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Fingering instability in combustion: An extended view

Ory Zik and Elisha Moses
Department of Physics of Complex Systems, The Weizmann Institute of Science, Rehovot 76100, Israel

~Received 29 October 1998!

We detail the experimental situation concerning the fingering instability that occurs when a solid fuel is
forced to burn against a horizontal oxidizing wind. The instability appears when the Rayleigh number for
convection is below criticality. The focus is on the developed fingering state. We present direct measurements
of the depletion of oxygen by the front as well as new results that connect heat losses to the characteristic scale
of the instability. In addition, we detail the experimental system, elaborate~qualitatively and quantitatively! on
the results that were previously presented, and discuss new observations. We also show that the same phe-
nomenological model applies to electrochemical deposition.@S1063-651X~99!05007-2#

PACS number~s!: 47.20.Ma, 82.40.Py, 47.20.Hw
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I. INTRODUCTION

We all encounter and use combustion on a daily ba
from the lighting of a match to the engine of a car. Still, w
maintain a primal fascination with flames, exemplified by t
dancing motion of a bonfire. This has origins that go beyo
the complexity and beauty of the phenomenon itself, ‘‘whe
you have such beauty and brightness as nothing but com
tion or flame can produce’’@1#. Fortunately, perhaps, our un
derstanding of the flame is still poor, leaving that mysterio
fascination intact@1#.

We turn instead to forms of combustion in which th
complicated nonequilibrium chemical process can be
strained and controlled, aiming for an accuracy that is co
parable to the degree of control of more conventional fr
propagation systems. A flame is fundamentally determi
by the availability of fuel, oxidant, and heat, and its dyna
ics can be localized to the region of interaction. This reali
tion leads us to the study of the combustion front, and
limit it to a slow burning regime. We can further simplify th
dynamics by the use of a thin gap~Hele-Shaw! geometry,
which provides a crucial constraint and subsequent simp
cation.

We have recently shown that a thin solid, burning agai
an oxidant wind, develops a steady fingering state@2#. Con-
ceptually the effect is like a ‘‘print-out’’ of the thermal dif
fusion instability. It appears in a well defined regime of t
Rayleigh and Pe´clet numbers~below the threshold of vertica
convection and with prevailing molecular diffusion in th
horizontal plane!. The characteristic length~finger width! is
determined by the ability of the front to release heat, wh
the distance between fingers is determined by the availab
of oxygen. The quality of experimental control reveals a n
state which has an applicational significance; a sole finge
fire can slowly propagate in an oxygen-rich environme
remaining below the threshold of conventional detecti
The current paper elaborates on the experimental and
nomenological findings as well as presenting new results

Interfacial instabilities have been extensively studied
simpler, less reactive, growth systems@3–7#. The pattern is
typically characterized by one length scale—the fas
growing wavelength in the linear spectrum@8#. Notable ex-
amples are solidification@9#, nematic-isotropic transition in
PRE 601063-651X/99/60~1!/518~14!/$15.00
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liquid crystals@10#, and viscous fronts@11#. These systems
are usually treated within the framework of the Stefan pro
lem, where the front is a solution of one or more Laplaci
fields ~e.g., pressure or temperature! satisfying some bound
ary conditions on the interface. The characteristic scale
determined by various system properties, e.g., the gradien
the field that drives the instability~as in solidification@9# and
liquid crystals@10#!, the system scale~as in viscous fronts
@7#!, or the front velocity~as in eutectic growth@12#!. In
principle, more than one characteristic scale can be expec
depending on the number of fields that govern the front@13#.
Our previous paper@2# described two decoupled lengt
scales that correspond directly to the two different fields:
transport of reactants and transport of heat.

Previous works on combustion have already reveale
number of interfacial instabilities@14#. The most notable is
the thermal-diffusioninstability in ‘‘premixed’’ flames~i.e.,
the oxygen and ‘‘fuel’’ are mixed before burning!. This in-
stability has two fields, based on two competing transp
processes@15#. The transport of reactants has a destabiliz
effect, while the transport of heat has a stabilizing effect.
see this, consider a bump in the interface. It is protrud
into a colder region of fresh oxygen. The higher availabil
of oxygen promotes the propagation of the bump, while
excessive heat losses impede it.

The thermal-diffusion instability was first reported
1882 on a Bunsen burner@16# and has been extensively stu
ied ever since@14#. The rich behavior exhibited by this sys
tem includes interesting modes like ‘‘rotation’’ and ‘‘ratch
eting’’ @17#. Flame propagation over thin solid fuels has al
been previously studied. The main focus was the fla
spread rate@18–20#. A cellular structure observed in thi
system was recently related to the thermal-diffusion insta
ity @21#. From the theoretical side, recent work predicts
connection between the Saffman-Taylor instability and tw
dimensional filtration combustion@22# ~see also Ref.@3# and
references therein!.

Our system combines the two-dimensional~2D! ‘‘Hele-
Shaw’’ geometry@11# with combustion~not in a filtration
regime!. The measurements are performed in the compa
tively slower and experimentally convenient combustion
gime termedsmoldering@23#. This is a nonflaming mode
~i.e., the emitted gas does not ‘‘glow’’ in the visible ligh!
518 ©1999 The American Physical Society
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PRE 60 519FINGERING INSTABILITY IN COMBUSTION: AN . . .
where oxygen interacts with solid fuel to produce char, g
eous products and the heat that sustains the process.
oxidizing gas is supplied in a uniform flow, opposite to t
direction of the front propagation~i.e., the fuel and oxygen
are fed to the reaction from the same side!. This configura-
tion enhances the destabilizing effect of reactant transp
which plays the same role as in the thermal-diffusion ins
bility. The reduction to two dimensions is critical in order
suppress the effect of convection and plumes near the fr
Interestingly, a 3D version of our experiment has recen
been conducted onboard the space shuttle@24#. A simple
estimation of the Rayleigh number in our experiment sho
the equivalence of quasi-2D and microgravity in neutraliz
gravitational effects.

In this configuration the front exhibits adirectional fin-
gering instabilitywith two decoupled length scales~the fin-
ger width and the spacing between fingers! @2#. The nondi-
mensional control parameter is the Pe´clet number Pe which
measures the relative importance of advection and molec
diffusion @25#. The instability appears below a critical valu
of Pe. The two length scales correspond directly to the
key transport mechanisms: transport of heat and transpo
reactants. The distance between fingers is self-consiste
determined by Pe. Although heat transport plays a key rol
the instability, we show with a phenomenological model th
reactant transport alone determines the front velocity and
spacing between fingers. The agreement between the m
and measurements is remarkable~no free parameters!. The
behavior of the spacing between fingers is analogous to e
trodeposition@26,27#. On the other hand, the characteris
scale ~finger width! is effectively independent of Pe. W
show that it depends on the ability of the front to relea
heat.

The origin of the instability should ultimately yield from
linear theory. At this stage such a theory is lacking and
mains an open challenge. Our preliminary derivation o
Mullins-Sekerka type analysis shows that the main obsta
to deriving such a theory lies in translating the far-from
equilibrium moving flame front into an adequate bounda
condition.

II. SETUP

The cell is shown schematically in Fig. 1. It has a te

FIG. 1. Schematic representation of the setup. 1, glass top
variable gap between top and bottom platesh; 3, outflow of com-
bustion products; 4, spacers to controlh; 5, ignition wire; 6, heat
conducting boundaries; 7, flame front; 8, fuel; 9, interchangea
bottom plate; 10, uniform flow of O2 /N2; 11, gas diffuser; 12, gas
inlet.
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pered glass top for visualization~1 in Fig. 1!. The spacingh
between the sample plane and glass top is adjustable~2 and
4 in Fig. 1!. The fuel is a rectangular sheet of dimensio
20320 cm2 ~8 in Fig. 1!. Our ‘‘fuel’’ is mainly filter paper.
However, the effect is fuel independent. It occurs in all t
combustible materials that we examined, from standard
tionery paper to polyethylene sheets~see Sec. VII!. Our
quantitative measurements were conducted on the paper
duced by Whatman~mostly grade no. 2!. Its main advantages
are its uniformity and the available data on its properti
Another advantage of using this paper is the fact that it sm
ders at a relatively low temperature~about 600 °C), allowing
us to work in small gap sizes~down to 0.2 cm! without
cracking the glass.

The fuel sample is stretched on the bottom of the cell w
uniform tension. The uniformity is achieved with a system
springs against which the paper is stretched. The unifo
stretching is able to prevent the ‘‘crumpling’’ of the burne
paper that can arise in some of the regimes. The springs
recessed into the bottom plate. The part of the bottom p
which touches the sample can be changed to allow a stud
the effect of ambient heat conductivity~9 in Fig. 1!. Alumi-
num adhesive strips are used to create uniform heat con
tive lateral boundary conditions~6 in Fig. 1!. These stripes
are 0.025 cm higher than the sample. This serves to decr
the supply of oxygen from the sides of the sample. Witho
these boundary conditions, the propagation along the bou
aries prevails and the front is not uniform.

The emphasis of the experimental design was as follo
~i! Creating a uniform 2D gas flow~10 in Fig. 1!; ~ii ! Creat-
ing a uniform 1D ignition~5 in Fig. 1!. The uniform flow
was achieved with a gas diffuser consisting of an array
orifices which was designed to produce a laminar wind
oxygen and nitrogen~11 in Fig. 1!. The diffuser consists of
an array of 80 cylindrical holes of diameter 0.06 cm a
length 0.8 cm. To avoid the inhomogeneities produced by
sides, we limited the experiment to the central part of
flow channel.

We used two other diffusers to check the influence on
results: a diffuser with a parabolic shape and a diffus
‘‘slot’’ (0.07 330 cm2). Both changed the flow slightly, bu
did not have any influence on the results. The parabolic
fuser was designed to produce a uniform hydrodynam
resistance~by varying both the length and the diameter of t
holes!.

We use two systems of rotatometers to control the flu
of oxygen (FO2

) and nitrogen (FN2
) that are fed into the

diffuser ~12 in Fig. 1!. The velocity is calculated as the flu
divided by the effective system cross section,VO2,N2

5FO2,N2
/S with S5253h cm2. We used smoke visualiza

tion for calibration and independent measurements of
gas-flow velocity. The measured smoke velocities ag
within 610% with the calculated velocities. The uniformit
of the flow was also verified with this technique~Fig. 2!. The
visualization agent was cigarette smoke. We pumped
N2/O2 mixture through a ‘‘matrix’’ of 12 cigarettes. More
conventional smoke production methods~e.g., using resins
powders, or water vapors! did not work due to the smal
orifice dimensions of the diffusers.

Uniform ignition was achieved with a resistively heate
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520 PRE 60ORY ZIK AND ELISHA MOSES
thin (R555 mm) tungsten wire, which was placed along
line at the fuel edge~5 in Fig. 1!. The ignition can be eithe
in the downwind part of the sample~counterflow regime! or
at the upwind part~coflow regime!. The wire is recessed into
the bottom plate so that it does not interfere with the flow
has a spring to maintain tension as the wire undergoes t
mal expansion. In Fig. 3 we show a time sequence that d
onstrates the initial evolution of a fingering state, after
wire was heated. The arrow in the bottom picture marks
heated ignition wire. The initial nonuniformity in the ignitio
is erased as the front propagates.

Creating uniform ignition along the width of the sample
especially difficult near extinction (VO2

,1 cm/s). We over-
came this problem by coating the ignition zone with a sa
rated solution of nitrocellulose in acetone, letting the acet
evaporate and applying an initial pulse of oxygen at 12 cm
The evolution near extinction is shown in Fig. 4~from bot-
tom to top!. The front is initially smooth due to the high flu
of oxygen. The second picture from the bottom shows

FIG. 2. Flow visualization with cigarette smoke is used to che
the uniformity of the gas flow, as well as for an independent m
surement of the gas velocity. The smoke flows from right to le
The rectangular frame marks the region where the sample is
cally placed. The uniformity of the flow in this region is eviden
The image was taken with reflected light.

FIG. 3. A time sequence~the images are 1.2 s apart, time i
creases upwards! showing the initial evolution of the front afte
ignition, in the tip splitting regime. The sinusoidal pattern evolv
soon after ignition. The peaks of the sine wave grow towards
oxygen source. The arrow in the bottom image marks the he
ignition wire. The initial small nonuniformity in the ignition is re
covered by the pattern.
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sinusoidal pattern that develops after the supply of oxyge
cut. The steady state of sparse fingers~top! is achieved after
a selection process. This has no effect on the front velo
~see the following!.

A test for the experimental design@especially for points
~i! and~ii ! above# is that the growth will attain a steady sta
and will maintain it. Figure 5 shows the position as a fun
tion of time for various values ofVO2

. The system attains a
steady state immediately after ignition. The front veloc
~slope! remains unchanged throughout the run. Near exti
tion we see that the transition from the initial ‘‘boost’’ to th
steady-state condition~shown in Fig. 4! has a short transien
effect. The sharp transition~indicated by the arrow in Fig. 5!
shows how the system immediately recovers to its ste
state.

Following is the list of control parameters and the rang
that we covered.

~i! Gas flow velocityVgas(5VO2
if a51 and VO21N2

if

aÞ1): 022560.2 cm/s.
~ii ! Relative N2 content in the gasa5 f O2

/( f O2
1 f N2

),

where f O2,N2
5FO2,N2

/S: 0.6<a<1. ~Note that as long as

a51, we will useVO2
5 f O2

for the specific oxygen flux.!

~iii ! Gap between cell top and bottomh: (0.221.4)
60.04 cm.~The small gap inhibits natural convection —a
inexpensive alternative to turning off gravity.!

~iv! Fuel ~composition, thickness, density, ash content!.
~v! Heat conductivity of the bottom platel: 107*l

*103 ergs/cm s K.
Most of the experiments were performed witha51,

Whatman paper no. 2,h50.5 cm, aluminum bottom plate
(l52.43107 erg/cm s K!. The molecular diffusion coeffi-

k
-
.
i-

e
ed

FIG. 4. Initial evolution near extinction. The sinusoidal pertu
bation appears immediately after we cutVO2

~from 15 to 0.33 cm/s!
and then develops into a steady state of sparse fingers. Times
ignition are~bottom to top! 1, 5.3, 8.6, 35.8, and 193.5 s.
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PRE 60 521FINGERING INSTABILITY IN COMBUSTION: AN . . .
cient is taken to beD50.25 cm2/s. We ignore its tempera
ture dependence.

The measured quantities are~with the typical systematic
error! as follows.

~i! Front velocityu (60.05 cm/s).
~ii ! Finger widthw (60.05 cm).
~iii ! Distance between fingersd (60.05 cm).
~iv! Density, thickness, and composition of products.
~v! Oxygen content of the gaseous products (610%).
u, d, andw were measured through CCD images of t

front ~we used a Sony XC-75CE camera, peaks in the vis
range, digitization matrix of 7363512, and with geometrica
distortion less than 2%!. The front velocity was measure
with a code that we added to the software NIH Image
@28#. It automatically identifies the propagating front in pr
determined steps. The accuracy in resolving the fron
about five pixels. The composition of the solid produc
~char! was measured with gas chromatography@29#. The
oxygen content was measured by an electrochemical se
~we used ‘‘Emproco’’ 020697 with a typical response tim
of 5 s and probe diameter of 0.3 cm!. The sensor is fed by a
slow suction pump~at 0.1 LPM!. The temperature of the
front was measured to be 600640 °C ~using a nitrogen
cooled IR camera!.

III. THEORETICAL AND PHENOMENOLOGICAL
PICTURE

The instability is controlled by the Pe´clet number, defined
as Pe5VO2

h/D. At Pe greater than some critical value Pec ,
the uniformly fed front is smooth@Fig. 6~a!#. As Pe is
slightly decreased, small bumps that exist along the interf
begin to compete over the oxygen, and the front develop
structure which marks the onset of instability@Fig. 6~b!#.

FIG. 5. Typical x2t data for measurements ofu. VO2

58.6 cm/s, empty circles~connected front, no fingering!; VO2

52 cm/s, full circles~fingering and tip splitting!; VO2
50.2 cm/s

~verge of extinction, fingering, without tip splitting!, full squares.
The respective front velocities areu50.41, 0.21, and 0.045 cm/s
The lines represent the linear fits from which the velocity is m
sured. The small arrow marks the point at which the transient~ini-
tial boost! of the propagation near extinction (VO2

50.2 cm/s) ends
and the measurement begins~see Fig. 4!. The transition from the
ignition stage to the steady state is sharp.x is defined as the position
of the foremost finger. Similar results are obtained whenx is de-
fined as the average finger position.
le
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When the oxygen supply is further decreased, lateral di
sion currents become important and the structure beco
periodic @Fig. 6~c!#. As the supply is further decreased, th
peaks of the periodic structure deplete the oxygen in th
vicinity, and separate into fingers@Fig. 6~d!#. This transition
occurs at different number Pec1. The narrow band Pec1<Pe
<Pec is the onset regime. It is characterized by a connec
front with a cellular structure. The focus of this paper is
the developed fingering state Pe,Pec1.

Figure 6~d! shows a typical fingering pattern in the deve
oped regime. The pattern develops by recurrent tip splitti
Combustion occurs only in the limited vicinity of the tips~in
all the regimes! and there is no reaction behind the front~or
along the fingers!. Fingers that are closer to the oxyge
sourcescreenneighboring fingers. The screened fingers s
growing and the tips of the screening fingers split. The lo
dynamic mechanism for tip splitting is as yet unknown. W
expect that the widening of the finger prior to the tip splittin
will give some insight into this problem. The splitting main
tains constant both the average finger widthw and the spac-
ing between fingersd.

As Pe is decreased,d grows. At a certain stage,d is suf-
ficiently large to allow fingering without screening and w

-

FIG. 6. Steady-state patterns in counterflow combustion of t
solid fuel as a function of oxygen flowVO2

@decreasing from~a! to
~e!#. ~a! Stable front,~b! irregular front, ~c! periodic pattern,~d!
fingering pattern with tip splitting,~e! fingering without tip split-
ting. In all regimes, a bright spot~like the one at the tip of the
central finger! typically appears just before the tip stops growin
The charred area~black! propagates from bottom to top. The fin
gering pattern defines two length scales: the finger widthw and the
spacing between fingersd. The scale bars are 1 cm. The gap b
tween plates ish50.5 cm. The oxygen flow velocityVO2

is directed
downwards and the front velocityu is directed upwards@arrows in
~d!#. The values are~top to bottom! VO2

511.4, 10.2, 9.2, 1.3, 0.1
cm/s andu50.5, 0.48, 0.41, 0.14, 0.03560.01 cm/s.
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522 PRE 60ORY ZIK AND ELISHA MOSES
obtain sparse fingers without tip splitting@Fig. 6~e!#. While w
depends very weakly on Pe~for given h, it depends onh
through the heat transport mechanisms!, d is a rapidly de-
creasing function of it. The maximal value ofd is compa-
rable to the system size,d;L. The minimal value ofd ~zero!
occurs at Pe5Pec1. Tip splitting is observed atw*d.

A. Mass conservation

Since oxygen is the limiting factor, we expect all th
available oxygen to be consumed by the front. We comp
the mass of reacting gas per unit timeGO2

to the mass of

reacting solid per unit timeGsolid. If all the oxygen is con-
sumed, then we haveGO2

5mGsolid. The proportionality fac-

tor m is the stoichiometric coefficient, defined as the mass
reactant gas consumed by reacting with one unit mas
solid.GO2

can be written in terms of the experimental para

eters GO2
5*0

LrO2
Vgasa(h2dub)dx, where rO2

(x) and

Vgas(x) are the gas density and velocity, respectively, ana
is the fraction of oxygen in the gas mixture. The integrati
is over the width of the sampleL. Gsolid is a function of the
measured quantitiesGsolid5*0

Lu(rubdub2rbdb)dx, where
d(x) and r(x) are the fuel thickness and density, respe
tively. The subscriptsb andub stand for burnt and unburn
solid, respectively. We thus expect that

E
0

L

rO2
Vgasa~h2dub!dx5mE

0

L

u~rubdub2rbdb!dx.

~3.1!

In the ‘‘fingering’’ regime the integral~per finger! is over
w1d in the left-hand side~LHS! and overw in the right-
hand side~RHS! and we can approximate

rO2
Vgasa~h2dub!5m

w

w1d
~rubdub2rbdb!u. ~3.2!

A similar approach to Eq.~3.2! is used in the combustion o
porous media@23#. With respect to the experimental drivin
parameterVO2

, Eq. ~3.2! can be written as

u
w

w1d
5AVO2

, ~3.3!

where the constantA ~discussed in Sec. IV B below! repre-
sents the stoichiometry.

B. Lateral diffusion

In the perpendicular direction we expect diffusion cu
rents, driven by the concentration gradients~see Fig. 7!,
given by j x5D¹xCO2

, whereCO2
is the oxygen concentra

tion. The gradient is typically over a distance ofd1w. At
steady state, the lateral current satisfiesj x5uCO2

up to a
proportionality constant of order unity. This yields an equ
tion for the velocity of the diffusion limited growth@12#

u5
D

~w1d!
. ~3.4!
re

f
of
-

-

-

The two growth conditions yield the following two non
dimensional equations for the three quantitiesd, w, andu:

d̃5Aw̃

A
Pe21/22w̃, ~3.5!

ũ5AA

w̃
Pe21/2, ~3.6!

wherew̃5w/h, d̃5d/h, andũ5u/VO2
.

Equations~3.5! and~3.6! describe the growth with respec
to the two horizontal directions. Experimentally the vertic
direction ~namelyh) dictatesw in a linear manner,

w̃;1. ~3.7!

This enables a self-consistent evaluation of Eqs.~3.5! and
~3.6!. Equations~3.6! and~3.5! were experimentally verified
to very good accuracy, assumingw̃51 and without any fit-
ting parameters@2#.

C. Vertical convection

While there is no theory as yet for the role of heat tran
port away from the front, a number of observations point
its crucial role. We shall show later that the heat transp
determines the width of the fingerw. Equally important, we
find that the occurrence of the fingering instability coincid
with the arrest of free convection of gas in the gap. T
flame tip is a heat source with a temperature of appro
matelyTf5720 K.

Convection at the tip, while extremely inhomogeneous
determined by the Rayleigh number Ra5gb(Tf
2Ttop)h

3/na. Ttop'450 K is calculated by comparing th
heat that is produced by the burning to the heat losses, la
heat of evaporation, and the heat needed to bring the pap
its evaporation temperature@2#. n50.5 cm2/s and a
50.5 cm2/s are the kinematic viscosity and thermal diff
sivity, respectively, at the estimated gas temperatureTgas
'585 K ~estimated as the average of the top and flame t
peratures!. For an ideal gas, the volumetric expansion co
ficient is b'1/Tgas. The onset of natural convection is ex
pected at Rac'1700 ~neglecting the applied wind an
nonuniform heating!. Experimentally, fingering occurs fo
h<1 cm, i.e., Ra>1810. The rough numerical agreement

FIG. 7. The schematic flow field. The flow lines are diverted
lateral diffusion which is driven by the deficiency of oxygen at t
tips.
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PRE 60 523FINGERING INSTABILITY IN COMBUSTION: AN . . .
an indication that fingering appears in theabsence of natura
convection. It also explains why the same phenomenon h
been observed in a microgravity experiment in space@24#.

IV. OXYGEN DEPLETION AND MASS CONSERVATION

In Ref. @2# we quantitatively verified Eq.~3.3! by compar-
ing the influx of oxygen with the amount of reacted materi
In the first subsection, we supplement this result with dir
measurement of the percentage of oxygen in the gas be
the front. In the second subsection we detail the meas
ments of Ref.@2# and discuss other features of this measu
ment.

For additional results that concern oxygen depletion,
Sec. VII B on the ‘‘coflow’’ regime and Sec. VI B on the rol
of the nonreacting gas.

A. Direct measurement of oxygen content

In Fig. 8 we show a typical curve of the percentage
oxygen in the gas behind the front. Initially we placed t
probe at the side of the sample to avoid interference with
growth @arrow in Fig. 8~a!#. As soon as the front passed th
probe, we moved the probe to a position behind the front
that the inlet is fed by the combustion products@arrow in Fig.
8~b!#. The results are shown in Fig. 8~c!. Figure 8~d! shows
the calibration curve for the probe. It shows the respo
time of the device~see caption for details!. The experimental
error is 610% mainly because of the slow~5 s! response
time of the detector. The same results are obtained when
measurement is done behind a finger~and not in the spacing
between fingers!. This measurement explicitly shows that a
the oxygen is depleted by the front~within our 10% error!.
This result verifies the ‘‘mass conservation’’ Eq.~3.3!.

B. Comparing the fluxes

The verification of the ‘‘mass conservation’’ is based
measuring the LHS of Eq.~3.3! as a function ofVO2

@2#. The
results are shown in Fig. 9. The corresponding front veloc
u is shown in the inset. Below a critical value correspond
to Pec1 ~arrow in the figure!, u is proportional to (VO2)

1/2 as
predicted by Eq.~3.6!. At Pec1 there is a crossover to th
linear dependence predicted by Eq.~3.3! with d50. Equa-
tion ~3.3! predicts a linear dependence of the quantity
burnt material per unit timeuw/(w1d) on VO2

with the
slope being the stoichiometric factorA, given by

A5
arO2

~h2dub!

m~rubdub2rbdb!
. ~4.1!

In the following we detail the evaluation of the stoichi
metric factorA. The values that we used area51 ~99.99%
oxygen!, rO2

51.37631023 g/cm3 @30#; paper thickness and

density are dub50.01860.001 cm and rub50.66
60.05 g/cm3 ~direct measurement over 10 samples,
manufacturer’s data aredub50.019 cm,rub50.54 g/cm3).
The thickness and density of burnt paper aredb50.01
60.003 cm andrb50.360.03 g/cm3. These values ofdb
andrb represent averages over 10 runs.
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It is interesting to point out thatdb and rb are not con-
stant. Both depend weakly onVO2

. Both quantities increase

in theVO2
range of 0.5215 cm/s but do not change by mor

than 20% over thatVO2
range~this adds some error to ou

measurement ofA). At higher flow rates the burning is mor
efficient and both quantities significantly decrease. Near
tinction the burning is slow but more material is converte
Thereforedb andrb decrease. The minimum is obtained f
VO2

50.06 cm/s, where full conversion is reached, i.e.,db

50 andrb50.

FIG. 8. Direct measurement of the relative oxygen content~us-
ing an electrochemical sensor! shows the depletion of oxygen
~within 10% resolution!. The probe’s inlet is shown by the arrow
in ~a! ~upstream the front! and~b! ~downstream the front!. ~c! shows
the relative oxygen content~in %!: ~1! ignition, ~2! the front passes
the probe, and~3! the front approaches the end of the sample. B
tween~1! and ~2!, the probe is near the boundaries, to avoid int
ference with the growth. At~2! the probe is moved to its position
behind the front. This measurement was performed with the pr
placed between the fingers. The same results are obtained whe
placed on the fingers.d shows a calibration curve for the relativ
oxygen content in the gas~no flame!: I, initial flow of 100% N2

(a50, f N2
53 cm/s). The response to an abrupt change to 10

O2 (a51, f O2
53 cm/s) is shown inII ~increase! and III ~stable

part!. IV shows the transition back to 100% N2.
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We calculate a stoichiometric coefficientm51.18 for the
interaction of oxygen and cellulose~which comprises 98% o
the paper!. We used (C6H10O5)n16nO2→(6CO2
15H2O)n. The above calculation is based on the assum
tion that the chemical composition of the parts of the pa
that is left unburnt does not change significantly. To che
this assumption we analyzed the CH composition of
charred and unburnt paper@29#. For unburnt paper we found
44.78%~C!, 6.22%~H!, and 49.4%~O1others! ~as expected
from 98%3C6H10O5). For burnt paper we found 42.56%
~C!, 6.38%~H!, and 51.1%~O1others!, i.e., the assumption
is justified.

Combining the above numbers we obtainA50.051
60.005. Given the complications of this calculation a
measurement, the numerical agreement~within experimental
error! with the measured slopeA50.04360.005 in Ref.@2#
is satisfactory. It shows that the system is well within t
oxygen deficient regime.

V. THE SPACING BETWEEN FINGERS: COMBINING
DRIFT WITH LATERAL DIFFUSION

A. The effect of Pe

In Sec. III ~Fig. 6! we have shown the behavior of th
pattern as a function of Pe at (0<Pe<Pec). In this subsec-
tion we focus on the fingering regime 0<Pe<Pec1 @~d! and
~e! in the figure#. The variation ofd as a function of Pe in
this regime is exemplified in Fig. 10.~a! shows the minimum
value (d50) at the onset (Pe;Pec1). ~b! shows the minimal
detectable nonzero value ofd. The tip splitting regime starts
at Pe,Pec1 @~c!–~f! in Fig. 10#. In ~g! the distance betwee
fingers is large enough to allow fingering without tip spl
ting. The value ofd increases as we decrease Pe until
maximal value, which is comparable to the size of the sys
L @Fig. 10~i!#.

The above results are quantified in Fig. 11. The fig
shows the dependence ofd andw on Pe. The continuous line
shows the theoretical prediction@Eq. ~3.5!#. It is in very good
agreement with the data points. These measurements
performed by varyingVO2

at h50.5 cm. Other values ofh

FIG. 9. Mass conservation, as predicted by Eq.~3.3! ~solid line!.
The inset showsu as a function ofVO2

. The arrow corresponds to
Pec1 ~onset of separated fingers!. The molecular diffusion coeffi-
cient of oxygen isD50.25 cm2/s ~neglecting its temperature de
pendence!.
-
r
k
e

s
m

e

ere

~in the range 0.2 cm<h<1 cm) show the same qualitativ
dependence ofd on Pe. The finger width shows a very slo
~linear! increase with Pe~at fixedh).

Figures 10 and 6 show that the value of Pe determines
ratio betweenw andd, which characterizes the pattern.

~i! Sparse fingers~fingering without tip splitting! are ob-
served atd/w@1, which corresponds to 0.1&Pe&2.6.

FIG. 11. The distance between fingersd ~full circles! and finger
width w ~empty circles! as a function of Pe.d is determined by the
driving parameter, whilew is only weakly influenced by it. The
continuous line is a plot of the RHS of Eq.~3.5! with A50.043~see
Fig. 9! and the dashed line isw50.5610.01Pe~in cm!.

FIG. 10. Collage of patterns showing the full variation ofd (0
,d&L) as a function of Pe@decreasing from~a! to ~i!#: ~a! near the
onset (Pe'Pec) d50, ~b! slightly below the onset (Pe&Pec1) d
→0, ~c!–~f! fingering with tip-splitting,~g!–~i! fingering without
tip-splitting. The values of Pe@~a!–~i!# are 18, 15, 14, 11, 961,
560.5, 1.560.25, 0.4560.2, 0.0760.02. The spacing betwee
plates ish50.5 cm in all the figures except~c! and ~e!, whereh
50.6 cm.
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PRE 60 525FINGERING INSTABILITY IN COMBUSTION: AN . . .
~ii ! Tip splitting is observed at14 <d/w& 5
4 , which corre-

sponds to 2.6,Pe&Pec1.
~iii ! The onset of fingering~breakage of a ‘‘connected

front’’ ! is observed for Pe,Pec1. Experimentally Pec1517
61. The predicted value@obtained from Eq.~3.5!# is Pec1
51/Aw'21 @2#.

~iv! A connected front is observed at Pec1<Pe<Pec . In
this regimed50 and w is the characteristic ‘‘cusp’’ size
Experimentally Pec52261 @31#.

~v! w andd are not defined for Pe>Pec .

B. A fundamental relation with another diffusion-limited
system: Electrochemical deposition

The dependence ofd on Pe was obtained from Eqs.~3.3!
and~3.4!, which describe quite generally the growth unde
limited supply of reactants. It is reasonable to expect t
simple consideration to apply to other systems with sim
conditions. In this section we describe preliminary resu
~analyzing previous experiments of ours@26,27#!, which
show that the distance between branches in electrodepos
behaves as the distance between fingers in combustion.

Electrodeposition is a well known example of diffusio
limited growth @26,27,32,33#. The experiments are usuall
conducted in a quasi-two-dimensional cell, filled with
ionic solution ~usually zinc or copper! of concentrationC.
The growth is controlled by the electric current densityj.

Our experiments show decoupling between the struc
of a single branch~microstructure! and the macroscopic
structure. The microstructure can be dendritic or disorde
~tip splitting!, depending mainly on the concentration. T
macroscopic structure consists of sparse or dense fing
depending mainly onj. At low currents the fingers are spars
~larged), while at high currents the fingers are dense~small
d). Figure 12 shows three pictures that illustrate this res
~near the dense regime in electrodeposition of zinc!.

It is straightforward to apply the phenomenological mod
of Eqs. ~3.3! and ~3.4! to electrodeposition. The mass co
servation equation reads

uw5V~w1d!, ~5.1!

whereV is the velocity of the ions andz the ion charge. The
lateral diffusion equation is exactly as in Eq.~3.4!. We ob-
tain the same square root dependence:

d5Awh

Pe
2w. ~5.2!

The calculation of Pe is based on the relationsJ5sE and
V5mE, wheres is the electric conductivity,E is the electric
field, andm is the ion mobility. We obtain

Pe5Vh/D5
m

s

h

D
J. ~5.3!

To find m/s we measuredu(w/w1d) as a function ofJ and
obtainedm/s50.01860.005 cm3/Coulomb. The diffusion
constant was taken to beD51.331025 @30#.

In Fig. 13 we show a measurement ofd andw as a func-
tion of Pe. The continuous line is the prediction of Eq.~13!,
which we wrote asd5aAwh/Pe2w with a as a fitting pa-
is
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rameter. In Fig. 13,a53.5. In the combustion experimen
the agreement was good without any fitting paramete
while here the results are only indicatory due to the sm
statistical sample. These results show that the complex s
scale processes are decoupled from the large scale diffu
transport that determines the distance between fingers.

This result can be generalized to include other syste
that are diffusion limited and supplied by constant flux.

FIG. 12. Diffusion limited growth in electrodeposition. The fig
ure shows the influence of current densityJ, at a fixed ionic con-
centration (C50.03 M) on the density of fingers. The current de
sities~bottom to top! areJ513.3, 116, and 197 mA/cm2. The figure
shows the decrease of spacing between fingersd as a function ofJ.

FIG. 13. The behavior ofd and w as a function of Pe in elec
trodeposition is similar to what we obtained in combustion. Not
that the front is not connected (d.0) even at high current densitie
J ~and Pe!. We conjecture that this result is related to the deplet
of ions. The fitting parameter for the continuous line isa53.5.
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VI. THE FINGER WIDTH: HEAT LOSSES

We have shown thatd is determined by the flux of reac
tants~through Pe! and thatw is almost independent of Pe.w
is a feature of the individual finger that is determined by
ability of the front to release heat. We now show thatw is
related to the heat losses in the system.

A. The role of two dimensionality

The instability occurs below a critical Ra and therefo
below a criticalh. The weak dependence ofw on Pe allows
us to measurew as a function ofh over a wide range of Pe
In Fig. 14 we show a collage of the fingering patterns t
results from varyingh. The pictures were taken in the P
range of 7&Pe&12, which is well within the tip-splitting
regime.h is increased from a minimal value of 0.2 cm@Fig.
14~a!# to the maximal value at 1 cm@Fig. 14~f!#. Going be-
low h50.2 cm raises several experimental complications
reduces the uniformity of the flow as well as the uniform
of the exchange of heat with the top plate. The upper limit
h is determined by Ra. In Fig. 14~g! we show the thickes
fingers that we obtained (h51.8 cm), which were still well
defined but the burning is not uniform throughout the pa
and the reproducibility of the measurement is reduced.
higher values the fingering instability no longer exists,
shown in Fig. 14~h!. In this pictureh53 cm. There is more
than one front~arrows in the figure!, the burning is not uni-
form, and there are no fingers. These effects are due to
vertical flow of oxygen that feeds the burning behind t
front.

FIG. 14. The variation of the finger widthw as a function of the
spacing between plates.h50.2, 0.3, 0.5, 0.6, 0.8, and 1 cm in~a! to
~f!, respectively. In~g! we show the thickest fingers that we o
tained (h51.8 cm). At this value ofh the burning is not uniform.
In ~h! we show some of the 3D effects that occur at higher value
h ~here h53 cm). There is more than one front~arrows in the
figure!, the burning is not uniform, and there are no fingers.
e
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To quantify the relation, described above, betweenw and
h, we first notice that Fig. 11 shows that as Pe→0, w ap-
proachesh, i.e., w̃5a1b Pe with a'1 and b!1. The
smallness ofb allows us to conduct the measurement ofw as
a function ofh in the full range of Pe. Figure 15 shows th
results. The data are consistent with linear dependence.
measured slope ofw(h) is 1.860.4. The linear dependenc
of the characteristic length of the instability on the spac
between plates is also known from other growth systems
quasi-2D~‘‘Hele-Shaw’’! geometry@3,11#.

B. Other heat losses

In this subsection we study the influence of two other h
release mechanisms that can be experimentally controlled~i!
Changing the heat conductivity of the bottom plate;~ii ! add-
ing nonreacting gas to the front. Our goal is to see whet
these experimental measures support our picture.

To study the influence of the bottom plate, we used b
tom plates made of Cu, Al compound, and Pyrex glassl
543107, 2.43107, and 6.33105 erg/cm s K, respectively!.
The heat conductivity of the ambient gas is two orders
magnitude smaller (l'2.63103 erg/cm s K!. We concluded
that there is no significant variation ofw in this range ofl.
Using no bottom plate caused a notable increase inw but
involves the presence of reactant gas below the sample.
has an influence on the flow pattern near the front. To cre
a heat isolating bottom without these effects, we used a
~0.004 cm! stainless steel foil. The contribution to heat r
lease was small and the 3D effects were prevented. In
measurement we saw an increase inw.

These effects are shown in Figs. 16~a!–16~c!. ~a! shows a
typical pattern using an aluminum bottom plate (Pe55, h
50.5 cm).~b! shows a run with the same parameters us
a thin foil instead of a bottom plate as described above. In~c!
there is no bottom plate and the sample is stretched abo
recess containing the ambient gas. The figure shows an
crease inw from ~a! to ~b!, which qualitatively shows tha

f

FIG. 15. Finger widthw as a function ofh. The different points
were measured in variousVO2

and flux (h3VO2
) values. As already

shown in Fig. 11,VO2
does not changew by more than 15%. To

accentuate this, we show the data points of Fig. 11~empty circles at
h50.5 cm). They show the result of varyingVO2

alone. The slope
of w(h) is 1.7860.2. The error bars represent the spread of
experimental results.
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PRE 60 527FINGERING INSTABILITY IN COMBUSTION: AN . . .
the ability to release heat narrowsw. The result shown in~c!
involves the 3D effects of gas flow, which should be tak
into account when comparing~c! with ~a! and ~b!.

A more controlled way to study the effect of heat losses
by adding cooling~nonreacting! gas to the flow. We found
that adding nitrogen to the flow~at fixed f O2

) has two main

effects: ~i! w decreases, and~ii ! tip splitting is suppressed
These effects are shown in Figs. 16~d!–16~g!. In ~d! and~e!
we see two runs with the same values of Pe (1461, defined
for the combination of oxygen and nitrogen P
5V(O21N2)h /D). In ~d! we added 20% nitrogen (a50.83),

while in ~e! a51. The figure shows that the result of addin
N2 is a decrease inw. To some extent it also shows th
suppression of tip splitting. Figure 16~f! shows a run with
Pe55.8 anda50.76. We have already shown that this val
of Pe ~and d/w) is well within the tip-splitting regime for
a51. The figure shows that an effect ofaÞ1 is the suppres-
sion of tip splitting.

The abrupt addition of nonreacting gas has an interes
transient effect. This is shown in Fig. 16~g!. The values of
VO2

anda were varied within the run in the following man

ner: 1→2 ignition (VO2
515 cm/s,a51), 2→3 only oxy-

gen (VO2
56 cm/s, a51), 3→4 oxygen1nitrogen (VO2

58 cm/s,a56/8).

FIG. 16. The effects of heat losses on the pattern are meas
both by changing the bottom plate@~a!–~c!# and by changing the N2
content of the reacting gas~d!–~f!. ~a! Typical pattern using alumi-
num bottom plate (Pe5560.5, h50.5).~b! Same parameters as i
~a! with the bottom being a thin foil.w increases from~a! to ~b!. ~c!
No bottom plate, only air in the cavity. This involves 3D effec
which have to be taken into account when comparing~c! with ~a!
and ~b!. ~d!, ~e! Two runs with and without nitrogenf O2

57 in ~d!

a50.86 and in~e! a51. Adding N2 decreasesw. In ~f! we see that
in a run with f O2

55, a50.76 tip splitting is suppressed.~g! shows
the effect of variation during a run: 122 ignition (f O2

515 cm/s,
a51), 223 only oxygen (f O2

56 cm/s, a51), 324 oxygen

1nitrogen (f O2
56 cm/s, a5

5
8 ). In the final state the effect o

nitrogen is a 20–30 % decrease inw. In 323* we show the tran-
sition froma51 to a,1. The fingers become effectively wider an
w increases temporarily until, without changing the external sup
it decreases to a new value ofw that corresponds toa,1 @for more
observations that concern this effect, see Fig. 22~g! in Sec. VII#. We
conjecture that the transient effect is related to the effectively
proved transport of O2 which result from switching on the N2 flow.
n

s

g

In 3→3* we show a transient state as the system g
from a51 to a,1. The fingers become wider~almost merg-
ing! until they spontaneously~i.e., without any change in the
external supply! decrease to the new value ofw that corre-
sponds toa,1 @for more observations that concern this e
fect, see Fig. 21~g! in Sec. VII#. We conjecture that this
effect is related to the initially improved transport of O2,
which results from enhancing the flow. In the final sta
(3*→4) the effect of nitrogen is a 20–30 % decrease inw.

Figure 17 quantifies the effect of adding nonreacting g
In ~a! we see the effect ond and onw. In ~b! we see the
effect onu and in ~c! on the rate of burning. Within erro
bars, we see thatw decreases as a function ofa, while d does
not change significantly. These results are consistent w
our picture thatw is a decreasing function of the ability o
the front to release heat.

ed

,

-

FIG. 17. The effect of cooling, nonreactant gas is shown at fix
f O2

55 cm/s.~a! w is a decreasing function off N2
while d is not

affected by it~within experimental error!, ~b! u is a linearly decreas-
ing function f N2

, ~c! the burning ‘‘intensity’’ is linear ina3 f O2
as

expected from ‘‘mass conservation.’’ The slope isA50.0860.01
~predictionA50.05160.004).
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528 PRE 60ORY ZIK AND ELISHA MOSES
The linear decrease ofu and of the amount of burnt ma
terial can be compared to the mass conservation equa
@Eq. ~3.3!#. We write this equation as

ũ
w

w1d
5Aa. ~6.1!

Figure 17~c! shows a plot ofu(w/w1d) as a function of
f O2

a at fixed f O2
53 cm/s. The linear behavior is as pr

dicted. The slope isA50.0860.01 ~prediction from sto-
ichiometric considerations:A50.05160.004). The discrep-
ancy may be due to other effects of the addition of N2 that
we may be missing.

We point out that the highest percentage of N2 that al-
lowed flame propagation in our system was 40%~at h
50.6 cm). This result is expected to be relevant for stu
ing the occurrence of the fingering effect under atmosph
conditions.

There is at present no theoretical framework that accou
for the experimentally observed connection between the
losses and finger width. A first step is to derivew by com-
paring the heat losses from an isolated finger to the heat
is released by the combustion of that finger. The main h
loss channels that should be taken into account are~i! advec-
tion of hot gases by the wind,~ii ! conduction from the hot

FIG. 18. The instability of an isolated finger (w50.5 cm) is
manifested as a periodic attempt to tip split in a thin paper of wi
L51 cm ~bottom!. It does not occur atL50.6 cm~top!. The dis-
tance between the two stripes was 10 cm, ensuring no intera
between them (h50.5 cm, Pe5 6!.
on

-
ic

ts
at

at
at

surface to the wind,~iii ! conduction through the bottom
plate,~iv! conduction through the sample,~v! radiation from
the front. The dominant channels are obviously~i! and ~iii !.
So far the comparison between the produced and dissip
heat has shown only qualitative agreement. Precise meas
ments of local heat production and loss will be necessar
obtain a quantitative description.

C. An isolated finger

To check the coupling betweend, which is determined by
the collective competition over oxygen, andw, we forced the
system to produce isolated fingers~Fig. 18!. We placed strips
of paper whose width was on the order of the height of
cell, and placed them far enough so that they did not inte
~about three fingers per run!. The figure shows thatw is
selected at the level of a single finger. Fronts with differe
paper width propagated at the same velocityu and with the
samew as the main trunk in the wide system~within experi-
mental scatter!. At L51 cm ~bottom! we observe periodic
attempts to tip split, which cannot be accomplished~since
L,w1d). We conclude that the instability is not a colle
tive effect but a local feature involving a single finger, a
that the competition over oxygen determinesd but notw.

h

on

FIG. 19. Fingering in other fuels.~a! Made of cellulose acetate
~b! polyethylene. In polyethylene there is a strong effect of melt
and a glowing, nonuniform combustion. The arrows mark the
gers. The contrast was enhanced because of the low quality o
image.~c! Stationery paper 80 gr/m2 ~chlorine bleached!. The arrow
points at a region that wrinkles and produces a different pat
with a different, nonuniform reaction~not smoldering!.
d a
m.
FIG. 20. ~a! Evolution in thecoflowregime. Times from ignition~bottom to top!: 60 s, 72 s, 118 s.VO2
510.2 cm/s,u50.31 cm/s. The

fingers are transient. The steady-state front is linearly stable~top figure!. ~b! In the stable front we extinguished the fire and obtaine
snapshot of the noisy front.~c! The correlation function for the interfaces as shown in~b! computed for five runs. The scale bars are 1 c
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VII. OTHER OBSERVATIONS

In this section we present a number of observations
highlight some of the unique features of this system, as w
as providing additional information on the issues that
discussed above.

A. The effect of changing fuel

It is essential for practical implications to know the effe
of different fuels. We have checked various materials ra
ing from stationery paper to plastics. All the materials th
we checked exhibited the fingering effect. Figure 19 sho
fingering patterns in a dialysis bag~a!, in a polyethylene
sheet~b!, and in stationery (80 g /m2) paper~c!.

Our measurements were mostly performed with pa
produced by Whatman. We mostly used grade no. 2~thick-
nessd50.019 cm, ash%50.06!. We also studied grades no
1, 2, 3, 40, and 91. Grade no. 3 is similar to no. 2 but w
d50.039 cm. The change of paper thickness had onl
minor effect on our results ofd, w, andu. Grade no. 40 is
‘‘ashless’’ ~ash%5 0.007!. This affects the color of the pat
tern, which tends to be more ‘‘brown’’ than ‘‘black.’’ Grad
no. 91 is highly anisotropic. This reduces the uniformity a
reproducibility but otherwise did not have any significa
effect on the pattern.

B. The coflow regime

Our setup allows us to perform measurements when
front propagates with the wind~coflow regime!. In this re-
gime the front is slower and more stable. This counterin
tive result is related to the fact that the combustion is m
intense and all the fuel is consumed~no char is left!. Figure
20 shows the typical evolution in the coflow regime. T
front is initially unstable. However, the fingers that devel
are a transient state. After the transient the fingers merg

Stable or marginally stable fronts sometimes exhibi
roughness exponent that characterizes the growth mecha
@34,35#. In Fig. 20~b! we show a picture of the front in th
developed state. The height-height correlation functionC(L)
is shown in~c!. It extends over two decades, showing th
C(L);Lx with x50.66 ~average over five measurement!.
Correlations in coflow flames~parallel to gravitational con-
nection! were measured previously in the context of t
Kardar-Parisi-Zhang~KPZ! model @34,36#.

We checked that mass conservation@Eq. ~3.3!# holds also
in the coflow regime~with w/w1d51 anddb50). That is,
u5AVO2

, where A5rO2
(h2dub)/(mrubdub). With the

above data,A50.039. Our measurements in the coflow r
gime yield a slope ofA50.04560.05, in rough agreemen
with the calculation.

C. Other features of the pattern

There are many qualitative observations that we have
described previously. These observations were performe
runs that had nonuniformities or ‘‘defects’’ and were n
used for the quantitative analysis. Yet they contain sign
cant information on various features of this effect. In Fig.
we show a collage of these observations.~a! and~b! show the
effect of nonuniformity on the pattern.~a! shows the effect of
nonuniformity in the initial conditions~arrow in the figure!.
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The result is a concave front with a ‘‘defect’’ line.~b! shows
the convex pattern that results from a nonuniform gas flo
The experimental parameters for~a! and ~b! were Pe5 8,
h50.6, and Whatman paper no. 3.~c! shows the growth of
two clusters that were ignited at the two ends of the sam
~d! shows a pattern near the onset that was ignited in
middle and grew in a nonuniform flow field. The ‘‘sid
branching’’ is due to the nonuniformity.~e! shows how there
is screening of ‘‘clusters’’ in a nonuniform field and not on
of fingers.~f! shows a run in which we attached a horizon
grid of stick tape to the bottom plate. The pattern is seen
interact with the underlying grid.~g! shows a run in which
we changed the supply abruptly from 100% O2 to 100% N2:
w initially increases andd decreases, due to the improve
transport of O2 @see Fig. 16~g!#. Then the fingers narrow
down until extinction. In~h! we show the transition that oc
curs by cutting Pe abruptly to 0.08 in the middle of a ru
with nonuniform ignition. The single finger that prevai
propagates horizontally at the edge of the sample. In~i!, ~j!,
and ~k! we show two fingers that evolve from a sing
branch, after nonuniform ignition near extinction~Pe 51!.
They slowly grow together until a fluctuation causes the l
finger to prevail, driving tip splitting. Notice the bright spo
on the tips. In the tip-splitting regime these spots typica
appear before the extinction of a finger@see also Fig. 6~e!#.
In ~l! we show propagation slightly above onset. In this r
we did not use our ‘‘normal’’ boundary conditions~which
are heat conductive and slightly elevated!, but left the bound-

FIG. 21. Qualitative observations with nonuniformities.~a! A
defect line with a concave front,~b! convex pattern from a nonuni
form gas flow,~c! ‘‘merging’’ of clusters,~d! nonuniform ignition
and flow near the onset,~e! ‘‘cluster screening,’’~f! interaction with
a horizontal grid,~g! response to a change from 100% O2 to 100%
N2, ~h! changing from Pe5 6 to Pe5 0.08,~i!–~k! two fingers tip
split near extinction,~l! above onset with free boundaries,~m! the
extinction of ~l!, ~n!–~p! ‘‘secondary’’ finger with largeh, ~q!–~s!
growing past an obstacle.
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aries free. Consequently, we observe a glowing flame
propagates inwards from the lateral boundaries of the pa
~arrows in the figure!. ~m! shows the same pattern after th
oxygen was cut and nitrogen fed in~after about 5 s!. The
cutting of oxygen~from Pe5 18 to Pe5 0! causes a gradua
decrease ofw and selection ofd. Then we fed 100% of N2
(a50) andw grew until extinction.~n!, ~o!, and~p! show a
3D effect: propagation of a finger with a glowing flame
the char, in a system with a very large gap between the pl
(h53 cm).~q!, ~r!, and~s! show how the pattern grows pa
an obstacle. The obstacle is a part in the paper that h
‘‘crumple’’ that blocks the oxygen flow.

VIII. SUMMARY AND CONCLUSIONS

We detailed the previously reported fingering instabil
in combustion, which occurs when a solid fuel~e.g., paper!
is forced to burn against an oxygen-rich wind, below a cr
cal Ra. The nondimensional control parameter of the effec
the Péclet number.

The two length scales of the system are decoupled:
spacing between fingers is determined by the Pe´clet number.
This dependence quantitatively verifies a phenomenolog
model which we base on reactant transport~without any fit
parameters!. The same model qualitatively applies to electr
chemical deposition.
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Within the phenomenological model that disregards h
losses, the finger width is independent of the Pe´clet number.
It is linearly dependent on the system height. This quant
tive dependence is in line with qualitative observatio
which show that the finger width is determined by the abil
of the front to release heat.

For further experimental research we point out the beh
ior near the onset, where our preliminary observations h
already shown interesting spatiotemporal modes. Anot
experimental challenge is to expand our analysis to ot
growth systems.

From the theoretical viewpoint, there is still a need for
linear theory of the instability. The analogy between ele
trodeposition and combustion opens the possibility for a u
versal description of some aspects in diffusion limit
growth. This should go along with a theoretical identificati
of the class of instabilities that exhibit the behavior describ
in this paper.
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