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Minimal model for complex dynamics in cellular processes
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Cellular functions are controlled and coordinated by the complex circuitry of biochemical pathways regu-
lated by genetic and metabolic feedback processes. This paper aims to show, with the help of a minimal model
of a regulated biochemical pathway, that the common nonlinearities and control structures present in biomo-
lecular interactions are capable of eliciting a variety of functional dynamics, such as homeostasis, periodic,
complex, and chaotic oscillations, including transients, that are observed in various cellular processes.
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[. INTRODUCTION their interesting signaling role in diverse cellular processes.
These are the transient processes, e.g., “sparks” and
Biochemical reactions underlie cellular functions. The va-"puffs” in calcium oscillations, and spatial waves in many

riety of functional dynamics is a consequence of the nonlinell types[29,30.

earities inherent in multiple modes of biochemical regula- ONe interesting aspect of these phenomena is the emer-
gence of the multiplicity of roles of the same product whose

expression, protein synthesis, enzyme activity, receptorfuncq'fferent dynamics signal different cellular functions—

. . including cell death[28,30. This requires the underlyin
tion, and transport processes. These highly networked reag: ntrolsgof the pathENay 90 be flexigle vet preciselyyregu-

tions utilize single, multiple, and coupled negative and POSHated, to yield output signals of the required dynamics. Thus

tive ?edbacké)rocessleshas the prlrlnaw m]?_de of reé;_ulatlon Er optimal performance, requiring stability, sensitivity, and
coordinate and control the accumulation of intermediates an U|t|p|lClty of dynamics, a combination of negative and

end product of the pathwgyl—4]. Of the two types of feed- ,qjtive feedback processes is useful. In reality, the bio-
back, the ne_gatlve feedback processes desensitize the systeAtmical details of the pathways are generally quite diverse,
to perturbations, such as environmental or developmentaljaporate, and involve complex regulatory controls. But a
noise. They have a stabilizing role and help in conservatiomninimal regulatory structure in a complicated pathway may
of energy in cellular economy, and are, therefore, naturallpe sufficient to give rise to the required functional
selected to be the most common form of regulation in pathdynamics—the additional complexities being the outcome of
ways. Though potentially destabilizing, many biochemicalevolutionary selection for robustness and redundancy. The
processes employ positive feedback for excitable dynamicaim of this paper is, thus, to see if a skeletal pathway, incor-
and for the amplification needed in switching and rapid-porating the minimal combination of a pair of coupled nega-
response processgs,6]. Homeostasis has been consideredtive and positive feedback processes, representing the stabil-
as the most common type of dynamics in biology, but it isity and sensitivity properties of the system, can exhibit a
becoming increasingly evident that multistable, multirhyth-multitude of dynamics, as observed in real biochemical reac-
mic, oscillatory, chaotic, and transient processes are mordon pathways. ) )

generic and ubiquitous at various levels of organization of AS the minimal model we consider a three-variable path-

biological systems having important functional consequence¥dy comprised of only two feedback loops—one negative
[7-9. and one positive in the form of common cellular control

For example, along with sustained oscillations, whichProcesses in cells—and enumerate the variety of dynamics

were observed many years ddd], other types of dynamics, that this pathway can exhibit for changes in its parameters.
such as multiple stable states, birhythmicity, and comple e.?ng thatdthls .s'rg.plz modgl paéhwa3|/ nothonly %).(T]'b'as
oscillations have also been reported subsequently in glycolyﬁqu_I lbrium and periodic dynamics, but also shows birhyth-
sis of cell-free extracts of yeast ce[l1,12. Similar diver- micity, complex oscillations, chaos, and other complexities,
sity in dynamics has been found in many other biochemicaFUCh as fractal basin boundaries that give rise to interesting

reactions under a variety of experimental conditions—the}r"’msl'emI d%namlck? under noise. Thus.,deven at thf'? e'eme”;
peroxidase-oxidase reactions and hormone oscillafib8s tary level, the pathway possesses a wide range of functiona

19], cyclic Adenosine Mono-PhosphateAMP) oscillations diyersity that is observed in complex biochemical pathways
in cellular slime molddictyostelium discoideufi20], glyco- with more elaborate controls. It would, therefore, be useful
lysis and insulin secretion in pancreatic beta c[ébi,?l 22 to delineate the important control structures for manipulation
neuronal systemE23], and calcium oscillations of different and modification in diseased or engineered biochemical path-

frequency and amplitudi24—2§. Recently, dynamic phe- W&S:

nomena of another type are attracting wide attention due to Il MINIMAL PATHWAY AND METHODS

The model biochemical pathway is a three-step reaction
*Electronic address: sinha@ccmb.ap.nic.in sequencéFig. 1) where the substrate S1 is converted to S2,
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Ay whereT andL are maximum velocity and allosteric constant

E | of the enzyme E. Thus this simple three-step regulated reac-
—+S, ——»S,—— S, tion sequence shown in Fig. 1 and described by EQs(2),
ot i and(3) is our minimal model.

This model reaction system has been studied using a com-
FIG. 1. The minimal biochemical pathway: a three step reactiorbination of analytical and numerical methods. The basal pa-
sequence with inhibition of S1 by endproduct S3 and activation oframeter values for this pathway were based on typical ex-
the allosteric enzyme E by S3. perimental values available for other cellular processes
possessing similar positive and negative feedback mecha-
which then is converted to the product S3 through an enzymgisms[33—-3¢, and have been chosen as-4, L=1C°, T
(E)-mediated reaction. There are two levels of control built=10, k=1, q=0.01. All parameters and variables are di-
into this linear chemical reaction through two feedbackmensionless here. Numerical simulations have been done for
loops—end-product inhibition of S1 by Sa negative feed- a range around these basal values. The system of equations
back and the autocatalytic production of S3 from S2 by theyields only one positive real steady state for a large range of
enzyme E(a positive feedbagk For the feedback processes parameter values. The local stability of this steady state has
we consider common molecular interactions that are aburbeen analyzed using linear stability analysis. The dynamical
dantly employed in the biochemical pathways in cells. Webehaviors ofx, y, and z have been numerically simulated
assume that the S3-S1 interaction for end-product inhibitionysing Mathematica ver 2.2.
follows cooperative kineticg31], and the autocatalytic pro-
duction of S3 is through the allosteric property of the en-
zyme E[32]. These are nonlinear kinetic processes that are
common in mechanisms of biochemical regulation and are We describe the nature and role of the common control
widespread in both genetic and metabolic reactions underlyproperties and the variety of dynamics exhibited by our mini-
ing cellular processes, such as the cell cycle, gene repressiamal pathway upon variation of parameters.
induction, glycolysis, hormonal signaling, CAMP oscillations
in cellular slime molds, calcium-induced-calcium-release
(CICR), etc.[9,31,34. Thus we consider this to be a simple
and general scheme that may represent a large variety of Figure 2 summarizes the response of the two feedback

Ill. RESULTS AND DISCUSSION

A. Nature of the regulatory feedback processes

functional dynamics observed in cellular systems. controls—end-product inhibitiorinegative feedbagkF(z)
The time evolution of this model pathway can be de-and allosteric activation(positive feedback G(y,z) to
scribed by the following equations: changing substrate concentrations. The negative feedback
termF(z) [see Eq(2)] is a function of the end product alone
dx and Fig. ZA) shows the extent of feedback inhibition with
dt F(z2)—kx, increasingz for different values of the cooperativity of inhi-
bition n. With increasingz, F(z) decreases sharply, and at
dy higher values oh this effect becomes stronger, making the
a:X_G(Y’Z): rate of synthesis of S1 negligible for large concentrations of
the end product. Thus, at higher valuesnof3 or 4 here,
dz F(z) acts like a switch that shuts off or drastically reduces
a=G(y,Z)—q2, (1)  the synthesis ok beyond a small value o It is clear that

with increasing cooperativityn) the negative feedback con-

wherex, y, andz are the normalized concentrations of the trol becomes tighter as compared to when there is no coop-
substrates S1, S2, and S3, dndndq are parameters con- erativity (n=1). The. positive feedback process modelgd by
trolling the rates of degradation of S1 and S3 that follow first(Y.2) [see Eq.3)] involves the autocatalytic synthesis of
order kinetics and are nonsaturated. The nonlinear function33 from S2, aided by the allosteric enzyme E, and is, there-
F(z) and G(y,z) represent the negative and positive feed-fore, a function of bothy and z As shown in Fig. 2B),
back terms, respectivel(z) is a function of the end prod- G(y,2) _has a sigmoidal saturation curve for increasing con-
uct alone and the reaction requires cooperative binding of centrations of both the substratgsand z. Increasingz re-
molecules ofz for inhibition. The positive feedback term quires reduced for ensuring the same amount of positive
G(y,2) involves the allosteric enzyme E that obeys the Con_feedback_c_ontrol to occur. Thus the z_illostenc transmo_n_from
certed transition modéB2]. E follows the quasi-steady-state & low-activity, low-affinity conformation to a high-activity,
hypothesis for the enzymatic forms and is considered to be Bigh-affinity one is promoted by eithgror z, and the tran-
dimer with exclusive binding to the more active conforma-Sition is steeper at higher concentrations of the two sub-
tional state[33]. These two regulatory processes in Et).  Strates.

can be written as
B. Stability and dynamics
1

F(2)= —, ) It is clear that the two feedback terms respond in an op-
1+z posite manner for a small increase in the end produthe
) final functional responsédynamics of the pathway, given
G(y.2) Ty(1+y)(1+2) 3) the nature of the two opposing regulatory processes, would

2= L+(1+y)%(1+2)% depend much on the other processes, such as the removal/
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dynamics is the largest far=4, while the pathway shows
simple limit cycle oscillations for basal values kfand q
(k=1, g=0.01). This indicates that, even if the normal dy-
namics is periodic, any small changeskican induce com-
plex behavior in the pathway functioning, enabling it to ex-
hibit multiplicity in dynamics. We studied this region in
greater detail.

Figures 4A)—4(H) show the(y,z) phase plots depicting
the variety of unstable dynamics exhibited by this minimal
pathway forg=0.1 andn=4, with increasing. Within this
unstable region, the pathway starts and ends with simple
limit cycle oscillations with much complexity in dynamic
behavior for the intervening values. Figure @) shows
simple oscillatory behavioflimit cycle with amplitude~30
and time period~80) for k=0.0023, which is stable against
small perturbations in substrate concentrations. We designate
this limit cycle as the “type I” attractor. For a very small
increase ink, at k=0.0024, the dynamics changes signifi-
cantly. Depending on the initial conditions, the pathway
evolves to two different types of attractors—the period-
doubled type | attractor and another large attragtoype
II”) with eight times higher time period and almost twice the
amplitude of the type | attractor. Both these attractors are
plotted together in Fig. @) for the convenience of compari-
son. For small increases kj the two attractors continue to
coexist and the type | attractor goes through further bifurca-
tions[Fig. 4(C), for k=0.002 75, which separate into bands
[Fig. 4D), for k=0.0028. The two chaotic bands then

z spread until they merge and one gets chaotic oscillations
where large complex oscillation®ifurcated type Il attrac-

FIG. 2. Nonlinear feedback regulatiof) Feedback inhibition, tor) are interspersed with small high frequency random os-
F(z) with increasing concentration of the end prod@tfor dif- cillations (chaotic type | attractorshown in Fig. 4E) for k
ferent values of cooperativitin); (B) feedback activationG(y.2),  _p 003, A similar sequence of dynamics was also observed
as a function of the end produ@ for different concentrations of. in the Brusselator model, but only on periodic forciigy].

The complexity in pathway dynamics changes at higher
values ofk. The high frequency type | attractor disappears

and g, respectively, which increase or decrease the flux of ; .
. . and the pathway goes through a series of changes in dynam-
material through the pathway. In Figs#9-3(D), we show ics of the type Il attractor only. Here the dynamics is robust

the (kq) parameter space describing the stability r9IoNS, yainst small perturbations in substrate concentrations. There
where the pathway shows equilibrium and oscillatory

. ; : also exist periodic windows in this range lofFig. 4(F) for
(simple a_m_d comple)xdynqmlcs for different values of the k=0.006|, period reversal§Fig. 4G) for k=0.009, com-
cooperativity of the negative feedba@k. o L2 . o .

There are three regions in each plot—the region marke lex oscillations, asymmetric bifurcatid88] giving rise to

: ._the “kink” in the type Il attractor, etc. With increasing the
with crosses representisg) values where the steady state is ;o "ot of the type Il limit cycle reduces, eventually

negative and hence not of interest here; the dotted region IS owi ; -~ .
. : ; Showing a robust, simple, periodic behavjéig. 4(H), for
where the steady state s a fixed point, and the pathway N 0.02g8] again, with apn arﬁplitude of alm[os? tvz\l/(ice) that at

turns to the equilibrium state on perturbation; and the blanlk:0 0023[Fig. 4A)] but of similar time period, thus com-

closed region is where the steady state is unstébfeugh leting a full cycle of behavioral modes. Thus the functional
local linear stability analysjs Generally, the pathway shows pieting ye o CE ;
dynamics exhibited by this simple pathway is quite complex

equilibrium dynamics both for very low and high rates of I o2
degradation of S1 and S3, but as the cooperativity of th _nd sensitive to kinetic parameters and substrate concentra-

negative feedbackn) increases, the isolated region showing 10nS.
unstable dynamics increases, and it is the largesnfod.

To study the dynamics within the unstable region, we simu-
lated the model equations fgr=0.1 for a range ok values. The coexistence of two different attractors, as shown in
The results are shown in Fig(B for n=1 to 4. For low Figs. 4B)—4(E), indicates that this biochemical pathway is
cooperativity 6=1,2), the pathway only shows simple pe- capable of functioning in two different types of oscillatory
riodic dynamics in this range df values. But forn>2, a  modes under experimental conditions, even when all param-
whole range of complex behavior, such as period-doublingters are the same. FiguréA3 shows these two time series
bifurcations, chaos, complex oscillations, etc., occur alongf the end producz plotted together to show clearly that the
with simple limit cycle dynamics. This region of complex type Il attractor has a larger amplitude and higher time pe-

F(z)

G(y,z)

degradation rates of the substrate S1 and end produck S3

C. Coexistence of attractors and their basins of attraction
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riod. Figure %B) shows the relative positions of the two type Il attractoy at three different progressively finer scales.
attractors in the three dimension@ly,z) phase space. The The figure shows that, not only is the evolution to the final
type | attractor is almost two dimensional because its spreagtate unpredictable, there are no clearly defined boundaries in
in thex direction is very small. It is clear from the figure that the phase space for the two attractors at any scale. Also,
the phase space of the two attractors overlaps considerablihere is self-similarity revealing a fractal nature of the basin
thereby raising interesting questions about the predictabilityf attraction of these nonchaotic attractors. The implications
of the final dynamical state of the pathway on perturbationys this type of behavior in biological processes can be very

(final state sensitivity , . interesting and important from the functional point of view.
We looked for the basins of attraction of the two coexist-

ing attractors by undertaking a thorough search of (th2
phase space near the positive steady state. The equations
describing the model biochemical pathway were simulated It is clear that the common and biologically realistic non-
for a range of initialy,z values around the steady state atlinearities used in this minimal pathway can give rise to very
different scales, and the type of the asymptotic attractor wasomplex dynamics. Figure 4 shows that the small-amplitude,
noted. It was observed that the pathway evolved to either onkigh frequency type | attractor goes through period-doubling
of the attractors, depending on initial conditions. Figuresbifurcations, and the coexisting, large, type Il attractor goes
6(A)—6(C) show the mappingsin the y,z plane of their  through bifurcations and complex shape changes in the phase
basins of attractioricrosses for the type | and dots for the space. Because of the fractal nature of the basins of attraction

D. Characterization of the chaotic attractor
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FIG. 4. Phase plots for different dynamical behaviors of the end
product(z) for increasing values df atq=0.1.(A) Type | attractor
for k=0.0023. (B) Coexistence of bifurcated type | attractor  FIG. 5. Birhythmicity for k=0.0024,q=0.1, andn=4. (A)
(marked ) and type Il attractorimarked I) for k=0.0024.(C)  Asymptotic temporal behavior of Both type | and type Il attrac-
Coexistence of period 4, type | attractor and type Il attractorkfor tors are plotted together for comparisdi) Three dimensional
=0.002 75.(D) Type | attractor bifurcated into two chaotic bands Phase plots of the two attractoftype | and type ).
with coexisting type Il attractor fok=0.0028.(E) Chaotic type |
and complex type Il attractors fér=0.003.(F) Type Il attractor for
k=0.006 (periodic window. (G) Type Il attractor fork=0.009
(period reversal (H) Limit cycle for k=0.028.

highly dissipative and the three-dimensiof@D) trajectories
rapidly converge to a nearly 2D sheet on which they remain
trapped, the correlation dimensi$42,43, of this attractor,
was found to be 1.65. We constructed a Poinsaaion[41]

] ] _along linePQ for the chaotic attractor in Fig.(B), in a plane

of these two attractors, the time evolution of the pathway iSherpendicular to théy,2 plane. The one-dimensional return
seen to have very long stretches of chaotic type | oscillation§nap constructed from this is shown in FigCJ. The points
interspersed with regions of large-amplitude complex type Ik along a smooth one-dimensional curve with a single
oscillations. We attempted to describe this complexity in themaximum, along with an additional branch. This kind of a
dynamics by seeking a simpler representation of the systemgyation has been found experimentally as well as theoreti-
by deriving a 0”?'d'm?ns'°nal map from the m.od.el. Such &ally in other systems, such as the Belousov-Zhabotinsky
representation simplifies the geometric description of thereaction[44], peroxidase-oxidase reactida4], and diode

system by reducing the number of state space variables, byfcyit reactionf41], and is indicative of higher order dynam-
still contains the essential information about the behawoqcs_ The slope of the hump at the fixed point is found to be

[39-41. . . .. —1.75, which is clearly indicative of period-doubling bifur-
From the relative positions of the two attractors in Fig. cations and chaos.
5(B), one can see that the type | attractor is trapped in an
almost two-dimensional sheet of the phase space. The steady
state, which is situated near the kink of the larger attractor, is
a saddle point of index 2. FiguresA) and 1B) show the The biochemical pathways underlying the variety of cel-
time series of the end produz&ind the chaotic type | attrac- lular processes are generally quite elaborate and involve mul-
tor in the(y,2) phase plane fok=0.0029. Since the system is tiple regulatory controls connecting many reaction branches.

IV. CONCLUSIONS
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FIG. 6. Basins of attraction of the wo aftractdssfor type | FIG. 7. Characterization of the chaotic attractorkat0.0029,

and e for type Il) for different initial conditions in they,z) plane _ . . . .
. . N g=0.1. (A) Time series ofz after removing transient$B) Phase
with x fixed at the steady-state value for-0.0024,9=0.1.(B) and plot in the(y,2) plane with Poincarsection along linéPQ, parallel

(C) are magnifications of the boxed regions(A) and(B), respec- to x plane.(C) One dimensional return map of the attractor. The

tlyely. Tran5|ents of_ g_bout 609_0 time units are discarded in theslope of the map at the equilibrium point isl.75.
simulation for each initial condition.

by many cellular processes in cells/tissues. This capability of

The experimentalist aims to delineate the details of each ihaving diverse dynamics for different parameters and condi-
molecular terms. The cell employs few types of kinetic regu-tions enables cells to utilize common resources for vastly
latory mechanisms that impart common features in appardiffering functions. For instance, calcium signals are used by
ently diverse/dissimilar processes. The aim of this study is teells to trigger cellular functions ranging from fertilization,
explore the minimal regulatory structure that can give rise tadevelopment, and differentiation, to dedtB0]. The same
the variety of functional dynamics observed in diverse cellu-calcium signals regulate cardiac, muscular, and neuronal ac
lar processes, presuming that the additional complexities argvities by using different combinations of spatial and tem-
the outcome of evolutionary selection primarily for robust- poral controls. The response of the cell is optimized by the
ness, redundancy, and network connectivity, which have imfrequency and level of the oscillatory calcium—termed as
portant adaptive roles. frequency and amplitude codiig8,30. In order to achieve

We have shown that a minimal model, incorporating com-such versatility the biochemical reaction pathway involved
mon regulatory processes, is capable of showing a diversshould be flexible yet precisely regulated to yield molecular
variety of dynamical behaviors—from equilibrium to oscil- signals with differing periodicity, or the same periodicity but
latory, complex, chaotic, and transients—that are exhibitedliffering amplitudes, with variation in pathway parameters
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or substrate concentrations. We have shown that this mini- The functional diversity exhibited by this minimal path-
mal pathway can achieve such versatility. The existence ofvay is indicative of the possibility of greater diversity in the
birhythmicity and the fractal basins of attraction facilitate thecomplex and realistic pathway. An understanding of this sys-
process of transient signalifgpontaneous or activatedn-  tem can, on the one hand, yield much unification in the
der the omnipresent experimental noise in biological syssource of diverse cellular phenomena and, on the other, lead
tems, as observed in spontaneous events, such as calcidma better understanding of the more complex biochemical
“sparks” or “puffs” [45]. Such mechanisms may also un- reaction networks controlling cellular functions, so that one
derlie random switching between alternative regulatory pathsan design necessary controls for the required behavior, de-

in cells[46]. Though we have considered spatial homogenevise methods to correct altered dynan{i48,49, or engineer
ity in our model, these transients in cells in the tissue camew pathways with the required dynamical behavior.
give rise to spatial waves as observed in many systems

[29,30. A decrease in time period of oscillations with in-
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