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Experimental observation of a torus-doubling transition to chaos near the ferroelectric phase
transition of a KH ,PO, crystal
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A ferroelectric KHPO, crystal is implemented in a simple series connection oR&C circuit and the
transition to chaos near the phase-transition temperature is investigated. The torus-doubling scenario to chaos,
the theory of which was expounded by Kaneko for high-dimensional dynamical systems, has been found in the
crystal. These experimental results suggest that observation of the nonlinear dynamical behavior in condensed
matter can give much information about the correlation between the generation of nonlinearity and the order-
parameter dynamics of the crystal near the phase-transition tempef&tL063-651X99)01311-3

PACS numbg(s): 05.45.Ac, 77.80-e

[. INTRODUCTION torus undergoes a finite number of doublings before the onset
of chaos.

Since the time of Landall], the fate of a torus in phase-  This scenario has been reported in many numerical ex-

space flow has long been an active research interest in thEeriments by Franceschif] on seven-mode Navier-Stokes
field of nonlinear dynamics and chaos. According to him, aequations on a three-dimensional map by et al.[7],
turbulent state can be reached by an infinite number of Hop&nd on a quintic complex Ginzburg-Landau equation by Kim
bifurcations, which introduces a new fundamental frequencet al.[8]. Though the existence of a torus-doubling scenario
into the dynamical system concernjgd]. Later this scenario has been pointed out in theof$,9], it is believed to be
was simplified by Ruelle and Takef3]. They proposed that difficult to observe in experiments. But exceptions can be
the system should undergo a transition from a fixed poinfound in the recent experiment of Rayleighsed convec-
into a quasiperiodic state with two-incommensurate frequention [10], in the convection of molten galliufil], and in a
cies(i.e., a flow on a two-torysafter two Hopf bifurcations. chemical reactiofl12].
In this scenario chaos emerges when an infinitesimal pertur- All of those systems reporting torus-doubling phenomena
bation or noise is introduced into the system. According toare infinite-dimensional dynamical systems. Here we report
this scenario, two Hopf bifurcations from a fixed point are on the torus-doubling phenomena in condensed-matter phys-
enough before the onset of chaos. ics near the phase transition of ferroelectric @@, (KDP)

A quasiperiodicity associated with frequency locking in crystal. A few works[13,14 can be found on the torus-
systems with two-incommensurate frequencies has been ddeubling scenario in the areas of condensed-matter physics.
veloped by Feigenbauret al. [4]. This scenario shows a In a KDP crystal near the phase transition, fluctuations in the
sequence of frequency locking events when the ratio of therder parameteP are described by a highly nonlinear Duf-
two frequencies is rational, or quasiperiodicity when it isfing oscillator[15], a representative example of a dynamical
irrational before the onset of chaos. A map of a two-system exhibiting period doubling. This crystal also displays
dimensional torus, i.e., a circle, is studied extensively bypiezoelectricity near the phase-transition temperature be-
means of the so-called circle map to understand this scenaritbween the order-parameter fluctuatierand the elastic shear
Now quasiperiodic transition to chaos is a well-known sce-strain X. A real physical model of the KDP crystal near the
nario whereby a torus in low-dimensional dynamical systemsgphase transition utilizing a simpRLC circuit is described
(d=3 in phase-space flow at<2 for a map loses its sta- in detail in Sec. lll. Thus the nonlinear dynamical behavior
bility and develops into chaos. of the KDP crystal near the phase transition is described by

Another possibility for the fate of a torus, e.g., a cascadewo-anharmonic oscillators coupled by an electromechanical
of period doublings of the torus, has been investigated nueoupling, each of which is a representative example of dy-
merically by Kanekd5] in high-dimensional dynamical sys- namical systems showing period doubling and quasiperiod-
tems @=3 for maps od=4 for continuous floy. He com- icity. Regarding these facts, KDP crystal is a good example
bined two kinds of maps which belong to the two differentof a nonlinear dynamical system in condensed matter for
universality classes, viz. period doubling and quasiperiodicstudying the interaction between period doubling and quasi-
ity, associated with frequency locking, and found a new sceperiodicity.
nario, i.e., torus doubling, as a result of the interaction be- This paper is organized as follows. In Sec. Il the experi-
tween the two scenarios. He also found that, unlike with themental setup is described. In Sec. Il the physical model of
infinite number of period doubling from a fixed point, the the system is given and the experimental observations of

torus-doubling phenomena in the first return map, real-time
waveform, and power spectrum are presented in Sec. IV.
*Electroni address: jeshin@phya.snu.ac.kr Section V summarizes our main conclusions.
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[l. EXPERIMENTAL SETUP an application of Kirchhoff’s law, the equation of motion for
. the order parametdé? can be derived and it is given by the

First th | dicul hgi Cbufﬁng's nonlinear oscillator equatidi.5]. A lot of numeri-
stages. First the crystal was cut perpendicular ICtarIS 10 | gy dies report that it is a representative example of a

get a thin slab and then cut again along the 45° diagonal iy namical system which shows a finite number of period
the ab plane to couple the piezoelectric excitation to thedoublings[lG]. For the KDP sample used in our experiment,
c-axis polarization of the crystal. Typical dimensions of theshear strairX, is coupled electromechanically to the polar-
sample were 7:43.5x0.5 mn¥. To make electrodes on the ization P along thec axis of the crystal. Regarding the sim-
sample, it was evaporated with gold and then painted witlplest bilinear coupling;P X with =coupling strength, the
silver paste. With the sample geometry prepared in this wayfollowing equation of motion is proposdd5],

a shear straitXg is coupled piezoelectrically to the polariza-

tion P along thec axis so it simply dilates along the length. P+aP—P+P3+ pX=vsinQ7),
The KDP samples prepared were used as nonlinear capaci- ) . 1)
tors in a simpleRLC resonator withL=10 mH andR X+bX—X+X3+ yP=0,

=390 (). We used cryogenic equipmefa closed-cycle he- ) ) ) ) )
lium refrigerator and a cryostgprovided as a package by the where 7 is the dimensionless time, andb are the damping

JANIS Research Co. Inc. We also used a Lakeshore 33gPnstants related to the polarization fluctuation and shear

autotuning temperature controller whose control stability isStr"’“n’Q is the dimensionless frequency, and the differentia-

given by =25 mK at 300 K with a silicone diode sensor. tion 'S.W'th respect tar. According to Eq(1), the dyr_\f_;lmu:_al

. behavior of a KDP crystal near the phase transition is de-
With the cryostat set at 3-5 m Tor, the temperature of thescribed by two-anharmonic oscillators, a polarization and a
KDP sample was controlled as finely &s0.01 K around y ,ap

. . shear-strain oscillator, coupled by an electromechanical cou-
Tc. As a signal generator, we used an HP3325B funCt'cmbling, each of which is a representative example of period

generator whose resolution is given by AHz under 100 4o hjing and quasiperiodicity. When it is written as a set of
kHz from 20 to 30 °C. To characterize the sample, we persisi_order equations

formed the dielectric measurements first. An HP4275 multi-
frequency spectrum analyzer was usedatl0 kHz andT dP dQ

=150-50 K in steps of 1 K. Then we did the same experi- a9, Q g~ aQtk- P3—nX+vsing,
ments again in steps of 0.02 K negy to determine exactly
the phase-transition temperature of the KDP cryStalwas dx dy
found to be 121.69 K and the voltage signal across the resis- F:Y’ a7 bY+X—X3— 7P, (2)
tor was measured as a dynamical variable.
A Poincaremap, a stroboscopic motion of the trajectory dob
on a section plane in phase space, is a common way of dis- /=0,
playing the dynamics of quasiperiodicity and period dou- dr

bling of the torus. On the Poincasection, a two-frequency
quasiperiodic motion in the continuous flow forms a circular
ring on the Poincaresection plane while a period-doubled
torus is represented by a breakup of the circular ring into tw
rings. Experimentally, a Poincasection or return map is
generated by a series connection of a sample and hold cir-

to analyze the dynamical behaviors, it becomes a five-
dimensional dynamical system in continuous phase flow and
thus satisfies the necessary condition for the torus-doubling
Yransition to chaos.

Four-dimensional Poincamaps of the type

cuit, which holds the maximum of the signal with one period Por1=f1(Pn.Qn X0, Y0,

delayed in succession. Additionally, a pulse generator is used

to trigger the signal at the peak position. It consists of a Qn+1=T12(P,,Qn . %0, Y0,

differentiator and a zero-crossing detector. These pulses are 3
used to strobe th2 axis of the oscilloscope to display clearly Xn+1=T3(Pn,Qn  Xn,Yn),

the Poincareection of the phase plots on a cathode-ray tube.

An HP54600A image storage digital oscilloscope is used to Yor1=Fa(Pn,Qn . Xn,Yn),

capture the image generated in this way. To analyze the tem- o, ) . )
poral behavior of the dynamics, an image of the real-timecan be constructed by a Poincaction technique and will
waveform is also captured on the cathode-ray tube and regie given by a combination of maps which belong to the two
lary spaced time series data as long as 2000 points have be@iferent universality classes: period doubling and quasiperi-

recorded for later processing of the temporal Fourier spectrdicity associated with frequency locking. It can be found
from Egs. (2) and (3) that a KDP crystal near the phase

transition serves as a good example of a nonlinear dynamical
Ill. PHYSICAL MODEL OF THE KDP CRYSTAL NEAR system in (;onden_sed matter to s.tudy the i.nteraction be_twet_en
PHASE TRANSITION IN AN RLC CIRCUIT the; two unlversallty class_es: period doubling and_ quasiperi-
odicity. The mappings given by Eq3) can sometimes be
Now let us suppose that a KDP crystal is implemented insimplified into low-dimensional maps showing period dou-
a simpeRLC series resonance circuit as a nonlinear capacibling or quasiperiodicity when one of the variables can be
tor and it is driven by a sinusoidal driving voltag¥(t) written as a function of the other three variables. It should
=V, sin(2xft), provided by a signal generator HP3325B. By also be pointed out that even though an exact analytic form
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FIG. 1. I, 1 vsl,. I isalo-
cal maximum of the current oscil-
lation across the resistg@) Torus
generated by the Hopf bifurcation
at f=64.395 kHz. (b) Period-
doubled torus af =64.431 kHz.
(c) Chaos aff =64.453 kHz.
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of the equation is not available, maps obtained in experipiezoelectricity provided by an electromechanical coupling

ments can be useful in illustrating the bifurcation nature ofbetween the order parameferand the shear strai of the

the dynamical system concerned. In the experiment, we haweystal.

observed period doubling of a fixed point, quasiperiodicity, For quasiperiodic motion with two-incommensurate fre-

and period doubling of a torus, as will be shown below.  quenciesf, andf,, the first return map looks like a closed
loop since the trajectory fills up the circle completely in an
ergodic way. So a closed circle in the first return map as

IV. OBSERVATION OF TORUS-DOUBLING PHENOMENA shown in Fig. 1a) at T=T.+0.1 K indicates that the mo-

tion is indeed quasiperiodic with two-incommensurate fre-

quencies inherent in the system.

In our experiments, period doubling of the torus has been After the Hopf bifurction, the torus undergoes a period
obseved as the frequency of the external stimulus is ineloubling in the beator modulation frequencyAf=f,—f,
creased. The current oscillation of the periodic state at thand this is presented in the first return ni&pg. 1(b)]. The
driving frequency,f,, in the KDP crystal undergoes a Hopf circular ring breaks into two rings, each of which is visited
bifurcation into a quasiperiodic state with two- alternately by the trajectory. After a finite number of period
incommensurate frequencies; and f,. The second self- doubling events, chaos quickly appears and the two rings in
oscillation frequencyf,, in the crystal is generated by the the first return map merge, forming a circular band as is

A. Poincare section
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FIG. 2. Corresponding real-
time waveform of the current os-
cillation. (a) Quasiperiodic oscil-
lation (torug with external driving
frequency f, and piezoelectric
self-oscillation frequencyf, gen-
erated by an electromechanical
coupling. The beat frequency in
the modulation amplitude is given
by Af=f,—f;. (b) Current oscil-
lation of the period-doubled torus.
This state corresponds to the qua-
siperiodic oscillation with two-
independent frequencies &f and
fg=f,+Af/2.(c) Current oscilla-
tion of the chaotic state.

2T
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t(200us/div)

shown in Fig. 1c). The whole series of the evolution of the frequencyAf=f,—f,; in a sinusoidal way. Therefore if the
torus, as is shown in Fig. 1 froif@) to (c), is believed to be response signaly(t) is initially different from zero, as time
strong evidence for a transition to chaos via the periodincreases, the envelope of the amplitude of the siyfdt)
doubling scenario of a torus in a high-dimensional dynamicatlecreases slowly with time and nearly becomes zero. But,
system. whenVg(t1)=12.0 orVg(t)<0.5 V, sample and hold ampli-

A real-time waveform of the modulated sign®z(t), is  fiers cannot hold the input signal exactly and this is the rea-
displayed in Fig. 2. As will be seen from the figure, the son why the trajectories are scattered like noise in the third
envelope of the waveform varies slowly with time at the beatquadrant of the first return map.
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FIG. 3. Corresponding power spectra of the time series in Fig. 2. _ o
(a) Quasiperiodic state of two-incommensurate frequencies fyith FIG. 4. Enlarged power spectra of Fig.(8) Quasiperiodic state
and f,. (b) State of the period-doubled torus: quasiperiodic statewith f; andf,. (b) State of the period-doubled torus: quasiperiodic
with f, andf;=f;+ Af/2. (c) Chaotic state. state withf, andf;=f,+ Af/2. (c) Chaotic state.

B. Real-time waveform crease of the frequency leads to the onset of chaos in the

In Fig. 2, the corresponding real-time waveform of themOdUIatlon of the bedfFig. 2(c)].

current oscillation is given. As the frequency starts to in-

crease, the current in the circuit oscillates at the frequency, C. Power spectrum

say f,, of the external driving voltage signal. As the fre-  The corresponding power spectrum and its enlargement
quency is increased further, the current undergoes a Hogdre given in Figs. 3 and 4, respectively. When the crystal is
bifurcation caused by the piezoelectric coupling between theriven away from the piezoelectric resonance, the current
polarization and the strain of the ferroelectric KDP crystal.response of the crystal oscillates with the external driving
This gives the second self-oscillation frequenty, in the  frequencyf,. As f, is increased further towards the piezo-
system and, as a result, the amplitude is moduldféd. electric resonance frequency, the crystal undergoes a Hopf
2(a)] with the frequency given bAf=f,—f;. bifurcation and an additional self-oscillation frequenéy,

The period of the beat in the amplitude modulation isappears spontaneously in the system. Since the temperature
given by T=1/Af. In the time series shown in Fig.(®, of the KDP crystal is fixed, the piezoelectric oscillation fre-
when the torus doubling happens, it is also doubled and thiguency,f,, is essentially frequency-dependent nof the
phenomenon can be seen more clearly in the correspondirgignal generator. Due to the modulation between the two
power spectrum. This is shown in Figs. 3 and 4 in detail andfrequencies via an electromechanical coupling, the voltage
in the power spectrum, torus doubling means the generatioascillation across the resistdrg(t), gives a beat in the am-
of a new subharmonic frequency B§=f;+Af/2, midway plitude modulation with frequenckf=f,—f1, shown in the
between the two fundamental frequenciesandf,. So, in  corresponding power spectrum in Figay Sincef, andf,
the torus-doubled state, all the other frequencies can be emre two-independent frequencids, and Af are also inde-
pressed as a linear combination of two independent frequermpendent. So all the other frequencies present in the system
cies, f; and f3, instead off; and f,=f;+Af. Futher in- can be expressed as a linear combination of them.
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FIG. 5. Separated case of torus
doubling: (a) torus at f
=62.092 kHz, (b) period-
doubled torus af =61.074 kHz,
and(c) chaos aff =60.404 kHz.

|.(a.u)

When the period of the amplitude modulation is doubled, Doubling of the torus terminates after a finite number and
the corresponding beat frequency is halvedAtty2 and a  then chaos appears. All the sharp peaks in the power spec-
new peak in the power spectrum appears midway betweelium are smoothed out and the power spectrum becomes
the two frequenciesf,; andf,. For this period-doubled state nearly flat[Fig. 4(c)], a characteristic feature of chaotic mo-
of the torus in the system, the new subharmonic frequency 4on in the power spectrum.
fs=f,+Af/2 becomes their new beat frequency. In this
way, whenever there is a cascade of period doublings of the D. Temperature dependence of the phenomena
torus, the beat frequency is halved and more subharmonic |n our investigation, torus-doubling phenomena have been
frequencies are generated in the power spectrum. So the agbserved within+1 K of T. In the paraelectric neighbor-
pearance of new subharmonic frequencie$satf;+Af/2,  hood, whenT<T.+1.0 K, we frequently observe period
midway between the two fundamental frequendigsindf,  doubling, quasiperiodicity associated with frequency lock-
of the system, is a strong indication of the onset of periodng, and torus doubling. But, whefi=T.+1.0 K, these
doubling of the torus. nonlinear dynamical responses are hardly observed. On the
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FIG. 6. Folded and separated
case of torus doublinga) torus at
f=56.522 kHz, (b) period-
doubled torus af =56.538 kHz,
G TR and(c) chaos atf =56.547 kHz.
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other hand, in the ferroelectric neighborhood, these nonlinedf. Further doublings and characterization of the onset of chaos
phenomena can be observed downTizT.—5.0 K, de- . o o

pending on the sample. We guess that this is related to the In the torus-doubling transition into chaos, it is not clear
large domain wall motiofil7] of the sample and, as a result, whether the doubling cascade can continue infinitely in ge-

a large polarization fluctuation in the sample down to thenetics. In theory, it has been found that the doubling cascade
domain wall freezing temperature. stops after a finite number of times and then chaos appears

with the fractalization of the torus at the onset of chi®ls
In all examples of the torus-doubling transition into chaos
observed so far, only a finite number of doublings have been

) reported. In our experiment, maximally two times of the
Kaneko[5] noted that two types of torus doubling are torys doublings have been observed.

possible in his numerical study. One is the case in which the
cross section of a torus is separated and the other is the case

E. Other types of torus-doubling phenomena
in Poincarée section

in which it is still connected but folded. In our experiment V. SUMMARY
we have found both types of torus doubling. In some cases
the torus is separatefdrig. 5@)] and in other cases it is In summary, we have observed an unusual transition to

folded and separated simultaneoufhig. 6b)] depending chaos near the ferroelectric phase transition of KDP. The
on the KDP samples prepared. current oscillation through the KDP crystal undergoes a tran-
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sition from a fixed point to a quasiperiodic motion with two- show that study on the nonlinear dynamical behaviors of the
incommensurate frequencidse., a flow on a two-torys condensed matter gives much information on the correlation
through a Hopf bifurcation, to a quasiperiodic motion on abetween the generation of nonlinearity and the order-
period-doubled torus through a cascade of torus doublingparameter dynamics near the phase-transition temperature.
and then to chaos, which has been predicted theoretically byow it is our conjecture that a torus-doubling transition to
Kaneko[5]. Significantly, we have found this phenomenon chaos can be observed frequently in most ferroelectric mate-
near the ferroelectric phase transition of a &, crystal in  rials because they have a strong electromechanical coupling
condensed matter. Torus-doubling phenomena in a KDRBetween the piezoelectric oscillation and the large order-
crystal are associated with the order-parameter fluctuatiomharameter fluctuation near the phase transition.

modeled by Duffing’s nonlinear oscillator, and the piezoelec-

tricity of the crystal between the soft-mode polarizatien

and the shear straiX of the KDP crystal. Observation of a ACKNOWLEDGMENT

finite number of period doublings of the torus in the crystal
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