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Linear viscoelasticity of an inverse ferrofluid
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A magnetorheological fluid consisting of colloidal silica spheres suspended in an organic ferrofluid is
described. Its linear viscoelastic behavior as a function of frequency, magnetic field strength, and silica volume
fraction was investigated with a specially designed magnetorheometer. The storage modulusG8 is at least an
order of magnitude larger than the loss modulusG9 at all magnetic field strengths investigated.G8 does
depend only weakly on frequency, and linearly on volume fraction. A model is presented for the high fre-
quency limit of the storage modulusG8̀ . In the model our system is treated as a collection of single nonin-
teracting chains of particles. Assuming a dipolar magnetic interaction, theory and experiment show reasonable
agreement at high frequencies.@S1063-651X~99!16510-3#

PACS number~s!: 82.70.Dd, 83.10.2y
ti
th
re
s
et
po
a
s
n
n
ic

u
fe
ic
ha
fe
e
ll

s
h
in

tio

ne
cle
th

ap
lle
id
-
it
w
c

tu

n

. In
is

ic

leic
the
re

re-
de-

e
con-
lies
the

tion
ors
the

tion
ac-
in

the
ra-

iven

the
I. INTRODUCTION

Magnetorheological fluids are suspensions of magne
able particles. Their rheology can be tuned externally; in
absence of a magnetic field they behave as a liquid, whe
in an external magnetic field they behave as a solid. Thi
due to the formation of chains of particles as the magn
field induces a dipole moment in each particle. Despite
tential applications of magnetorheological fluids, the line
viscoelastic properties of these materials are hardly inve
gated. We are only aware of Kordonsky, Demchuk, a
Kuzmin, @1#, who have studied the magnetic field depe
dence of the storage modulus, using a magnetorheolog
fluid based on micrometer-sized iron particles.

Magnetorheological effects can also be observed in s
pensions of nonmagnetic particles in a magnetic fluid or
rofluid. In such an ‘‘inverse’’ ferrofluid, the nonmagnet
particles are typically several orders of magnitude larger t
the nanosized magnetic particles that constitute the
rofluid. Therefore, the nonmagnetic particles experienc
medium that is magnetically, as well as hydrodynamica
continuous. The application of a magnetic field induce
dipolar interaction between the nonmagnetic particles. T
strength of the interaction can be varied either by chang
the strength of the applied magnetic field or the satura
magnetization of the ferrofluid. Skjeltorp@2# studied struc-
tures and phase transitions in a two dimensionally confi
inverse ferrofluid and observed the formation of parti
chains when the magnetic field was directed parallel to
fluid layer.

The rheological response of inverse ferrofluids to the
plication of a magnetic field is orders of magnitude sma
than the response of ordinary magnetorheological flu
based on magnetisable particles@4#. However, as nonmag
netic particles are available that are very well defined w
respect to shape and size, inverse ferrofluids are very
suited for model studies of the magnetorheological effe
Unfortunately, the nonmagnetic particles used in such s
PRE 601063-651X/99/60~4!/4518~10!/$15.00
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ies are very polydisperse@3–5#. This makes a compariso
with theory difficult.

We explored the use of monodisperse silica spheres
addition to the well defined size, the advantage of silica
the number of well documented surface modifications@6,7#,
allowing dispersibility of silica spheres in various organ
solvents~e.g., ferrofluids!. We found that stearyl alcohol–
coated silica spheres are stable in ferrofluids based on o
acid coated magnetite particles. In this paper we focus on
viscoelastic properties of this inverse ferrofluid, which we
measured as a function of particle volume fraction, f
quency, and magnetic field strength, using a specially
signed magnetorheometer.

Theory for the viscoelasticity of magnetic fluids in th
macroscopic approach assumes a bicontinuous structure
sisting of magnetizable cylinders that are, in turn, assemb
of particle aggregates. The stress is calculated from
change in permeability when this structure is sheared@8,9#.
This approach has the disadvantage that all informa
about the underlying microstructure is lost. Several auth
adopt a microscopic approach based on some model for
interaction between the individual particles@10,11#. How-
ever, several effects, such as a sterically repulsive interac
and non-nearest neighbor interaction were not taken into
count properly or ignored. We therefore extend the theory
Sec. II. The experimental results will be compared to
theoretical predictions in Sec. IV; details of sample prepa
tion and the construction of the magnetorheometer are g
in Sec. III.

II. CALCULATION OF THE HIGH FREQUENCY LIMIT
OF THE STORAGE MODULUS

A. Assumptions

In this section we concentrate on the calculation of
high frequency limit of the storage modulusG8̀ . In this re-
gime there is negelegible viscous dissipation, that is,G8
@G9.
4518 © 1999 The American Physical Society
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PRE 60 4519LINEAR VISCOELASTICITY OF AN INVERSE FERROFLUID
~i! The ferrofluid is magnetically continuous on the leng
scale of the radiusR of the nonmagnetic particles. See A
pendix A for a discussion.

~ii ! The potential energy between two free particles can
written as follows:

Utot5Ur~r !1Ud~r ,u!, ~1!

Ud5
m0m rm

2

4pr 3
~123 cos2 u!.

Herem is the magnetic moment of a particle,r the center-
to-center distance between two particles,u the angle between
the applied fieldH and the center to center vector,m0 the
permeability of the vacuum andm r the relative permeability
of the ferrofluid.Ur is a yet unspecified sterically repulsiv
potential of short range, compared to the dipolar poten
The assumption that the magnetic interaction between
particles can be modeled by the dipolar potentialUd is sup-
ported by the work of Fujita and Mamiya@12# which shows
excellent agreement between calculated dipolar and m
sured forces between two macroscopic dipolar spheres
mersed in ferrofluid.

~iii ! Particles are spherical.
~iv! The stress is dominated by the contribution of t

particle interactions.
~v! The structure of the suspension at rest is that

straight, gapspanning single chains, parallel toH. Interchain
interactions are neglected. This assumption is supported
the work of Sear@13#, who showed that a simple theory fo
noninteracting chains of particles provided a reasonable
scription of the behavior of a dipolar hard sphere system

~vi! The deformation of the chains is affine.

B. Interaction forces

In this section the interaction force between two nonm
netic spheres in a magnetized ferrofluid will be evaluat
First, a dipole momentm must be assigned to a nonmagne
particle in a magnetized ferrofluid. One possibility is to sol
Poisson’s equation under the appropriate boundary co
tions:

¹2C5“•M . ~2!

Here M denotes the magnetization of the ferrofluid andC
denotes a scalar magnetostatic potential, for which we h
H52“C. The local deviation from the externally applie
homogeneous magnetic field, as it is present in the sam
can be seen as the ‘‘magnetic field’’ of the nonmagne
particle. From the dipolar term of this deviation the dipo
moment can be calculated.

If the magnetization is either saturated or a linear funct
of the magnetic field then“•M50. Poisson’s equation, sim
plifies to Laplace’s equation, which can be solved anal
cally @14#. From now on these two situations will be referre
to as the linear and the saturated regime, respectively.
expressions form are

~i! Linear regime:

m524pbR3H, ~3!
e
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~ii ! Saturated regime:

m52
4

3
pR3M s . ~4!

In the case of an isolated particle,H is simply the exter-
nally applied magnetic field as present in the sampleH0. It
equals the external magnetic field as present in air minus
~shape dependent! demagnetizing field. However, when th
particles form chains,H will contain contributions of the
other particles in the chain. To include this ‘‘mutual indu
tion effect’’ in our expression for the magnetic mome
within the linear regime we follow a treatment analogous
that of Martin and Anderson@10#. The field of a magnetic
dipole can be written as

Hd5
3r̂ ~m• r̂ !2m

4pr 3
. ~5!

The self consistent magnetic moment of a dipole within
infinite chain of equally spaced particles follows from

m524pbR3@H012z~3!Hd#. ~6!

z(n) denotes the Riemannz function; it accounts for the
influence of the other particles in the chain. Using polar c
ordinates, the various components ofm can be found:

mr5m0 cosuS 11
4R3bz~3!

r 3 D 21

, ~7!

mu52m0 sinuS 12
2R3bz~3!

r 3 D 21

. ~8!

We have setm0524pbR3H0. So, in the case of an unde
formed chain parallel to the magnetic field, the magnitude
the magnetic momentm5mr decreasesbecause of the con
tribution of the dipolar fields.

Using thatF5“(m•Bd), whereB denotes the magneti
induction, andBd5m0m rHd expressions for the interactio
force between two particles can be found. Without mut
induction the force can be written as

Fd5Fd,r r̂1Fd,uû, ~9!

Fd52
3m0m rm

2

4pr 4
@~3 cos2 u21! r̂1sin~2!û#. ~10!

As far as the magnetic moment is concerned, the expres
derived for the linear and the saturated regime can both
used. If mutual induction effects are included, the magne
moment itself is also dependent onr andu. Assuming affine
deformation, the result is
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Fd52
m0m r

4pr 4 H F6mr
223mu

2212mr
2S r 3

4bR3z~3!
11D 21

26mu
2S r 3

2bR3z~3!
21D 21G r̂

1~4mr
2tanu12mu

2cotu!ûJ . ~11!

C. Stress tensor

The interaction contribution to the stress tensorT can be
written as@15#

T52
1

V (
i 51

N

Fir i . ~12!

HereN denotes the number of particles in the volumeV, r i

denotes the position vector andFi denotes the total interac
tion force acting upon the particlei. We now consider an
M-particle chain, as shown in Fig. 1. The forces on ea
particle should balance, soFi50 for all particles, except for
the two particles, 1 and M that link the chain to the wal
Choosing the origin at the center of theM th particle, we can
write down the following expression for the stress, assum
that M@1:

T52
N

V
@z~4!Fd

12r121Fr
12r12#. ~13!

Here F12 denotes the force that is exerted on particle 1
particle 2.r12 denotes the vector that connects the center
the particles 1 and 2. The factorz(4) accounts for the inter
action of particle 1 with its non-nearest neighbors. Furth
more, we used thatM times the number of chains is equal
the total number of particlesN. The measured shear stress
the xy component of the asymmetric stress tensor

Txy52
N

V
@z~4!Fd,x

12 r y
121Fr ,x

12 r y
12#, ~14!

FIG. 1. M-particle chain under shear. The net interaction fo
on each particle is zero, except for the particles 1 andM.
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from which the high frequency limit of the storage modul
G8̀ follows:

G8̀ 52
dN

V Fz~4!
]

]g
Fd,x

12 U
r 5d,u50

2
d

dr
Ur

12U
r 5d,u50

G .

~15!

Hereg denotes the shear deformation. The equilibrium d
tance between two particle centers was set equal tod. Next
we consider the forces acting upon particle 1 if the chain is
rest:

z~4!Fd,y
12 1Fr ,y

12 5z~4!Fd,r
12 U

r 5d,u50

2
d

dr
Ur

12U
r 5d,u50

50.

~16!

It is assumed that, at rest, the interaction force between
wall and the first particle does not have ay component. The
force exerted by the wall on the first particle is assumed to
a friction force having anx component only. Friction could
be due to surface irregularities, Van der Waals forces,
hydrodynamic friction.

Equation~16! can be used to eliminate the repulsive for
from Eq. ~14!. By doing so we arrive at the following sur
prisingly simple formula forG8̀ :

G8̀ 52
dN

V
z~4!

]

]g
Fd,u

12 U
r 5d,u50

. ~17!

In other words,G8̀ is completely determined by the behavi
of the tangential component of the dipolar force, because
radial component is balanced by the repulsive force, ir
spective to the detailed form of this repulsive force. Note t
G8̀ still depends ond, whered is still to be determined from
the balance of repulsive and dipolar forces. However, if
repulsive force is short ranged as compared to the size o
particle,G8̀ can be approximated by settingd52R. By do-
ing so, we can derive expressions for the high freque
limit of the storage modulus, making use of Eqs.~9! and
~11!:

~i! Saturated regime:

G8̀ 5
z~4!

4
m0Ms

2Fv , ~18!

~ii ! Linear regime:

G8̀ 5
3

4
m0m rb

2z~4!FvH0
2F2S 11

bz~3!

2 D 22

1S 12
bz~3!

4 D 22G . ~19!

Here Fv denotes the volume fraction of particles. Th
linear dependence onFv is due to the presumed absence
interchain forces.
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III. EXPERIMENT

A. Model system

1. Silica particles

Silica spheres were synthesized by condensation polym
ization of tetra ethoxysilane in an alkaline ethanol/wa
mixture, following Stöber @16#. The particle radius was de
termined using static~SLS! as well as dynamic light scatter
ing ~DLS!. The particle surface was then grafted with oc
decylalcohol according to Van Helden, Jansen, and Vrij@6#.
Using transmission electron microscopy~TEM!, both the
particle radius and the polydispersity were determined. T
radius of 100 particles was measured. An electronmicrogr
of the particles SJL29St~silica Jacob Lopulissa, batch 29
stearylalcohol coated! is shown in Fig. 2. From the density o
the suspension~KEM DA200 densitometer! and the mass
fraction stearyl silica of the suspension, the density of
particles was calculated. The mass fraction was determ
by measuring the dry weight of stearyl silica remaining af
drying a known weight of suspension. The density of t
particles was used to calculate the volume fraction silica
the samples.

2. Ferrofluid

The stock ferrofluid@coded ffII ~ferrofluid, batch II!, pre-
pared as described elsewhere@17## consisted of magnetite
particles stabilized by oleic acid, dispersed in cyclohexa
The radius of the magnetite cores was measured using T
A Princeton Measurements Corporation Micromag 2900

FIG. 2. Electronmicrograph of stearyl silica spheres. The p
ticles shown here have an average radius of 177 nm.

FIG. 3. Magnetization curve of ferrofluid. The drawn line co
responds to the Langevin function fitted to the data.
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ternating gradient magnetometer@18# was used to determine
the relative magnetization of liquid samples, that is, the m
netization scaled by its saturation value. To determine
saturation magnetization of the ferrofluid the saturation m
netization of a known weight of dried ferrofluid was me
sured. From this value, the mass fraction ferrofluid particl
and the density of the ferrofluid we could calculate the sa
ration magnetization of the ferrofluid. Figure 3 shows the f
magnetization curve of a liquid ferrofluid sample. Th
sample consisted of stock ferrofluid diluted with cyclohexa
in the same proportion as in the inverse ferrofluid samp
~see below!, as the magnetization curve of a ferro
fluid is concentration dependent@19#.

The values for the mass fraction ferrofluid particles a
the density of the ferrofluid were also used to calculate
mass density of the ferrofluid particles, from which the vo
ume fraction could be calculated. The characterization res
of the silica and the stock ferrofluid are summarized in Ta
I.

The rheological properties of a ferrofluid without silic
particles may also be affected by a magnetic field, eit
because it impedes the Brownian rotation of the ferrofl
particles@20# or because it promotes the formation of partic
clusters @21#. Therefore, the viscoelastic properties of t
stock ferrofluid were measured with the magnetorheome
as described in the next section. The sample did behave c
pletely viscous in absence and in presence of a magn
field; no measurable elasticity could be detected. The l
modulus showed a 20% increase in magnetic fields
245 kA m21.

3. Sample preparation

Stearyl silica was dried at 70°C in air, in an oven.
concentrated suspension was obtained by dispersing a kn
weight of dry silica in cyclohexane, using ultrasonicatio
Inverse ferrofluid samples were then prepared by mixin
concentrated suspension of stearyl silica with the stock
rofluid. The volume ferrofluid was always chosen such t
the ratio of the volume cyclohexane, used to disperse
stearyl silica and the volume ferrofluid, was 1:2. In oth
words, the magnetization of the ferrofluid surrounding t
silica spheres was~approximately! the same for all inverse
ferrofluid samples, that is, 37.5 kA m21. Six samples with
different volume fractions silica were prepared, name
0.031, 0.057, 0.081, 0.126, 0.193, and 0.261.

TABLE I. Characterization of model fluid.

Constituent Property Technique Result

Silica radius SLS 190615 nm
radius DLS 20565 nm
radius TEM 177 nm

polydispersity TEM 4%
density 1.804 gr ml21

Ferrofluid radius TEM 5 nm
saturation magnetization 56.4 kA m21

volume fraction 0.34r-
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B. Magnetorheometer

1. Construction of the apparatus

To carry out viscoelasticity measurements on inverse
rofluids, we had to modify a rheometer, allowing applicati
of a magnetic field. A number of rotational devices has be
described in the literature@22–26#. A cone plate geometry
has the advantage of constant shear~rate! throughout the
gap. On the other hand, Floreset al. @27# have found that the
structure of a magnetorheological substance may depen
the gap size and rate at which the magnetic field is appl
The gap size depends on the radius in the case of a c
plate geometry, but is constant for a plate-plate geometr

A Bohlin VOR rheometer in combination with a labora
tory made cone-plate, as well as a plate-plate geometry
used. The cone has a top angle of 1°. Both geometries h
a diameter of 6 cm. They are made of nonmagnetic
nonconducting aluminum oxide, to avoid disturbances of
magnetic field and Eddy currents. To prevent evaporation
the volatile cyclohexane, both geometries were provid
with an aluminum vapor lock that was filled with ethylen
glycol. The contribution of the vapor lock to the measur
viscosity was 3 mPa s.

With respect to the magnetic field, Fig. 3 shows tha
field strength of 250–300 kA m21 suffices to saturate th
ferrofluid. In addition, the field should be homogeneous,
only because we want our magnetic field to be well defin
but also to prevent magnetophoresis of nonmagnetic
ticles. These will move to the regions with the lowest fie
strength due to the oppositely directed flow of the ferroflu
These requirements can be met by a toroid in combina
with a weak ironC core. The power supply of the toroid wa
controlled by a computer, enabling us to accurately ad
the strength and application rate of the magnetic field. ThC
core was made from Permenorm 5000H3. The air gap w
mm. The diameter of the off-rounded cylindrical pole piec
was 5.8 cm, i.e., slightly smaller than the diameter of
cone-plate geometry. This construction is not optimal,
cause it introduces field inhomogeneities inside the g
However, without these off-rounded edges the~inverse! fer-
rofluid tends to leak away from the cone-plate geometry
the present situation the sample is trapped in a ‘‘magn
energy sink,’’ thereby eliminating the problem. A schema
drawing of the apparatus is shown in Fig. 4. The used po
supply limits us to 250 kA m21 at maximum, corresponding

FIG. 4. Schematic drawing of experimental setup.
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to a current of 1.65 A through the toroid, without coolin
being necessary. The maximum field inhomogeneity is 4%
its mean value.

2. Magnetic field strength

The magnetic field strength depends on the presence o
a magnetizable sample in the gap between the pole sh
Modeling the sample as a thin layer of inverse ferroflu
characterized by a relative permeabilitym r , f f inv and using
Ampère’s law, the following approximate expression for th
magnetic inductionB can be derived:

B5
m0Ni

l air1
l f f inv

m r , f f inv
1

l iron

m r ,iron

. ~20!

Here N is the number of windings,i is the current through
the toroid, l air , l f f inv , and l iron the path length in air, in-
verse ferrofluid, and weak iron, respectively, andm r , f f inv and
m r ,iron are the relative permeabilities.

The maximum path length through the inverse ferroflu
layer equals the maximum sample thickness, which is 0
mm. It can be shown that the error made by omitting t
term l f f inv /m r , f f inv will never exceed 5%. The following for-
mula for the magnetic fieldH f f inv inside the inverse ferrof-
luid sample is obtained:

H f f inv'
Ni

m r , f f invS l air1
l iron

m r ,iron
D 5

Bair

m0m r , f f inv
. ~21!

In practice,Bair was measured in the absence of a samp
H f f inv was calculated by division withm0m r , f f inv . In a pre-
vious paper it was shown that the magnetization~and, con-
sequently, relative permeability! is a linear function of the
volume fraction silica particles@28#. So m r , f f inv was calcu-
lated from the magnetization curve from Fig. 3 and the v
ume fraction of silica particles, and varied between 2.07 a
1.10.

IV. RESULTS AND DISCUSSION

A. Colloidal stability

The hard-sphere character of the interaction potential
tween octadecylalcohol coated silica particles in cyclohex
is well established@29#. However, the question seems jus
fied whether the presence of small magnetic particles has
influence on the interaction potential and, consequently,
colloidal stability of the sample. To this end the samp
were inspected visually, and their viscosity in the absence
a magnetic field was measured.

The inverse ferrofluid samples did not show any visu
sign of colloidal instability. Their appearance was identic
to that of ferrofluid without silica particles. Viscosity mea
surements were performed in the range 10–50 s21 at
25.0 °C, using a Contraves LS40 instrument. The viscosity
a diluted ferrofluid sample having a saturation magnetizat
identical to that of the ferrofluid medium in the invers
samples was also measured. The samples behaved New
ian. A relative viscosity was obtained by scaling the visco
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ity of our inverse ferrofluid samples by the viscosity of t
diluted ferrofluid. Data were analyzed using Quemada’s
pression for the viscosity of hard spheres:

h r5
h

h f f
5S 12

Fv

Fv,max
D 22

. ~22!

Here h r denotes the relative viscosity,Fv denotes the vol-
ume fraction of silica particles, andFv,max denotes the maxi-
mum volume fraction of silica particles. Equation~22! was
fitted to the relative viscosity data, usingFv,max as a fitting
parameter. The results are shown in Fig. 5. It was found
Fv,max50.5960.01, a value close to that of Van der Wer
and de Kruif, who foundFv,max50.63 for a system of
stearyl silica spheres in cyclohexane. Apparently, the ste
silica particles still behave as~almost! hard spheres when
suspended in ferrofluid.

One would expect depletion attraction between the la
silica particles due to the presence of the small~ferrofluid!
particles@30#. The hard-sphere behavior of silica particles
ferrofluid can be understood if one assumes that oleic ac
coated ferrofluid particles adsorb onto the surface of
silica particles, as illustrated in Fig. 6. When two silica pa
ticles approach each other, the shaded depletion zones
which the small ferrofluid particles are excluded will eve
tually overlap, giving rise to an entropic force that pushes
silica particles together. However, at the same time that
of the surface of the silica particles that is available for
ferrofluid particles to adsorb on will decrease, giving rise

FIG. 5. Viscosity of inverse ferrofluid as a function of the vo
ume fraction silica particles in the absence of a magnetic field.
drawn line corresponds to Quemada’s expression for the visco
of hard spheres, usingFmax as a fitting parameter.

FIG. 6. Small particles are excluded from the gray zone. T
surface of this zone is no longer available for particle adsorptio
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a force that keeps the particles, separated. When these
forces, mutually cancel, the behavior of the large silica p
ticles will be close to that of hard spheres. The only effe
will be an increase of the hydrodynamic radius and, con
quently, the effective volume fraction, due to the adsorpt
of ferrofluid particles. Then the fitting parameterFv,max
should decrease, as we indeed observe. The stabilizing e
of adsorbed small particles was also found in sedimenta
experiments using mixtures of large and small silica sphe
@31#.

Since the silica cores cannot penetrate, the thicknes
the octadecylalcohol layer, which is approximately 2 nm, c
be seen as an upper bound for the difference betweend/2 and
R. The error we make by settingd52R is at most 1%.

B. Behavior of the storage modulus

1. Linearity

The linearity was checked by measuring the stora
modulusG8 as a function of the shear deformation amplitu
at a field strength of 245 kA m21 at a frequency of 1 Hz.
This field strength corresponds to the magnetic field in
The results are shown in Fig. 7.G8 is nearly constant up to
g50.01, then shows a decrease. Forg.0.04, no stable re-
sponse was obtained, but a steady decrease ofG8 with time
was found. The transition atg.0.04 could be due to the
rearrangement of the structures present in the ferrofluid
cause of mechanical instability. In this context, rearran
ment implies either the restructuring of the aggregates t
mechanically stable one or the rupture of the aggregates

Gulley and Tao calculated the stress response of sev
chainlike structures upon deformation@32#. It is important to
note that in their simulations the particle trajectories we
prescribed rather than following from the equations of m
tion. For single and double chains they found the sta
modulus decreasing very slowly with an amplitude up tog
50.08. For more complicated structures, such as tri
chains and the body centered tetragonal structure, they fo
strong nonlinear behavior forg as small as 0.01. Neither o
these two extremes is found in our experiment, although
findings do resemble the single chain result more clos
The discrepancy can be explained by the fact that Gulley

e
ity

e
.

FIG. 7. Storage modulus as a function of the shear deforma
amplitude and volume fraction at a field strength of 245 kA m21

and a frequency of 1 Hz. (150.031, m50.057, s50.081, L
50.126, h50.193, and.50.261).
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Tao did not take into account the effect of a finite rang
steric repulsion. The point at which a structure becomes
chanically unstable depends on the range of the steric
repulsive force. Stokesian dynamics simulations of Partha
rathy and Klingenberg@33,34# showed that the point a
which mechanical stability occurs strongly decreases w
decreasing range of the sterically repulsive part of the po
tial.

Their simulations also revealed that the observation o
macroscopically linear regime does not imply a linear dist
tion of the microstructure; slight structural rearrangeme
occured while the macroscopic response, as averaged
all particles, was still linear. However, incorporating the
effects into a simple model, as the one described in Sec.
probably not possible.

2. Influence of gap size and application rate

We have comparedG8 measurements obtained usin
cone-plate geometry and plate-plate geometry at two dif
ent gap sizes, namely 100 and 500mm. The magnetic field
strength was increased at a rate of 250 kA m21s21, as well
as 0.25 kA m21s21, until the final value of of 245 kA m21

was reached. Within the experimental error no differen
were found. Because the cone-plate geometry has the ad
tage of constant shear throughout the sample, it was use
all other experiments.

3. G8 as a function of frequency

G8 was measured as a function of frequency in the ra
0.002–1 Hz for the six different volume fractions of silic
particles at a field strength of 245 kA m21 at which the mag-
netization is already 90% of the saturation value. The res
are shown in Fig. 8. The theory we have developed for
saturated regime suggests a scaling ofG8 by m0FvMs

2 ,
thereby makingG8 dimensionless. The result is shown
Fig. 9. Considering the reproducibility error inG8, which is
about 15%, the collapse of the data is consistent with
existence of a single master curve. In other words, up
volume fractions of more than 0.25,G8 scales linearly with
the volume fraction; at the level of the largest structur
present interaction is negligible. Assuming that these str

FIG. 8. Storage modulus as a function of frequency and volu
fraction at a field strength of 245 kA m21.
d
e-
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e
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tures are indeed single chains implies that assumption~5! is
justified. A linear scaling of magnetorheological properti
with Fv was also found in other experiments@35#.

As can be seen, theG8 data show a weak frequency de
pendence, which is not predicted by our theory. This can
due to different types of deformation of the chains. At hi
frequency, affine deformation prevails. However, at low
frequencies nonaffine deformation may occur.

4. G8 as a function of field strength

G8 was measured as a function of field strength for
same six samples as described previously. The meas
ments were performed at 1 Hz frequency. The choice
frequency was based on the ease with which measurem
at higher frequencies can be performed, as compared
lower frequencies. The following measuring procedure w
adopted: After insertion of the sample the field was increa
stepwise.G8 was measured after the signal had become c
stant. The results are shown in Fig. 10. The magnetic field
the x axis corresponds to that in air. The measured data
now be compared to theoretical predictions. Figure 11 sho
the data made dimensionless as follows:

e FIG. 9. Storage moduli from Fig. 7 scaled bym0FvMs
2 .

FIG. 10. Storage modulus as a function of field strength a
volume fraction at a frequency of 1 Hz. The drawn lines repres
squared Langevin functions fitted to the data.
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G̃85G8/
3

4
m0m rb

2FvMs
2F2z~4!S 11

bz~3!

2 D 22

1z~4!S 12
bz~3!

4 D 22G . ~23!

Similarly, the magnetic fieldH was scaled byMs .
Theory overestimates the experimental value forG8. A

possible explanation is the discrete nature of the ferrofluid
the silica particles are at closest contact, the ferrofluid p
ticles are excluded from the gap in between, which leads
decrease of the induced dipole moment.

As for the saturated regime, the data scaled byMoFvMs
2

are shown in Fig. 12. Again the theory overestimates
experimental value forG8. It should be emphasized that
low frequencies the discrepancy between theory and exp
ment is much larger, as can be seen immediately from F
8 and 9.

Another effect that has not been taken into account is
fact that the chains will seldomly be completely straight.
rest there will be a distribution of chain angles aroundg
50. The presence of tilted chains will certainly affectG8.
This could be checked through simulation studies.

FIG. 11. Storage moduli from Fig. 10 scaled according to E
~23!. The drawn line represents the linear regime.

FIG. 12. Storage moduli from Fig. 10 scaled bym0FvMs
2 . The

line drawn horizontally represents the saturated regime.
If
r-
a

e

ri-
s.

e
t

C. Behavior of loss modulus

Up to now no attention has been paid to the behavior
the loss modulusG9. The reason for this neglect is the fa
that the ratioG8/G9 is about 10:1 at all field strengths, s
that the experimental error in the measuredG9 data is of the
same order of magnitude asG9 itself. TheG9 data equiva-
lent to theG8 data discussed in Sec. IV B 3, are shown
Fig. 13. A nonzeroG9 could be due to the presence of loo
chains, that is, chains of which one or two ends are
connected to the surface of the geometry@36#.

V. CONCLUSIONS

We have developed a model magnetorheological fl
consisting of monodisperse silica spheres suspended i
organic ferrofluid. The viscosity of the system in the absen
of a magnetic field is very close to that of hard spheres s
pended in an effective medium of ferrofluid. The stability
the silica particles against depletion attraction could be
to adsorption of ferrofluid particles at the silica surface. S
ond, we have developed a magnetorheometer consisting
commercial instrument equipped with an electromagnet, a
to create homogeneous magnetic fields up to 250 kA m21.

The linear viscoelastic behavior of this ‘‘inverse ferr
fluid’’ was investigated in the range 102321 Hz as a func-
tion of field strength and volume fraction silica particles.
all field strengths and frequencies the storage modulusG8 is
an order of magnitude larger than the loss modulusG9: the
fluid nearly behaves as an elastic solid.G8 shows a weak
frequency dependence.G8 is linear with volume fraction up
to volume fractions of 26% silica particles. A model h
been developed to describe the behavior of the high
quency limit of the storage modulusG8̀ . It assumes nonin-
teracting single chains of particles that are deformed affin
A general formula for the static modulus of such a struct
has been derived, taking into account nonmagnetic, repul
interactions. The magnetic interaction is treated at the dip
level, incorporating non-nearest neighbor interactions a
the effect of finiteness of the chains. At 1 Hz frequency t
agreement between theory and experiment is reason
good.
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APPENDIX: MAGNETIC CONTINUITY
OF FERROFLUID

Because the radius of the silica spheresR is only a factor
of twenty larger than the magnetite particles, one may qu
tion the magnetic continuity of the fluid on the length sca
R. In this appendix a measure for magnetic fluctuations
developed.

As the magnetic moment of a nonmagnetic particle
equal, or approximately equal to the total magnetic mom
of all ferrofluid particles contained in a spherical volum
equal to the size of the nonmagnetic particle, it seems nat
to treat the question of magnetic continuity in terms of flu
tuations of this total magnetic moment. Chosing the m
netic field along thez axis, the total magnetic momentM can
be written as

M5(
i 51

N

mz
i . ~A1!

HereN denotes the number of particles that is present ins
the spherical volume andmz

i denotes thez component of the
magnetic moment of a particle.M fluctuates because of th
varying number of particles or because of the fluctuatinz
component of the individual magnetic moments. Assum
negligible magnetic interactions between the ferrofluid p
ticles, so thatN andmz

i are uncorrelated, the mean magne
moment^M & and the variancêD2M &5Š(M2^M &)2

‹ can
be written as@37#

^M &5^N&^mz
i &, ~A2!

^D2M &5^N&^D2mz
i &1^mz

i &2^D2N&. ~A3!

^ & denotes an ensemble average. Asmz
i 5m cosu, whereu

denotes the angle between the magnetic moment andz
axis, the relative variance can be written as

^D2M &

^M &2
5

^D2 cosu&

^N&^ cosu&2
1

^D2N&

^N&2
. ~A4!

The importance of fluctuations of cosu decreases with in-
creasinĝ N&. From the canonical ensemble it follows that

^ cosu&5L~bm0mH!, ~A5!

^ cos2 u&512
2

bm0mH
L~bm0mH!, ~A6!

L~x!5coth~x!2
1

x
. ~A7!
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Hereb denotes 1/kbT. Using the grand canonical ensemb
a relation between the isothermal compressibility and
relative fluctuations in the number of particles can be
rived:

^D2N&

^N&2
5

kbT

^N& S ]r

]P D
T,V

. ~A8!

Here r denotes the number density,P denotes the osmotic
pressure, andV denotes the spherical volume under cons
eration. For an ideal gas we have

1

kbT S ]P

]r D
T,V

51. ~A9!

Furthermore,̂ N&5Fv(R/r )3, wherer denotes the radius o
a ferrofluid particle andR denotes the radius of the spheric
volume, which is equal to the radius of a silica particle.Fv
denotes the volume fraction of ferrofluid particles. The fo
lowing formula for the fluctuations of the magnetic mome
can now be found:

^D2M &

^M &2
5

1

Fv
S r

RD 3F 1

L 2~bm0mH!
2

2

bmHL~bm0mH!G .

~A10!

It is questionable whether the isothermal compressibility
the ferrofluid is that of an ideal gas. If hard sphere behav
is assumed, the left hand side of Eq.~A9! will be even larger
for all concentrations. In that case, Eq.~A10! gives an upper
boundary for fluctuations. On the other hand it has be
shown that, even in the absence of a magnetic field, the
rofluid particles tend to form aggregates@38#. This may be
due to Van der Waals attraction between the ferrofluid p
ticles. A more careful calculation of the isothermal com
pressibility of the ferrofluid should take these interactio
into account.

It can be seen that Eq.~A10! is a strictly monotonously
decreasing function ofbm0mH. To estimate the magnitud
of the fluctuations, we calculateA^D2M &/^M &2 for the low-
est and the highest field strength used in the experime
that is, 8.34 kA m21 and 212 kA m21. These values corre
spond to the magnetic field inside the ferrofluid. Data fro
Table I and the magnetization curve from Fig. 3 were us
The oleic acid layer surrounding the magnetite cores w
assumed to have a thickness of 2 nm, that is,r was taken to
be 7 nm. ForR the SLS radius was used. It was found that
8.34 kA m21A^D2M &/^M &250.048, and that at

212 kA m21A^D2M &/^M &250.012. This implies that a
high field strength the fluctuation of the magnetic moment
a nonmagnetic particle can probably be ignored, but tha
low field strengths it can be of influence.

A second point of interest related to the continuity is t
frequency response of the magnetization of the ferroflu
When deriving expressions for the self consistent magn
moment it was assumed that the magnetization reacts ins
taneously on a change of the magnetic surroundings. H
ever, the ferrofluid particles have a nonzero magnetic re
ation time, so the question seems justified whether magn
relaxation plays a role on the time scale at which we p
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formed our viscoelasticity measurements. An indication
the frequency at which magnetic relaxation should be ta
into account is given by the Brownian relaxation timetb :

tb5
3hsV

kbT
. ~A11!
g-

gn

ce

B

,

s

.

f
n
Herehs denotes the solvent viscosity andV denotes the par-
ticle volume. Taking for the solvent viscosity 1 mPa s and
hydrodynamic radius of 10 nm, it follows thattb51026 s.
This means that, at the frequencies we have studied, m
netic relaxation does not play a role.
m.

ta

.
i-

in
c-
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gn.

an,
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