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Rapid decoherence in integrable systems: A border effect
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We show that rapid decoherence, usually associated with chaotic dynamics, is not necessarily a hallmark of
nonintegrability: border effects in integrable systems may produce similarly drastic decoherence rates. These
can be found when the subsystem under observation possesses an energy limitation as, e.h-atorthe
Jaynes-Cummings model. We show for this model that special initial coherent wave packets exhibit entropy
production rates strikingly similar to the chaotic case. Alsdd@localization phenomenon is found to be a
function of the proximity to the phase-space bord&1063-651X99)01611-4

PACS numbgs): 05.45.Mt, 32.80.Qk

The quantum entanglement process, decoherence, and tecoherence process in integrable and nonintegrable situa-
guantum+«+ classical transitiorf1] have recently attracted tions. For these reasons, we choose conditions which can be
much attention from physicists, both theoretical and experimimicked over the classical phase space. At this point a dis-
mental[2]. Creating entangled quantum states in the laboratinction is noteworthy between the here-called “quasiclassi-
tory is now possible in ion trap experimen& and also with  cal” treatment of the JCMI10l—where one treats the atomic
atoms in highQ cavities[4]. Both of them realize a simple part quantum mechanically and the field one classically—
situation in which a two-level atom is coupled to a quantizedand our “semiclassical” treatment—where the classical limit
harmonic oscillator by means of the Jaynes-Cummingss taken for both atomic and field quantum subsystems. In the
model(JCM) [5]. This simple model has a long and frequent latter context, theoretical investigations using several models
history as a convenient laboratory for testing theoretical presuggest that systems which are chaotic in the classical limit
dictions[6], being expected nowadays to serve also in pracelecohere rapidlyf11,12. This is also true for thé\-atom
tical implementations. The physics of this kind of system,JCM[13]in its nonintegrable versiofi4]. Moreover, for the
where two or more atomic levels interact with a single-modespecific case of Ref14], a connection between the entangle-
electromagnetic field, is usually explored by means of quanment process and the associated classical structures has been
tities such as the population inversion and the mean numbeénvestigated. One of the main results of that investigation is
of photons. These quantities revealed, among other phenorthe presence of some sensitivity to where in the classical
ena, the existence of collapse and revival regions in th@hase space one places the center of the initial quantum co-
curves of population inversiof6,7]. One could then infer herent wave packets. It is now a well accepted fact that the
that the field and atom lose their identity in the collapsedecoherence rate is larger for chaotic systems than for inte-
region, and most closely return to their initial states duringgrable ones. We argue here that this belief that the fastest
the revival. decoherence is to be attributed to chaotic regimes can be

However, if one is concerned with the entanglement ofmisleading in some cases. Such a phenomenon is particularly
the atomic and field subsystems, the population inversion caconspicuous when ésmalle)y subsystem under observation
be a misleading quantity, particularly with respect to the pu-has a finite Hilbert space, @argep subsystem coupled to it
rity of the quantum state. In fact, the works of Phoenix anddoes not have such a restriction, and the global system is
Knight [8] and that of Gea-Banaclocli@] have shown that prepared in a state with mean energy larger than the amount
this system may greatly recover its purity during the veryallowed for the smaller subsystem. A phase-space descrip-
collapse interval, at half the revival time. In these paperstion then reveals the presence of a “border” associated with
instead of population inversions, reduced density operatorthe degrees of freedom of the smaller subsystem. In such a
were used in calculating either the system’s entropy or idemsituation, initial conditions that drive the classical motion to
potency defectlinear entropy. Here we are interested in the the proximities of this border lead to decoherence rates strik-
decoherence process of systems constituted by subsysteingly similar to those of typical chaotic situations, even if the
with dissimilar Hilbert spaces. To this end, we take thesystem is completely integrable. Moreover, another interest-
N-atom JCM, whereN two-level atoms interact with a ing phenomenon related to this is shown to occur: the prox-
single-mode field and, in view of the results just cited, weimity of the border tends to delocalize the wave packet,
adopt the idempotency defect as a measure of the entanglehereas for times when the dynamical evolution dictates a
ment between the atomic subsystem and the field one. Waeparture from the border there is a clear tendency to relo-
note incidentally that, compared with the entropy, the calcucalize the wave packet in the sense that it recovers quantum
lations of the linear entropy are easier and convey essentiallyoherence. These results are shown by comparing the classi-
the same information. cal and quantum description of th&l-atom Jaynes-

From another point of view, we want to explore the quan-Cummings model, whose experimental realization is feasible
tum < classical connection and possible differences in then cavity QED setups. We present arguments according to
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which the experimental realization of this model would per- 7.0

mit the effects here presented to be observable With20

atoms, provided they could be prepared in a coherent state

[15]. 35 |
A measure of the entanglement between two subsystems

is given by the linear entropy or idempotency def@utde-

gree of purity of the subsystem of interest, say subsystem « 00| ¢

[16,17. This can be calculated after evaluating the reduced

density operator for the corresponding subsystem

-3.5
pa(O)=Tref[ (XD}, @
and then tracing over its variables to get 70| . ‘
-7.0 -35 0.0 35 7.0
q,
8(t)=1-Tr{p3(1)}. )

FIG. 1. Poincareection for the spin degree of freeddsection
This quantity describes the degree of purity of the subsystemith g;=0.0 andp;>0.0) in the resonant case € w,=1), energy
in a scale from zer@pure statgto one(statistical mixturg E=19.83, J=21/2 in the integrable cas&5(=0.5 andG’=0.0).
In these equationy(t)) is the quantum state of the full The marks represent the various choices for the centers of the co-
system, which in the present work is composed of theherent states: circle for i.c.q(=0.01, p,=0.01, g;=0.0, pf
N-atom(spin) degree of freedom denoted by the indgx>and ~ =7.7834), triangle for ¢,=0.5, p,=-1.0, ¢;=0.0, pf
of the field (bosoni¢ degree of freedom denoted khy =8.2160), and square forgqf=-1.0, p,=1.0, q;=0.0, pf

The linear entropy(t) will be calculated as a function of =7.1865).

time for some initial conditions to be chosen from the corre-
sponding classical phase space: namely, a minimum uncewhere the first term corresponds to the energy of the free
tainty wave packet in spitatom and oscillator(field) bases ~ single-mode quantized field with frequeney, and the sec-
is constructed as ond term corresponds to the energy of Me 2J atoms with
energy separatiofie (A=1 hereafter. The last two terms
correspond to the interaction energy between the atomic sys-
tem and the single-mode field. The second of these terms is
the one responsible for the nonintegrability of the model;
here we shall set it equal to zero and work within the so-
called rotating-wave approximation.
. The classical Hamiltonian corresponding to E&).can be
|w)=(1+ww) le"I+|J,—J), (4) obtained by a standard procedure using the coherent states
(4) and(5) as(wv|H|wv) [19], and in this case it results in
a nonlinearly coupled two degrees of freedom function

[4(0))=[w)@|v)=|wv), ©)

where|w) stands for an SU(2) coherent state anyl for a
bosonic ond 18],

[v)=e" 2" |0) ®)
with H(da,Pa, s Pr)
wqo &
Patida =~ (PF+a)+5(p3+a2)
A e ©
A= (Pataa) VA- (Pl
_3J+T(G+papf+G—qaqf)y )
1
V= ﬁ(pfﬁqf)’ (7)  whereG.=G=G’. The integrable situation corresponds to
G'=0.

. . . _ . A Poincaresection of the integrable case is shown in Fig.
[J,—J) being the state with spifiandJ,= —J,|0) being the 1 for the valueJ=N/2=21/2, which corresponds to a semi-

harmr?mchoscnlator groundllftgte, apg,gal, Ps ’q'lf'hde?CIrllp-' . Iclassical regim¢20]. Note that there exists a border associ-
Ing the phase space as will be seen below. The Tull initialyie  \yith the spin degree of freedom, so the initial state can
state|(0)) is evolved by the quantum Hamiltonian

be prepared with total energy sufficiently high as to allow the
classical variableg, andp, to reach this border of the phase

G space. Note also the presence of a separatrix of motion at the
H=fhwob b+el,+ —(bJ,+b*J_) line p,=0. The filled symbols indicated in the Poincaec-
V23 tion represent the centers of the quantum coherent states
G’ evolved by Hamiltonian(8). We have chosen one of the
+——(b*J,+bJ.), (8)  Iinitial conditions(i.c.) very close to the separatrix of motion,
J23 whereas the other two not so close to it. The idempotency
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FIG. 2. (8 Linear t_antrc_)pyﬁ(t) as a function of time for the_ FIG. 3. Projection on the planeyf,p,) of the time evolution
same pgrameters_ asin F.Ig' 1. The Iette_rs correspgnd to the -€-Br an ensemble of i.c.’'9a) ensemble centered in the circle in Fig.
chosen |p the P0|nca|$§ct|0n: the casé) is for the circle,(B) is 1, with At=0.3; (b) ensemble centered in the triangle, wilft
for the kt]rlanglt_a, andcgl Is for the squargé'!'ieodzashgﬂ C#Ne T€Pre-_ 0.2. The line follows the time evolution of the initial center of the
sents the nonlntegra € cas8£0.5 an =0.2) with the same ensemble. Also shown is the border of phase space for the spin
energy and i.c. ,=0.5p,=—1.009;=0.0pf=28.4280); (b) rate degree of freedom.
of change ofé(t) as a function of time for the cases shown(a

we have called the “border effect” in its classical version.
defect 5(t) for these i.c.’s is shown in Fig.(@) as well as  As the figures show, the closer the separatrix is to the initial

one dashed curve for theonintegrablecase G=0.5G’  condition, the more pronounced is the effect. The initially
=0.2) with the i.c. centered in a chaotic region. Also showncoherent quantum wave packet whose center coincides with
in Fig. 2(b) are the corresponding increase ratesdih). the initial classical patch can be imagined to follow roughly

The idempotency defect for the integrable case with thesuch a motion and lose coherence rapidly during this spread-
i.c. closest to the separatrix of moticimick solid curvg can  ing on the border. In fact, the centers of Husimi distributions
be seen to increase as fast as the dashed curve, when reafthr-these wave packets evolve in essentially the same manner
ing the value it takes at long times. The other two caseas the classical patch21]. Moreover, calculating the
(dotted and thin solid curvésilso show quite a fast increase Lyapunov exponent for these regular trajectories confirms
at short times. It is rather unexpected that the short timehat near the separatrix, where exponential separation is re-
behavior of the thick solid curve is amazingly similar to the ally experienced, they are positive and finite. This “border
dashed one which represents the evolution of a wave packeftfect” thus suggests that it is possible to exist in completely
centered at a chaotic region. In order to understand this réntegrable systems decoherence processes which can be as
sult, we study the classical counterpart of this effect. In Figfast as the chaotic ones. It suggests on the other hand that our
3 we plot the classical time evolution of ensembles of trajecprevious resulf14] showing that chaotic initial conditions
tories centered at the i.c.’s shown in Fig. 1, the time evoluead to faster decoherence could possibly be seen, in a time
tion of the patch being plotted at time interval$. Clearly  scale of large decoherence, as chaos acting in the sense of
as the classical patch approaches the border of the spin phagéving the motion always to the proximities of the border
space, it becomes very much spread over a large portion afhereas not all regular initial conditions do @@me of them
phase space, which quantum mechanically corresponds toramain far from the bordgr Detailed investigation in these
large coherence-loss rate. When finally the border is reachedirections will be presented elsewhé&2].
as is the case in Fig.(8, the patch is spread all over the  Also remarkable asre the oscillationsd(t) which, as we
circle representing the border of the spin phase space, whiaGkomment on below, are not related to the fast Rabi oscilla-
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tions. Note that large oscillations are accomplished before
the plateau is reached in casé3) (and (C) indicating the

presence of a mechanism through which purity is partially
recovered in time. One can compare the time values indi- 0.8 |
cated in Fig. 8a) with the corresponding increase rate in
4(t) in Fig. 2(b) and see that the maximum rate occurs when

1.0

the classical packet is close to the border. The classical patch _ 06
is maximally delocalized by this time 4 3.0). However, a &

few At’s later the patch regains much of its original local- 04 ¢
ization. This delocalizatior- localization phenomenon has

a quantum-mechanical counterpart, namely the oscillation in 02 |

the linear entropys(t) occurs at the same time as the clas-

sical patch leaves the border region and tends to recover the

initial (localized shape. Indeed, following the dotted curve 0.0
in Fig. 2(b) and its corresponding classical patch evolution in

Fig. 3(b), one can see the patch approaching the border of the

spin phase space aroute 2.6, where the maximum deco- FIG. 4. Linear entropys(t) as a function of time for the same
herence rate is reached. Later on, the patch deviates to tiparameters as in Fig. 1 and various values of energy: thick solid

central region and arourté=5.8 the decoherence rate in Fig. curve forE=19.83, dotted curve foE=8.5, and thin solid curve

2(b) is at a minimum. The same pattern is found in connecfor E=4.5.

tion with the case €) shown in Fig. 2a). This localization

« delocalization effect is more marked for initial conditions expectation that Rabi oscillations should not be seen in the

slightly off the separatrix because in these cases the oscillafassical limit. All this summed up prevents the appearance

tions in 5(t) have larger amplitudes, and in all cases exam+ere of any catlike behavior with appreciable recovering of

ined they are rellate.d to this phenomenon, both qualitativelburity at long times, but a final plateau instead.

as well as quantitatively. In conclusion, we have found a new effect on the deco-
_ Before concluding, we comment on the absences of a résgrence of a subsystem with finite Hilbert space coupled to a

vival region for the Rabi oscillations, and of the_ recoveringgyhsystem with infinite Hilbert space, when the mean energy

of purity by the quantum state at half the revival time, a ¢ 40 jnitial quantum wave packet is much larger than the

situation seen in our figures as a plateau attained by the "ne'ner i M "
; gy allowed for the “small” subsystem. In this case, the
ear entropys(t). As shown by Knight and Shof@3] and by energy border has a striking effect on the linear entropy,

Kudryavtsevet al. [24], the possibility of recovering purity especially in the short time behavior, when the border is

atlong times is smaller the greater the nurmiaf atoms is, “felt” in its time evolution. For energies such that the border

being also highly sensitive to initial conditions. Recovering. | ttective. the L ; ¢ h
of purity at the collapse interval is usually seen for sy:steméS ess etiective, the Lyapunov exponents go 1o zero as they

with a small number of atoméor atomic levels and for should. The quantum counterpart of this situation is seen in
special initial conditiongthe atomic part is usually chosen Flg.k4:[\{[vhet)re vvle fix ttheﬂ::enter of 'E[h;] qu:;mtun: |nt|_t|al \{\r/]ave
either as the most excited atomic level or as the groun(‘)i.onepac et 1o be close to the separaiftnerefore tes ing the
As an example, for one two-level atom in the cavity ( border for high enough energjesnd vary t_he energy in such
=2J=1), the system shows itself at half the revival time as> W&y that the border is moter les3 effect|ye. Note that for

a Schralinger-cat state. Later on, at the revival interval ofﬂ;]e T'?.hESt enzr%. Weﬁha\;g thettlargefto;ncre;sé(im for b
time, one sees the usual rapid Rabi oscillations. In our casé, ort imes an IS efiect 1S atlenualed as the energy be-
we havel=21/2 and the initial atomic state is also in a c°M€S smaller. Another interesting feature found in the

coherent state, with occupation distributions for all the 2 present investigation is the Iogali_zati&n» delocalization
+1 atomic levels. This choice for the initial condition is phenomenon related to the proximity of the border followed

guided by the classical phase space—from which we mimigy a relocalization which reflects a quantum coherence re-

the initial quantum state—and also by the fixed energy value(,:overy'

which links atomic initial conditionsd,,p,) and field ones It is a pleasure to thank Professor H. A. Weidetienfor
(as,py). Starting in this situation, at sufficiently long times calling our attention for the first time to the necessity of
the atomic state tends to be uniformly distributed over theunderstanding the oscillations i#(t) and their possible re-
2J+1 levels and Tg{p2}=1/(23+ 1), indicating the plateau lation with localization phenomena, and to Dr. M. A. M. de
seen in the figures. On the other hand, if we increase thé&guiar for helpful discussions. The authors acknowledge fi-
value ofN, starting always with the atom in the most excited nancial support from the Brazilian agencies Fu@dade
level, we see that the Rabi oscillations are still present buAmparo a Pesquisa do Estado dé cS&@aulo (FAPESPH
with smaller amplitudes. Thus we conclude that, besides thgGrants No. 96/09414-8R.M.A.) and 96/08401-1G.Q.P)];
high value ofN, the nonappearance in our cases of such RabConselho Nacional de Desenvolvimento Cioti e Tecno-
oscillations has to do with our atomic initial conditions being logico (CNPq, and Financiadora de Estudos e Projetos
also coherenf25]. This situation is consistent with one’s (FINEP).
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