2.9!

where mi is the effective mass in directioni. The single
electron eigenstates and eigenvalues are given by

eNa ,kza
5S Na1

1

2D\vc1
\2kza

2

2ml
, ~2.10!

CNa ,kya ,kza
~x,y,z!5

1

ALyLz

exp@ i ~kyay1kzaz!#FNa~x!,

~2.11!
r,

-

FNa~x!5
1

A2NaNa! r 0Ap

3exp@2~x2xa!2/2r 0
2#HNaS x2xa

r 0
D ,

~2.12!

whereHN(x) is the Hermite polynomial,Ly(Lz) is they(z)
directional normalization length,Na is the index of the Lan-
dau level,r 05A\/eB, andxa5\kya /eB. The single current
eigenvalue in this system is j a

1[^a11u j 1ua&5

2 ieA2(Na11)\vc /mt. Heremt (ml) is the tangent~paral-
lel! directional effective mass about the magnetic field.

B. Conductivity formula

For the EAPT in the EDPT@9#, we replace the dynamic
variable operatorRk by an induced currentJ2 which is
caused by an external circularly polarized field. The exp
tations of induced current and conductivity in the EAPT a

J̃2~z!5s̃7~z!Ẽl~z!, ~2.13!

s̃7~z!5
2~ i /\!L7

iz2A71Q̃7~z!
, ~2.14!

where

L7[Tr$J2D0%, ~2.15!

A7[
2 i

\L7
Tr$Rk1D0%, ~2.16!

Q7~ t !5
1

\2L7

Tr$Rk1Gk0~ t !Pk08 LsD0%. ~2.17!

HereRk1[J2Ls , D0[L8rs , Gk0(t)5exp(2itPk08 Ls/\), Pk0

is Eq. ~3.2!, andPk08 512Pk0.
Using the matrix elements of Sec. III, we calculateL7

andA7 as follows:

L75S i

v D(
a

j a
1* j a

1~ f a112 f a!, ~2.18!

A752 ivc . ~2.19!

In the continuous approximation for the electron state,
need the following replacements:

(
a

⇒ mtvc

2p2\
(
N50

` E
2`

`

dkza , ~2.20!

(
b

Tr(e)$r~He!aa
1ab%5

mtvc

2p2\
(
N50

` E
2`

`

f adkzada,b .

~2.21!

With these replacements, we obtain
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L75
mtvc

2p2\
S i

v D j a
12 (

N50

` E
2`

`

dkza~ f a112 f a!,

~2.22!

where z is replaced by the external oscillatory frequen
2v. Then we obtain a formula for the conductivity tensor
this theory:

s̃7~v!52
mtvc

2p2\
(
N50

`
i

\v

j a
12E

2`

`

dkza~ f a2 f a11!

v2vc1 iQ̃7~v!
.

~2.23!

Our formula for the conductivity tensor in Eq.~2.23! is simi-
lar to those of many other theories. However, our scatte
factor Q̃7(v) is quite different from others@5–8,10#.

III. REGULATIONS IN EXPANDING THE ELEMENTS
OF CFR FACTORS

We expanded the scattering factorQ̃7(v) in a continued
fraction representation to avoid divergence at the resona
peak, and expanded the CFR formula again in a series f
in order to examine the convergence@9,12#. Taking a diago-
nal approximation and assuming weak electron-phonon
teractions, we can approximately separate the backgro
phonon average for the scattering factor of linear respo
function, Q̃7(v), as

Q̃7~v!'
1

\2L7

^Tre$Rk1f 1~v!%&B . ~3.1!

Here, Tre denotes the trace of electron states and^•••&B
denotes the ensemble average of the background.f 1(v) is
the Fourier-Laplace transform off 1(t1)[e2 i t1L1 /\ f 1, where
t1[t2s. We define the projection operatorP0 by

P0X[
De

L7
Tr(e)$J2X%, ~3.2!

with De[L1re , f 1[L1De , andL1[(12P0)Ls[P08Ls .
If we assume that the electron-phonon interactions

weak enough, it will suffice to consider only the two lowe
order terms in the series expansion of the CFR as

Q̃7~v!' ig01~ iD1!K1 . ~3.3!

Here we expand the elements of scattering factor as in
@9#, as follows:

g05
21

~2v!\2^Tr(e)$J2Ll8re%&B

^Tr(e)$J2LsP08LsL18 re%&B ,

~3.4!

D1[
i

~2v!\3^Tr(e)$J2L18 re%&B

3^Tr(e)$J2LsP08LsP08LsL18 re%&B , ~3.5!
g

ce
m

-
nd
se

re
t

f.

K15
1

i ~2v!1 iv11 ig1
, ~3.6!

v15
21

\^Tr(e)$J2LsP08LsP08LsL18 re%&B

3^Tr(e)$J2LsP08LsP08LsP08LsL18 re%&B , ~3.7!

g1[a1
v1

2

~2v!
, ~3.8!

a[
21

~2v!\2^Tr(e)$J2LsP08LsP08LsL18 re%&B

3^Tr(e)$J2LsP08Ls8P08LsP08LsP08LsL18 re%&B ,

~3.9!

L7[^Tr(e)$J2L18 re%&B . ~3.10!

We rearrange the operators in such a way that all Li
ville operators act onJ2. We introduce a useful identity
necessary to inverse the order of Liouville operators~see the
Appendix!.

Tr(e)$J2L1L2•••Lm21LmL18 re%

5~21!(m11)^L18 LmLm21•••L2L1J2&e , ~3.11!

where^•••&e means the ensemble average forHe . To cal-
culate elements of the scattering factors, we derive so
useful identities necessary to adaptP08512P0:

G05~L2!2~B0!~L1!~L1!, ~3.12!

G15~L3!2~B0!~L1!~L2!2~B0!~G0!~L1!, ~3.13!

G25~L4!2~B0!~L3!~L1!2~B0!~G0!~L2!

2~B0!~G1!~L1!, ~3.14!

G35~L5!2~B0!~L1!~L4!2~B0!~G0!~L3!

2~B0!~G1!~L2!2~B0!~G2!~L1!, ~3.15!

with the definitions

GN[Tr(e)$J2Ls~P08Ls!
N11L1rs%, ~N positive number!,

~3.16!

~Ln![6^L1~Ls!
nJ2&s , ~n odd,1; n even,2 !,

~3.17!

~B0![
21

^L1J2&s

. ~3.18!

Utilizing above identities, we rewrite the elements as f
lows:

g05
21

~2v!\2
~B0!~G0!, ~3.19!
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D15
i

~2v!\3
~B0!~G1!, ~3.20!

v15
21

\G1
G2, ~3.21!

g15a1
v1

2

~2v!
, ~3.22!

a5
21

~2v!\2G1
G3. ~3.23!

IV. LINE SHAPE FUNCTION

In order to calculate matrix elements, we use the comm
tation relations of fermions~electrons! and anticommutation
relations of bosons~phonons!. Using the relation

^~bl1b2 l
1 !~bq1b2q

1 !&p

5^~bq1b2q
1 !~bl1b2 l

1 !&p

5$nq1~nq11!%d l ,2q , ~4.1!

and assuming the weak interactions, we may take

^@an
1ak~bl1b2 l

1 !,am
1aa11~bq1b2q

1 !#&p

5@an
1ak ,am

1aa11#^~bl1b2 l
1 !~bq1b2q

1 !&p . ~4.2!

SubstitutingLs , given by

Ls[Le1Lp1Lv[Ld1Lv , ~4.3!

into the elements of scattering factor, we obtain the ma
elements, which are needed to obtain the line shape func
as follows:

^L8~Lp!nJ2&s50, ~4.4!

^L8~Ld!nJ2&s

5S 2
i

v D(
a

~ea2ea11!nj a
1 j a

1* ^~ f a112 f a!&p50,

~4.5!

^L8~Le!
nLvJ2&s

5S 2
i

v D(
q

„Ca,a~q!2Ca11,a11~q!…

3~ea2ea11!nj a
1 j a

1* ^~ f a112 f a!~bq1b2q
1 !&s ,

~4.6!

^L8~Lp!nLvJ2&s

5S 2
i

v D(
q

~\vq!n
„Ca,a~q!2Ca11,a11~q!…

3 j a
1 j a

1* ^~ f a112 f a!„~21!nbq1b2q
1

…&s , ~4.7!
-

x
n,

^L8~Ld!nLvJ2&s5S 2
i

v D(
q

~ea2ea112\vq!n

3„Ca,a~q!2Ca11,a11~q!…

3 j a
1 j a

1* ^~ f a112 f a!bq&s

1S 2
i

v D(
q

~ea2ea111\vq!n

3„Ca,a~q!2Ca11,a11~q!…

3 j a
1 j a

1* ^~ f a112 f a!b2q
1 &s , ~4.8!

^L8Lv~Ld!nLvJ2&s

5^An1Bn1Cn1Dn1Fn1Gn1Hn1I n&s , ~4.9!

where

An[S 2
i

v D(
q

(
b

~eb2ea112\vq!n

3Ca,b~q!Cb,a
1 ~q! j a

1 j a
1* ~ f a112 f a!~nq!,

~4.10!

Bn[2S 2
i

v D(
q

(
b

~eb2ea112\vq!n

3Ca11,b11~q!Cb,a
1 ~q! j b

1 j a
1* ~ f b112 f b!~nq!,

~4.11!

Cn[2S 2
i

v D(
q

(
b

~ea2eb112\vq!n

3Ca11,b11~q!Cb,a
1 ~q! j b

1 j a
1* ~ f b112 f b!~nq!,

~4.12!

Dn[S 2
i

v D(
q

(
b

~ea2eb2\vq!n

3Ca11,b~q!Cb,a11
1 ~q! j a

1 j a
1* ~ f a112 f a!~nq!,

~4.13!

Fn[S 2
i

v D(
q

(
b

~eb2ea111\vq!n

3Ca,b
1 ~q!Cb,a~q! j a

1 j a
1* ~ f a112 f a!~nq11!,

~4.14!

Gn[2S 2
i

v D(
q

(
b

~eb2ea111\vq!n

3Ca11,b11
1 ~q!Cb,a~q! j b

1 j a
1* ~ f b112 f b!~nq11!,

~4.15!
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Hn[2S 2
i

v D(
q

(
b

~ea2eb111\vq!n

3Ca11,b11
1 ~q!Cb,a~q! j b

1 j a
1* ~ f b112 f b!~nq11!,

~4.16!

I n[S 2
i

v D(
q

(
b

~ea2eb1\vq!n

3Ca11,b
1 ~q!Cb,a11~q! j a

1 j a
1* ~ f a112 f a!~nq11!.

~4.17!

Here ^•••&s (^•••&p , etc.! means the ensemble average
Hs (Hp , etc.! and f a is the Fermi-Diac distribution ofa
state. We expandGN’s with the order of Liouville operators
kept the same in each term as follows:

G05Š2^L1LsLsJ
2&e2~B0!^L1LsJ

2&e^L1LsJ
2&e‹p

5G0a1G0b, ~4.18!

G0a[Š2^L1LdLdJ2&e2~B0!^L1LdJ2&e^L1LdJ2&e‹p ,
~4.19!

G0b[Š2^L1LvLvJ2&e2~B0!^L1LvJ2&e^L1LvJ2&e‹p .
~4.20!

Using the matrix elements@Eqs. ~4.4!–~4.9!#, we obtain a
useful cancellation relation which simplifies the expansion
scattering factors as

Mm1I m50, ~4.21!

where

Mm[Š~B0!^L1Lv~Ld!mJ2&e^L1LvJ2&e‹B , ~4.22!

Nm[Š~B0!~B0!^L1LvJ2&e^L1~Ld!mJ2&e^L1LvJ2&e‹B .
~4.23!

HereMm andNm are opposite signs of each other accord
to Eqs.~3.17! and~3.18!. Then, we obtainGN’s as follows:

G15Š^L1LvLdLvJ2&e1~B0!^L1LvJ2&e^L1LdLvJ2&e‹p ,
~4.24!
r

f

G25G2~2nd!1G2~4th!'G2~2nd!,

G2~2nd![Š2^L1LvLdLdLvJ2&e

2~B0!^L1LvJ2&s^L1LdLdLvJ2&e‹p ,

~4.25!

G35G3~2nd!1G3~higher order!'G3~2nd!,

G3~2nd![Š^L1LvLdLdLdLvJ2&e

1~B0!^L1LvJ2&e^L1LdLdLdLvJ2&e‹p ,

~4.26!

~B0![2
1

^L1J2&s

. ~4.27!

This theory contains the terms of high order interactions
the lowest second order approximation, while most of
other theories do not contain such high order terms in
same approximation@6–8,10#. Thus, we can apply this for
mula to a moderately strongly interacting system in the lo
est second order approximation. But the calculation of h
order interactions is very complicated, and we need to
velop some techniques. Here, considering the weaknes
interactions, we neglect the higher order interactions~fourth
orders, etc!. Then we obtain

G05@A01B01C01F01G01H0# (bÞa)

1@D01I 0# (bÞa11) , ~4.28!

G15@A11B11C11F11G11H1# (bÞa)

1@D11I 1# (bÞa11) , ~4.29!

G2'G2~2nd!5@A21B21C21F21G21H2# (bÞa)

1@D21I 2# (bÞa11) , ~4.30!

G3'G3~2nd!5@A31B31C31F31G31H3# (bÞa)

1@D31I 3# (bÞa11) . ~4.31!

Thus, we obtain the line shape functionQ̃7(v) as follows:
Q̃7~v!5
1

\2L7

$Rk1f 1~z!%' ig01~ iD1!K1 , ~4.32!

K15
1

iv1 iv11 ig1
, ~4.33!

g05
1

v\2
$@A01B01C01F01G01H0# (bÞa)

1@D01I 0# (bÞa11)%, ~4.34!
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D15
2 i

v\3
~B0!$@A11B11C11F11G11H1# (bÞa)1@D11I 1# (bÞa11)%, ~4.35!

v15
21

\

$@A21B21C21F21G21H2# (bÞa)1@D21I 2# (bÞa11)%

$@A11B11C11F11G11H1# (bÞa)1@D11I 1# (bÞa11)%
, ~4.36!

g15
1

v\2

$@A31B31C31F31G31H3# (bÞa)1@D31I 3# (bÞa11)%

$@A11B11C11F11G11H1# (bÞa)1@D11I 1# (bÞa11)%

1
1

v\F $@A21B21C21F21G21H2# (bÞa)1@D21I 2# (bÞa11)%

$@A11B11C11F11G11H1# (bÞa)1@D11I 1# (bÞa11)%
G2

. ~4.37!
in
ri
da

-
t i
ri-
he

e
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The result of the line shape function@Eq. ~4.32!#, with Eqs.
~4.33!–~4.37!, has more interaction energy terms than
other theories. Some of those intraband transition theo
are successful in explaining the transitions between Lan
levels in some materials~Si, Ge, etc.! @11#. However, in
some materials~GaAs, etc.!, the theories do not explain ex
perimental data sufficiently well. We expect that the resul
Eq. ~4.32! will supplement the explanation of those expe
mental data. In Sec. V, we compare our result with ot
theories.

V. LINESHIFT AND HALFWIDTH

If we let v̄[2v2 ih, K1 becomes complex, and we tak

Q̃7~v̄ ![ iS~v̄ !1g~v̄!, ~5.1!

where the line shift is

S~v̄ ![I mQ7~v̄ !'I m$ ig01~ iD1!K1%5g01I m$~ iD1!K1%,
~5.2!

and the halfwidth is

g~v̄![ReQ7~v̄ !'Re$ ig01~ iD1!K1%5Re$~ iD1!K1%.
~5.3!

Substitutingu j a
12u5e2@2(Na11)\vc /mt# into the conduc-

tivity formula, we obtain the conductivity as

Res7~v̄ !52
e2

p2\
S vc

2

v Dg~v̄!E
2`

`

dkz~ f N,kz
2 f N11,kz

!

„v̄2vc2S~v!…21@g~v̄ !#2
.

~5.4!

For the circularly polarized electromagnetic field with t
frequencyv applied to the system, the absorption pow
delivered to the system is given by

P~v!5~E0
2/2!Re$s7~v̄ !%,

where Re denotes the real part. Since the conductivity fu
tion equation~5.4! is of Lorenzian form, the scattering fac
torsS(v̄) andg(v̄) in the denominator of conductivity func
tion play the role of the line shape function of the optic
es
u

n

r

r

c-

l

absorption power. The line shape function is important
understand microscopic properties of semiconduct
@6–11#.

Most of the other theories require a calculation of t
absorption power in order to obtain the linewidth, becau
the whole conductivity formula must be integrated over t
electron wave vectorkz @7–10#. However, in the EAPT, the
integration over the stateua& appears separately in the nu
merator and denominator of the conductivity formula@9#.
This scheme has advantageous aspects in that we can dir
obtain the line shape function and well explain the dep
dence of the temperature, the dependence of the mag
field, and so on. The interaction coupling factorCq is

Ca,m~q!5Vq^aueiqW •rWum&,

whereVq is the material factor in each case. For example
can be an acoustic deformation potential scattering factor
acoustic piezoelectric scattering factor, a polar optical p
non scattering factor, etc. The dependence ofVq on the pho-
non wave vectorq differs in each scattering mechanism. Th
matrix elementsCa,m(q) are given by

~Cq!a,b~Cq
1!b,a5V~q!2K1~Na ,Nb ;t !dkbz

kaz
2qz

,

~5.5!

~Cq!a11,b11~Cq
1!b,a5V~q!2K2~Na ,Nb ;t !dkbz

kaz
2qz

with K matrices

K1~N. ,N, ;t ![
N,!

N.!
t (N.2N,) exp~2t !~LN,

(N.2N,)
!2,

~5.6!

K2~N, ,N. ;t ![AN,11

N.11

N,!

N.!
t (N.2N,)

3exp~2t !LN,

(N.2N,)
~ t !LN,11

(N.2N,)
~ t !,

where

Ln
m~ t !5~n! !21 exp~ t !t2m~dn/dtn!@ tn1m exp~2t !#

~5.7!
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is the associated Larguerre polynomial. HereN. (N,) de-
notes the larger~smaller! number amongNa andNb .

In continuous approximation for the phonon wave vec
q5Aqx

21qy
21qy

2, we take the integration over phonon stat
as

(
q

→V~2p!23E
2`

`

dqzE
0

`

~2p/r 0
2!dt, ~5.8!

whereV is the volume of materials, and

t[@r 0
4qy

21r 0
4qx

2#/2r 0
25

r 0
2

2@qy
21qx

2#
. ~5.9!

Then we obtain the integration forms of matrix elements
follows:

~B0!8[
21

E
2`

`

dkza~ f a112 f a!

, ~5.10!

An,(bÞa)8 ~a,b!

5@~Na11!#E
2`

`

dkzaE
2`

`

dqzE
0

`

dt V~q!2

3DEn~b,a11;2qz!K1~Na ,Nb ;t !DF~a!nq ,

~5.11!

Bn,(bÞa)8 ~a,b!52@~Nb11!~Na11!#1/2

3E
2`

`

dkzaE
2`

`

dqzE
0

`

dt

3V~q!2DEn~b,a11;2qz!

3K2~Na ,Nb ;t !DF~b,2qz!nq ,

~5.12!

Cn,(bÞa)8 ~a,b!

52@~Nb11!~Na11!#1/2

3E
2`

`

dkzaE
2`

`

dqzE
0

`

dt V~q!2DEn~a,b11;2qz!

3K2~Na ,Nb ;t !DF~b,2qz!nq , ~5.13!

Dn,(bÞa11)8 ~a,b!

5@~Na11!#E
2`

`

dkzaE
2`

`

dqzE
0

`

dt V~q!2

3DEn~a,b;2qz!K1~Na11 ,Nb ;t !DF~a!nq , ~5.14!
r
s

s

Fn,(bÞa)8 ~a,b!

5@~Na11!#E
2`

`

dkzaE
2`

`

dqzE
0

`

dt V~q!2

3DEn~b,a11;qz!K1~Na ,Nb ;t !DF~a!~nq11!,

~5.15!

Gn,(bÞa)8 ~a,b!

52@~Nb11!~Na11!#1/2E
2`

`

dkzaE
2`

`

dqzE
0

`

dt

3V~q!2DEn~b,a11;qz!

3K2~Na ,Nb ;t !DF~b,1qz!~nq11!, ~5.16!

Hn,(bÞa)8 ~a,b!

52@~Nb11!~Na11!#1/2E
2`

`

dkzaE
2`

`

dqzE
0

`

dt

3V~q!2DEn~a,b11;qz!K2~Na ,Nb ;t !

3DF~b,1qz!~nq11!, ~5.17!

I n,(bÞa11)8 ~a,b!

5@~Na11!#E
2`

`

dkzaE
2`

`

dqzE
0

`

dt

3V~q!2DEn~a,b;qz!K1~Na11 ,Nb ;t !

3DF~a!~nq11!, ~5.18!

where

DEn~b,a11;6qz!

[F ~Nb2Na21!\vc1
\2

2m* ~62kza
qz1qz

2!

6\vsS 2

r 0
2

t1qz
2D 1/2G n

, ~5.19!

DEn~a,b11;6qz!

[F ~Na2Nb21!\vc2
\2

2m* ~62kza
qz1qz

2!

6\vsS 2

r 0
2

t1qz
2D 1/2G n

, ~5.20!

DEn~a,b;6qz![F ~Na2Nb!\vc2
\2

2m* ~62kza
qz1qz

2!

6\vsS 2

r 0
2

t1qz
2D 1/2G n

, ~5.21!
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and with DF(a)[( f a112 f a), DF(b,6qz)[( f b112 f b),
f a[@ee(a,T)11#21, f b[@ee(b,6qz ,T)11#21, nq[@ee(q,T)

21#21. Here

e~a,T!5F S Na1
1

2D\vc1
\2kza

2

2m*
1~ec2eF!G Y kBT,

~5.22!

e~b,6qz ,T!5F ~Nb11!\vc1
\2~kza

6qz!
2

2m*

1~ec2eF!G Y kBT, ~5.23!

e~q,T!5
\vq

KBT
'

\vs

KBT S 2

r 0
2t

1qz
2D 1/2

. ~5.24!

Then elements of the line shape formula with Eqs.~5.10!–
~5.18! are

g05
21

\2v̄
S 1

4p2r 0
2D ~Bk08 !~A081B081C081D08

1F081G081H081I 08!, ~5.25!

D15S i

\3v̄Lkl0
D Lkl15

i

\3v̄
S 1

4p2r 0
2D ~Bk08 !

3~A181B181C181D181F181G181H181I 18!,

~5.26!
v15
21

\

~A281B281C281D281F281G281H281I 28!

~A181B181C181D181F181G181H181I 18!
, ~5.27!

g15
21

\2v̄

~A381B381C381D381F381G381H381I 38!

~A181B181C181D381F181G181H181I 18!

1
1

v̄
F21

\

~A281B281C281D281F281G281H281I 28!

~A181B181C181D181F181G181H181I 18!
G 2

.

~5.28!

With the exclusion condition of our result it is possible
predict which terms contribute to the intra-Landau-level
inter-Landau-level transitions. This prediction is not clear
other theories. Because of the exclusion condition in the s
of the state in Eqs.~4.20!–~4.27!, Dn andI n terms contribute
to the intra-Landau-level transitions froma50 to b50, and
An , Bn , Cn , Fn , Gn , andHn terms contribute to the neigh
borhood inter-Landau-level transitions froma50 to b51.
It is well known that most of transitions arise in those tra
sitions in quantum limit. Ifa50 andb52, all terms con-
tribute to intraband transitions between Landau levels.

In order to compare with other theories@7–11#, we sepa-
rate the energy terms in the denominator of line shape fu
tion, and rewrite elements of the line shape function as
ig05
2 i

\2v̄
S 1

4p2r 0
2D E

2`

`

dkzaE
2`

`

dqzE
0

`

dt V~q!2H @~Na11!K1~Na ,Nb ;t !DF~a!~nq!# (bÞa)

2†@~Nb11!~Na11!#1/2K2~Na ,Nb ;t !DF~b,2qz!~nq!‡(bÞa)

2†@~Nb11!~Na11!#1/2K2~Na ,Nb ;t !DF~b,2qz!~nq!‡(bÞa)1@~Na11!K1~Na11 ,Nb ;t !DF~a!~nq!‡(bÞa11)

1@~Na11!K1~Na ,Nb ;t !DF~a!@~nq!11## (bÞa)2†@~Nb11!~Na11!#1/2K2~Na ,Nb ;t !DF~b,1qz!@~nq!11#‡(bÞa)

2†@~Nb11!~Na11!#1/2K2~Na ,Nb ;t !DF~b,1qz!@~nq!11#‡(bÞa)

1†~Na11!K1~Na11 ,Nb ;t !DF~a!@~nq!11#‡(bÞa11)%Y E
2`

`

dkza DF~a!, ~5.29!
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~ iD1!K15
21

\3v̄

1

4p2r 0
2E

2`

`

dkzaE
2`

`

dqzE
0

`

dt V~q!2H F ~Na11!DEn~b,a11;2qz!K1~Na ,Nb ;t !DF~a!~nq!

\v̄2DEn~b,a11;2qz!1u1
G

(bÞa)

2F @~Nb11!~Na11!#1/2DEn~b,a11;2qz!K2~Na ,Nb ;t !DF~b,2qz!~nq!

\v̄2DEn~b,a11;2qz!1u1
G

(bÞa)

2F @~Nb11!~Na11!#1/2DEn~a,b11;2qz!K2~Na ,Nb ;t !DF~b,2qz!~nq!

\v̄2DEn~a,b11;2qz!1u2
G

(bÞa)

1F ~Na11!DEn~a,b;2qz!K1~Na11 ,Nb ;t !DF~a!~nq!

\v̄2DEn~a,b;2qz!1u3
G

(bÞa11)

1F ~Na11!DEn~b,a11;qz!K1~Na ,Nb ;t !DF~a!@~nq!11#

\v̄2DEn~b,a11;qz!1u4
G

(bÞa)

2F @~Nb11!~Na11!#1/2DEn~b,a11;qz!K2~Na ,Nb ;t !DF~b,1qz!@~nq!11#

\v̄2DEn~b,a11;qz!1u4
G

(bÞa)

2F @~Nb11!~Na11!#1/2DEn~a,b11;qz!K2~Na ,Nb ;t !DF~b,1qz!@~nq!11#

\v̄2DEn~a,b11;qz!1u5
G

(bÞa)

1F ~Na11!DAEn~a,b;qz!K1~Na11 ,Nb ;t !DF~a!@~nq!11#

\v̄2DEn~a,b;qz!1u6
G

(bÞa11)
J Y E

2`

`

dkza DF~a!. ~5.30!
q
Th

n

di

y
of
an
in
r

e-

-
of
Here

u1[DE1~b,a11;2qz!1\v11\g1 ,

u2[DE1~a,b11;2qz!1\v11\g1 ,

u3[DE1~a,b;2qz!1\v11\g1 , ~5.31!

u4[DE1~b,a11;qz!1\v11\g1 ,

u5[DE1~a,b11;qz!1\v11\g1 ,

u6[DE1~a,b;qz!1\v11\g1 .

We see corrected lineshift terms in Eq.~5.29!, which corre-
spond to the first term of the line shape function in E
~4.32!. These terms are not contained in other theories.
second term of the line shape function in Eq.~5.30! is similar
to Ryu and Choi’s result@13# and Sawaki’s result based o
the Stark-ladder representation approach@14#. However, our
formula contains more terms expressing the Fermi-Dirac
tribution and the complicated energy contributionun .

In this work, un involves complicated interacting energ
termsv1 andg1, which to our knowledge are new terms
this theory. These terms are expected to contribute expl
tions of experimental data in some moderately strongly
teracting systems. If we assume weak interaction and nea
neighbor state transitions, as betweena50 and b51, we
can approximate as follows:
.
e

s-

a-
-
est

\v1'2DE1~b,a11;6qz!'2DE1~a,b11;6qz!

'2DE1~a,b;6qz!

and

\g1'2
1

\v̄
E1

2~b,a11;6qz!1
\

v̄
~v1!2

'2
1

\v̄
E1

2~a,b11;6qz!1
\

v̄
~v1!2

'2
1

\v̄
E1

2~a,b;6qz!1
\

v̄
~v1!2'0.

Thus we obtain

un'0.

In order to compare the approximated result of the lin
width with many other theories@7,8,10#, we neglect the com-
plicated interaction energy termsun as in the above approxi
mation; at first, we integrate over the vertical component
phonon wave vector,q'[Aqx

21qy
2, utilizing the relation

limb→01
(x2 ib)215p(1/x)1 ipd(x). Considering the

quantum limit, we obtain the transitions betweena50, b
50, andb51. The halfwidth is obtained as
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g~v!'Re$~ iD1!K1%5Re$~ iD18!K18%52
1

2p\2vs
E

2`

`

dkzaE
2`

`

dqz3H V~qz ,q'1!2A~q'1
2 1qz

2!K1S 1,0;
r 0

2

2
q'1

2 DDF~0!

3~nq!1V~qz ,q'2!2A~q'2
2 1qz

2!K1S 0,1;
r 0

2

2
q'2

2 DDF~0!~nq!1V~qz ,q'3!2A~q'3
2 1qz

2!K2S 0,1;
r 0

2

2
q'3

2 D
3DF~1,2qz!~nq!1V~qz ,q'4!2A~q'4

2 1qz
2!K2S 0,1;

r 0
2

2
q'4

2 DDF~1,2qz!~nq!

1V~qz ,q'5!2A~q'5
2 1qz

2!K1S 1,0;
r 0

2

2
q'5

2 DDF~0!„~nq!11…

1V~qz ,q'6!2A~q'6
2 1qz

2!K1S 0,1;
r 0

2

2
q'6

2 DDF~0!„~nq!11…1V~qz ,q'7!2A~q'7
2 1qz

2!K2S 0,1;
r 0

2

2
q'7

2 D
3DF~1,1qz!„~nq!11…1V~qz ,q'8!2A~q'8

2 1qz
2!K2S 0,1;

r 0
2

2
q'8

2 DDF~1,1qz!„~nq!11…J Y E
2`

`

dkza~ f 12 f 0!

~5.32!
m
e

o
la
.
m
on
a
in

m-
th-

s
. We
x-

that
e
ed

ex-
n-
si-

the
on.
m
erm

k-

bu-
pe
to
ex-
where

q'1[AH 2
v

vs
1

\

m* vs
kza

qz2
\

2m* vs
qz

2J 2

2qz
2,

q'2[q'3[AH 2
v

vs
2

\

m* vs
kza

qz1
\

2m* vs
qz

2J 2

2qz
2,

q'4[AH ~2v22vc!

vs
1

\

m* vs
kza

qz2
\

2m* vs
qz

2J 2

2qz
2,

~5.33!

q'5[1AH v

vs
1

\

m* vs
kza

qz1
\

2m* vs
qz

2J 2

2qz
2,

q'6[q'7[AH v

vs
2

\

m* vs
kza

qz2
\

2m* vs
qz

2J 2

2qz
2,

q'8[AH ~v12vc!

vs
1

\

m* vs
kza

qz1
\

2m* vs
qz

2J 2

2qz
2.

This approximated result of the linewidth is easier to co
pare with other theories and experiments through a num
cal calculation of double integrations.

VI. CONCLUSION

In this work, at first, we expanded the compact form
CFR scattering factor in the EDPT, reorganized the calcu
tion processes, and presented the calculation processes
use the EAPT in the EDPT formula. The EAPT has so
merits in that it can directly obtain the line shape functi
and explain the dependence of temperature of line sh
function, the dependence of the magnetic field of the l
-
ri-

f
-

We
e

pe
e

shape function, and other qualities. We strictly used the co
mutation relation of annihilation and creation operators wi
out using the Kubo identity.

In the calculation, we introduced two useful identitie
necessary to expand the elements of the scattering factor
also derived a cancellation relation which simplifies the e
pansion of the scattering factor. In Eq.~4.32!, the main result
of this work, we show that the scattering factor~the real part
is the halfwidth of the absorption power! contains more in-
teracting effects than some other theories. We expect
this result will explain the experimental data well for som
materials. However, in order to examine this result, we ne
further research for the numerical calculations. From the
clusion condition which results, we show which terms co
tribute to the intra-Landau-level or inter-Landau-level tran
tions.

In order to compare with other theories, we separate
energy terms in the denominator of the line shape functi
In Eq. ~5.29!, we separate the correction line shift ter
which is not contained in the other theories. The second t
of the line shape function@Eq. ~5.30!#, is similar to Ryu and
Choi’s result@13# and Sawaki’s result based on the Star
ladder representation approach@14#. However, our formula
contains more terms expressing the Fermi-Dirac distri
tuion and a complicated energy contribution in the line sha
function. Finally, we summarize the approximation result
compare easily with other approximation theories and
perimental results.
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APPENDIX

Proof of Eq.~3.11!:

Tr(e)$J2Ll8rs%5Tr(e)$J2Hl8rs2J2rsHl8%5Tr(e)$rsJ
2Hl82rsHl8J

2%5Tr(e)$rs@J2,Hl8#%52Tr(e)$rs@Hl8 ,J2#%

52Tr(e)$rsLl8J
2%52^Ll8J

2&s

and

Tr(e)$J2LsLl8rs%5Tr(e)$J2LsHl8rs2J2LsrsHl8%5Tr(e)$J2HsHl8rs2J2Hl8rsHs2J2HsrsHl81J2rsHlHs8%

5Tr(e)$rsJ
2HsHl82rsHsJ

2Hl82rsHl8J
2Hs1rsHlHs8J

2%

5Tr(e)$rs~J2HsHl82HsJ
2Hl82Hl8J

2Hs1HlHs8J
2!%

5Tr(e)$rs~2@Hs ,J2#Hl81Hl8@Hs8 ,J2# !%

5Tr(e)$rs†Hl8 ,@Hs ,J2#‡%5^Ll8LsJ
2&s

Thus we obtain

Tr(e)$J2L1L2•••Lm21LmL18 re%5~21!(m11)^L18 LmLm21•••L2L1J2&e , ~A1!
.

v.
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,
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