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Similarity of relaxation in supercooled liquids and interacting arrays of oscillators

K. L. Ngai1 and Kwok Yeung Tsang1,2

1Naval Research Laboratory, Washington, D.C. 20375
2Science Applications International Corporation, McLean, Virginia 22102

~Received 10 May 1999!

Dielectric relaxation and dynamic light scattering of small molecule glass-forming liquids invariably show
that the fractional exponentba of the Kohlrausch-Williams-Watts correlation function, exp@2(t/ta)ba#, used to
fit thea-relaxation data is temperature dependent, increasing towards the value of unity as temperature is raised
and the relaxation timet decreased. Comparing different glass formers, another property is the existence of a
correlation between the value of (12ba) at the glass temperature,Tg , and theTg-scaled temperature depen-
dence ofta . We analyze a system of interacting arrays of globally coupled nonlinear oscillators. Each array
has its oscillators coupled among themselves with a coupling strengthK. The coupling between arrays is
characterized by the interarray coupling strengthK8. The decay of the phase coherencer for each array is
slowed down by the interarray coupling and its time dependence is well approximated at sufficiently long times
by exp@2(t/t)b#. For a fixedK8, on increasingK the results exhibit a decrease oft and a concomitant increase
of b, similar to the properties of dielectric relaxation and dynamic light scattering of glass-forming liquids on
increasing temperature. For eachK8 we defineKg to be the value ofK at which t is equal to an arbitrarily
chosen long time. We find thatb(Kg) is correlated with theKg-scaledK dependence oft. The results obtained
in this manner at various fixed values ofK8 reproduce the relaxation properties and temperature dependencies
of strong, intermediate, and fragile glass-forming liquids.@S1063-651X~99!15610-1#

PACS number~s!: 64.70.Pf, 05.45.2a, 05.40.2a
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I. INTRODUCTION

In a recent work we considered an array of coupled os
lators governed by the map@1#

w i85w i2
K

N (
j 51

N

sin~w j2w i ! ~1!

for i 51,...,N@1. The oscillators of the array are couple
with each other at a coupling strengthK. This map is closely
related to the equations of motion studied by Stroga
Mirollo, and Mathews@2#:

d

dt
w i52

K

N (
j 51

N

sin~w j2w i !.

We have simplified the problem to a map by picking app
priate time steps and rescaling the time. In this simplifi
tion, time t is now discrete and incremented by 1 after ea
iteration of the map. Instead of numerically calculating t
evolution of the phase using the differential equation, we
simply use an equation to evaluate the new value of a ph
from the previous values. Like Strogatz, Mirollo, an
Mathews, we were interested in the decay of the phase
herence,r, which is the absolute value of the order para
eter,r exp(ic), defined by

r 5ureicu5U 1

N (
j

ej w jU. ~2!

We found, as Strogatz, Mirollo, and Mathews did earli
that this array of coupled oscillators decays to an incohe
state, i.e.,r 50, for K.0. Note that we have changed th
sign ofK in Eq. ~1! from the previous version@1# so that the
PRE 601063-651X/99/60~4!/4511~7!/$15.00
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value of K studied here is always positive. With an initia
array of random oscillator phases, we have studied the e
lution of the phase coherencer in time. Numerical calcula-
tion showed that the decay ofr is almost exactly an expo
nential function of time, at least up to the longest time w
had carried out so far and 99.9% of the initial value ofr had
decayed~see Fig. 1!. This phenomenon resembles the Deb
relaxation of an isolated molecule in dilute solution@3#,
which is an exponential function of time.

We extended the study to the relaxation of a more co
plex system, consisting of a numberM of such arrays
coupled together by nonlinear interactions. The effect of
interactions between the arrays was studied by conside
the new map:

w ia8 5w ia2
K

N (
j 51

N

sin~w j a2w ia!

1
K8

MN (
b51

M

(
j 51

N

sin~w j b2w ia!, ~3!

where a51,...,M and the strength of the interactions b
tween the arrays is measured byK8. We impose the restric-
tion that bÞa in the summation overb in Eq. ~3!. The in-
teracting arrays mimic an assembly of molecules dens
packed together. This extension was motivated by the h
that such a study may be beneficial to the understandin
relaxation processes in glass-forming liquids and polyme
These problems in condensed matter physics, physical ch
istry, and materials science involve irreversible processe
systems composed of densely packed interacting molec
units @4#. The interactions in these systems come from n
linear potentials such as that of Lennard-Jones that are g
approximations in van der Waal liquids and polymers@4#.
4511 © 1999 The American Physical Society
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4512 PRE 60K. L. NGAI AND KWON YEUNG TSANG
We have again studied the evolution of the phase co
ence r in time. With arrays of random initial oscillato
phases, we iterated the map in Eq.~3! to obtain the evolu-
tions of the coupled arrays numerically. From the result
calculated the decay of the phase coherencer for each array
@Eq. ~2!# and showed that it was slowed down by the int
array coupling and departed from an exponential of ti
assumed byr in the absence of interarray coupling. It wa
found @1# that there exists a crossover time,tc , before which
relaxation of the interacting arrays is still an exponen
function. However, beyondtc , relaxation is no longer expo
nential but well approximated by a stretched exponent
exp@2(t/t)b#. The fractional exponentb decreases furthe
away from unity with increasing interaction strength. T
result bears strong similarity to the basic features sugge
by the coupling model@5–8# and seen experimentally in re
laxation of densely packed interacting molecules in gla
forming small molecule liquids@4,6,7#.

In this paper we worked out the results ofr (t) from the
interacting arrays of globally coupled oscillators at const
K8 and varyingK and show that they bear strong rese
blance to the changes with temperature of the most prob
relaxation time and the width of the spectrum obtained
dielectric relaxation and dynamic light scattering measu
ments on small molecule glass-forming liquids. In Sec. II
show that for a fixedK8, on increasingK the resultr (t)
fitted to exp@2(t/t)b# exhibits a decrease oft and a concomi-

FIG. 1. Time dependence of the decay of phase coherence,r (t),
calculated numerically at a fixed value of interaction strengthK8
50.030 andM53 for various values ofK. Representative result
shown here are for values ofK50.0245 (d), 0.030 ~h!, 0.0375
~s!, 0.050~,!, 0.075~L!, 0.100~m!, 0.200~n!, and 0.500~.!.
The relaxation timet, defined as the time at whichr has decayed to
1/e of its initial value, becomes shorter with increasingK as shown
in the inset.
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tant increase ofb towards the value of unity. Various depen
dences oft and b on K are obtained with change in th
interarray coupling parameterK8. In Secs. III A–III E these
properties of the model are shown to be similar to that fou
in the a relaxation of small molecule glass-forming liquid
with increasing temperature. For example, in these molec
liquids it is commonly found that the stretch exponentba of
the a-relaxation correlation function, exp@2(t/ta)ba#, ob-
tained by dielectric and light scattering measurements
creases towards unity as temperature increases and the e
tive a-relaxation time, ta , decreases@9–11#. There is
another ubiquitous property of thea relaxation, namely, a
correlation between@12ba(Tg)# and the Tg-scaled tem-
perature dependence ofta @12–14#. Here, Tg is the glass
temperature at whichta(Tg)5102 s. In Secs. III D and III E
we show that in our model for various fixed values ofK8
there exists also a similar correlation between@12b(Kg)#
and theKg-scaledK dependence oft. HereKg is the value of
K such thatt is equal to a predetermined long time at a fix
K8. The paper ends with the conclusion that the results
tained from our model at various fixed values of the inter
ray interaction strengthK8 reproduce the pattern of change
in relaxation properties of strong, intermediate, and frag
glass-forming liquids. SinceK8 is the analog of intermolecu
lar interaction in glass formers, the results obtained here
dicate that the relaxation properties of glass formers in
same class are determined principally by the intermolec
coupling.

II. NUMERICAL RESULTS FOR A FIXED INTERARRAY
AND VARYING INTRA-ARRAY COUPLINGS

The evolutions of three~i.e., M53) interacting arrays,
each ofN532 oscillators initially with random phases, a
obtained numerically by iteration of the maps defined by E
~3!. From the results we calculate the decay of the ph
coherencer (t) for each array. The present study focuses
the change on varyingK at constantK8. Figure 1 shows the
decay of r (t) calculated numerically for a constantK8
50.030 and several values ofK50.0245 (d), 0.030 ~h!,
0.0375~s!, 0.050~,!, 0.075~L!, ~0.10 ~m!, 0.20~n!, and
0.50 ~.!. By inspection of Fig. 1 it is clear that the decay
r occurs at shorter times asK increases. The relaxation tim
t, defined as the time at whichr has decayed to 1/e of its
initial value, becomes shorter with increasingK as shown in
the inset of Fig. 1.

The time dependence ofr is best described by replottin
the data in Fig. 1 as log10@2 lner(t)# versus log10 t in Fig. 2.
As found earlier in a previous work@1#, independent ofK the
slope at short times is exactly 1, indicating that initiallyr is
an exponential function of time, exp(2t/t0). However, the
linear exponential decay does not hold at longer times
crossover timetc can be defined after which the slope b
comes less than 1, andr (t) departs from the exp(2t/t0) time
dependence. As discussed previously, the existence of su
crossover time is in accord with the prediction of the co
pling model @5–8# and experimental data of the short-tim
dynamics of glass-forming liquids and glasses@6#. Actually
for t.tc the slope varies slightly with time but the result
still reasonably well approximated by a straight line having
constant slope equal tob<1. Examples are shown in Figs.
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and 3 of Ref.@1# by the full lines drawn to fit the results fo
t.tc . Thus the decay ofr (t) for t.tc does not follow ex-
actly a stretched exponential, exp@2(t/t)b#, although the lat-
ter is a good approximation of the former in most cas
Again, by inspection of Fig. 2, we can see that the slope
henceb increases when the parameterK is increased. In fact
the data at the largerK values have the slope equal to 1~i.e.,
b51) for all times. The values ofb obtained from the fits
are plotted againstK in the inset of Fig. 2, which shows tha
b increases monotonically withK and assumes the value of
at largerK’s.

Since the analog ofK8 is the intermolecular interaction
strength andK has the effect of temperature in glass-formi
liquids, the resultsr (t) are appropriately compared with th
change of dielectric relaxation and dynamic light scatter
properties with temperature of the molecular liquids w
different intermolecular couplings. We shall make compa
son of our model results with dielectric and dynamic lig
scattering data of a variety of small molecule glass-form
liquids in the next section. In order to do this we have p
formed calculations like those shown in Figs. 1 and 2
K850.030 at several other fixed values ofK850.024, 0.018,
0.012, 0.006, and 0.000. The results similar to Figs. 1 an
obtained for these values of constantK8 are summarized in a
plot of log10t versusK ~Fig. 3! and a plot ofb versusK ~not
shown except forK850.030 inFig. 2!. On decreasingK, t
increases~Fig. 3! and the increase becomes increasin
more rapid. It is apparent also that the log10t rises more
rapidly with decreasingK for a largerK8. TheK dependen-
cies ofb for other values ofK8 are similar to that shown fo

FIG. 2. The calculated data of Fig. 1 replotted as log10@ lne r(t)#
versus log10 t. The results shown are forK50.0245 (d), 0.030
~h!, 0.0375~s!, 0.050~,!, 0.075~L!, 0.100~m!, 0.200~n!, and
0.500~.!. The stretch exponentb increases towards 1 with increa
ing K as shown in the inset.
.
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K850.030 ~see inset in Fig. 2!. From these two plots, for
eachK8, a cross plot ofb versus log10t ~i.e., at the sameK!
is made. The relations betweenb and log10t for several
values of K8 are shown in Fig. 4. From this figure it i
observed that the dependencies ofb on log10t are similar,
i.e., all showing with decreasing log10t monotonic increas-
ing b, which eventually reach the maximum value of
However, at the same value of log10t, it is clear thatb
increases with decreasingK8. The limiting caseK850, cor-
responding to the absence of interarray coupling, hasb51
or exponential relaxation for all log10t.

III. SIMILARITY TO RELAXATION OF GLASS-
FORMING LIQUIDS

A. Stretched exponential time dependence

The dielectric frequency dispersion of thea relaxation of
most glass formers is often fitted to the Fourier transform
the time derivative of the Kohlrausch-Williams-Wat
~KWW! @15,16# correlation function, exp@2(t/ta)ba#, with
ba<1. Here,ta is often called the structural relaxation o
the a-relaxation time. Among empirical functions used to
experimental data, the KWW function has the least num
of parameter@4#. Although usually there are deviations
frequencies sufficiently higher than the loss peak frequen
the KWW fit is adequate over a frequency range that c
tures most of the dielectric strength of the relaxation. T
time correlation functions obtained by dynamic light scatt
ing in these glass formers also have the KWW time dep
dence. The time dependence ofr (t) of our coupled arrays

FIG. 3. The relaxation timet calculated as a function ofK at
various constant values ofK8. The results shown are forK8
50.030 (d), 0.018 ~h!, 0.012 ~n!, 0.006 ~.!, andK850.0 (* ).
The dependencies oft on K resemble the temperature dependenc
of ta for four glass formers, OTP, salol, glycerol, and PG, whi
are shown in the inset.
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4514 PRE 60K. L. NGAI AND KWON YEUNG TSANG
model has also approximately the KWW dependen
exp@2(t/t)b# ~see Figs. 1 and 2!. The values ofba of glass-
forming liquids near their glass temperatures depend on t
chemical structures and span over a range bounded b
>ba.0. As we shall see, in our model the value ofb also
varies over a considerable range for differentK8.

B. Temperature dependence of the relaxation time

Thea-relaxation timeta of the majority of glass formers
has non-Arrhenius temperature dependence, which rise
creasing more rapidly with decreasing temperature as sh
for four glass formers,ortho-terphenyl ~OTP!, salol, glyc-
erol, and propylene glycol~PG!, in the inset of Fig. 3. The
non-Arrhenius temperature dependence ofta of these four
liquids is especially clear from a plot of log10ta against the
reciprocal temperatures shown in the inset of Fig. 5. Ove
limited temperature or relaxation time range, log10ta can be
fitted by a Vogel-Fulcher-Tammann equation@9–11# of the
form log10ta5@A1B/(T2T0)#. However, over a broad
range as shown for the data in the insets in Figs. 3 and 5,
Vogel-Fulcher-Tammann equations@9–11# in two lower
temperature ranges together with a truly Arrhenius@11#
equation at high temperatures are needed in order to fit
experimental data. The similarity of the dependence
log10t on K of the model~Fig. 3! to the dependence o

FIG. 4. A cross plot ofb versus log10 t ~i.e., at the sameK! is
made. The results shown are forK850.030 (d), 0.024~h!, 0.018
~l!, 0.012~n!, 0.006~.!, andK850.0 (* ). There is a monotonic
increase ofb with decreasing log10 t and eventuallyb reach the
maximum value of 1. Similar dependences ofba on log10 ta are
shown for the four glass formers, OTP, salol, glycerol, and PG
the inset. The pattern of change of the dependence ofb on log10 t
with decreasingK8 is similar as the change of the dependence ofba

on log10 ta as we go down the list in the order of OTP~d!, salol
~n!, glycerol ~h!, and propylene glycol~l!.
,

ir
1

in-
n

a

o

he
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log10ta on T of glass formers~inset Fig. 3! is apparent,
indicating thatK is analogous toT. The analogy may not be
exact because relaxation rates of glass formers are therm
activated and proportional to exp(2C/T), while our model is
athermal and in the absence of interarray coupling the re
ation rate is determined byK. This comparison suggests th
another possibility is to relateK to exp(2C/T), or equiva-
lently 2 ln K to 1/T. This possibility suggests replotting th
model results in Fig. 3 as log10t versus ln(1/K) shown in
Fig. 5. The model results forK850.030 (d), 0.018 ~h!,
0.012 ~n!, and 0.006~,! resemble the four glass former
OTP, salol, glycerol and PG, respectively. The model res
for K850.0 (* ) lie almost exact on a straight line consiste
with a strictly linear relation between log10t and ln(1/K).
The equivalent of this is an Arrhenius temperature dep
dence of log10ta , which would correspond to a straight lin
in the inset of Fig. 5. Such an Arrhenius temperature dep
dence of log10ta is realized in ‘‘strong’’ liquids such as
silica and GeO2 ~not shown here!.

We see from Figs. 3 and 5 that all the model results
different K8 merge together at largeK or small ln(1/K), re-
spectively. This behavior is mirrored byta of the four glass-
forming liquids at high temperatures~inset Fig. 3! or small
reciprocal temperatures~inset Fig. 5!, respectively. Further-
more, it has been established@11,17# that the temperature
dependence of several glass-forming liquids, including O
in the inset of Fig. 5, becomes truly Arrhenius at high te
peratures whereta is very short. This property is mimicked
by the model results because log10t varies linearly with
ln(1/K) when the latter becomes small, irrespective of t

n

FIG. 5. Replotting relaxation timet in Fig. 3 against log10(1/K)
to show similarity to the Arrhenius plot of log10 ta of the four glass
formers against the reciprocal ofT shown in the inset. The result
shown in the main figure are forK850.030~d!, 0.018~h!, 0.012
~n!, 0.006~.!, andK850.0 (* ).
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value ofK8. More results obtained at values of ln(1/K) even
smaller than those shown in Fig. 5 have confirmed this pr
erty.

C. Increase of the stretch exponentb with decrease
of the relaxation time

In general, as temperature increases andta decreases it is
found that the KWW stretch exponentba increases mono
tonically towards unity, For some glass formers, actually
maximum value of unity is almost assumed byba at suffi-
ciently high temperature@10#. This general trend in the re
laxation properties of glass formers is demonstrated in
inset of Fig. 4 by a plot ofba versus log10ta for the same
four glass formers. Glass formers likeortho-terphenyl~OTP!
and salol have smaller values ofba at the long relaxation
time of log10ta52. On the other hand, glycerol and prop
lene glycol have larger values ofba at log10ta52. The ex-
perimental data are taken from Ref.@10#. Often the tempera-
ture at which log10ta52 is operationally defined to be th
glass temperature,Tg . The differences between glass form
ers in the values of theirna[(12ba!’s at Tg were inter-
preted to be indicative of their different capacity for interm
lecular coupling@12–14#. In fact, comparisons between gla
formers of the same family but having different chemic
structures showed that the ones that we intuitively expec
have a higher degree of intermolecular coupling also h
larger (12ba!’s at Tg @12–14#. Thus, we can identify@1
2ba(log10ta52)#[@12ba(Tg)# as the indicator of inter-
molecular coupling.

The analog of the degree of intermolecular coupling
molecular glass formers in the model of interacting arrays
globally coupled oscillators is the interarray couplin
strengthK8. In fact, from Fig. 4 we can see that, at anyt, an
increase ofK8 is accompanied by a decrease ofb or an
increase of (12b). Thus, the quantity in the model tha
corresponds to@12ba(log10ta52)# of molecular liquids is
@12b(log10t)#, where log10t is any arbitrarily long time in
our calculation that we chose to be equal to 2.30. By co
paring the inset of Fig. 4 with the main Fig. 4 it becom
clear that the dependencies ofba on log10ta of different
glass formers having different values of@12ba(log10ta
52)# are mimicked by the dependencies ofb on log10t of
our model having different values of@12b(log10t52.3)#
or K8. Hence, the model has reproduced another ubiquit
characteristic of relaxation of small molecule glass-form
liquids.

D. Pattern of Tg-scaled temperature dependence ofta

and fragility index

It was first demonstrated by Laughlin and Uhlman@18#
and considerably extended by Angell@19,20# that the
Tg-scaled temperature dependencies of viscosity orta of
glass formers,ta(Tg /T), exhibit a systematic pattern o
variation. As before Tg is the temperature at whic
log10ta(Tg)52. This pattern is demonstrated here using
limited number of four glass formers in Fig. 6. The values
ta of the same four glass formers appearing in previous
ures are displayed to show their different dependences
Tg /T. OTP and salol have a more sensitive dependenc
-
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l
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e
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of

ta on Tg /T than glycerol and propylene glycol. The stee
ness or fragility indexm defined by

m5d~ log10 ta!/d~Tg /T!u~Tg /T!51 ~4!

is a quantitative measure of the sensitivity of the depende
of ta on Tg /T. Among the four glass formers, the value ofm
is largest for OTP, and decreasing in the order of salol, gl
erol, and propylene glycol. The actual numbers are show
the inset of Fig. 6. The physical origin of this pattern, as w
as fuller ones when more glass formers are included,
been interpreted from the point of view of an energy lan
scape model by Angell@19,20# and alternatively from inter-
molecular cooperativity by the coupling model@12–14#.

Earlier we have pointed out that the correspondent of
termolecular interaction in glass formers in our model isK8,
and temperatureT accelerates the relaxation rate of gla
formers asK does to the decay rate ofr (t) in our model.
Possible analogs of reciprocal temperature, 1/T, in the model
are 1/K and ln(1/K). Thus, we are led to consider scaledK
dependence or scaled log10(1/K) dependence of the calcu
latedt at different interarray coupling parameterK8 and find
out whether they also exhibit a meaningful pattern similar
that found in supercooled liquids. These tasks are carried
and the results are shown in Figs. 7 and 8. In Fig. 7 we tr
K as if it were the analog ofT in molecular liquids. The
analog ofTg is naturallyKg defined to be the value ofK ~at
any fixedK8) for which t is equal to an arbitrarily long time
t(Kg), chosen here to be equal to 102.3. This possibility is
examined by first determiningKg for each fixed value ofK8.
They areKg52.1631022, 1.3631022, 9.6731023, 5.88

FIG. 6. Tg-scaled temperature dependencies,ta(Tg /T), of four
glass formers, OTP~d!, salol ~n!, glycerol ~h!, and propylene
glycol ~l!. The inset shows their fragility indices,m, and their
correlation with@12ba(Tg)#.
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31023, and 3.4731023 for K850.030, 0.018, 0.012, 0.006
and 0.0, respectively. After theKg’s have been determined
the Kg-scaledK dependencet(Kg /K) is immediately ob-
tained for eachK8 and shown in Fig. 7 in a plot of log10t
againstKg /K. As can be seen by inspection, the sensitiv
of t(Kg /K) to the variation of the scaled variable (Kg /K)
increases monotonically with the interarray coupling para
eter K8. Thus, a meaningful pattern of theKg-scaled
K-dependence oft is obtained similar to theTg-scaled tem-
perature dependencies ofta of glass formers. The fact tha
t(Kg /K) in Fig. 7 exhibits a monotonic increase of sensit
ity to Kg /K with the interarray coupling parameterK8 lends
support to the interpretation that the similar pattern seen
ta(Tg /T) of glass formers is determined by intermolecu
interactions and degree of cooperativity in structural rel
ation @12–14#.

Next, we try out the alternative of making the correspo
dence of reciprocal temperature, 1/T, in glass formers to
log10(1/K) in our model. The scaled variable is now given
@ log10(1/K)/ log10(1/Kg)#. The dependencies of the calc
lated t as a function of@ log10(1/K)/ log10(1/Kg)# are dis-
played in Fig. 8 for five different values of the interarra
coupling parameterK8. As in Fig. 7, a meaningful pattern
emerges. LargerK8 engenders a more rapid change
log10t with the scale variable@ log10(1/K)/ log10(1/Kg)#.

FIG. 7. Kg-scaledK dependence,t(Kg /K), for five different
values ofK8 shown in a plot of log10 t againstKg /K. See text for
values ofKg . The results shown in the main figure are forK8
50.030 (d), 0.018 ~h!, 0.012 ~n!, 0.006 ~.!, and K8
50.000 (* ). The steepness indices,S8, calculated via Eq.~5! for
the five values ofK8 are plotted against@12b(Kg)# in the inset.
-

in
r
-

-

f

E. Correlation betweenTg-scaled temperature dependence
of ta and „12ba…

In glass formers of the same family, a strong correlat
has been found betweenta(Tg /T), the Tg-scaled tempera-
ture dependence ofta , and @12ba(log10ta52)#[@1
2ba(Tg)#. The correlation was described@12–14# as the
increase of the fragility indexm with @12ba(Tg)#. The cor-
relation follows naturally from the interpretation that inte
molecular interactions determine the sensitivity of t
Tg-scaled temperature dependence ofta discussed in the
previous subsection. This is because the departure fro
linear exponential time dependence of the relaxation func
measured by@12ba(Tg)# is also proportional to intermo
lecular interactions, at least in the coupling model@5–8#. The
four glass formers, OTP, salol, glycerol, and propylene g
col, are sufficient to illustrate this correlation as shown
the inset of Fig. 6. There, a monotonic increase ofm with
@12ba(Tg)# is evident. The values of@12ba(Tg)# of the
four glass formers are obtained from the data in the inse
Fig. 4 at log10ta52. Hence, one can recognize that a mo
sensitive dependence ofta on Tg /T is associated with a
larger @12ba(Tg)#.

This result found generally in most small molecule liqui
leads us to examine whether or not a similar correlation o
scaledK dependence oft with @12b(kg)# exists in our

FIG. 8. Scaled log10(1/K) dependence of the relaxation time
t„log10(1/K)/ log10(1/Kg)…, for five different values ofK8 shown in
a plot of log10 t against log10(1/K)/ log10(1/Kg). See text for values
of Kg . The results shown in the main figure are forK8
50.030 (d), 0.018 ~h!, 0.012 ~n!, 0.006 ~.!, and K8
50.000 (* ). The steepness indices,S, calculated via Eq.~6! for the
five values ofK8 are plotted against@12b(Kg)# in the inset.
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model of interacting arrays of globally coupled oscillato
This turns out also to be true, as can be seen by inspectio
Figs. 7 and 8, that the sensitivity oft(Kg /K) and
t„log10(1/K)/ log10(1/Kg)… to variations of the scaled vari
ables (Kg /K) and @ log10(1/K)/ log10(1/Kg)#, respectively,
increase with the interarray coupling parameterK8 as well as
@12b(Kg)#. Steepness indices,S8 and S, quantifying the
scaled temperature dependence oft(Kg /K) and
t„log10(1/K)/ log10(1/Kg)…, respectively, are defined in ana
ogy to m of molecular liquids by

S85d~ log10 t!/d~Kg /K !u~Kg /K !51 ~5!

and

S5d~ log10 t!/d~ log10 K21/log10 Kg
21!u~Kg /K !51 . ~6!

The calculated values ofS8 and S are plotted against@1
2b(Kg)# in the insets of Figs. 7 and 8, respectively. T
monotonic increases ofS8 and S with @12b(Kg)# demon-
strate the existence of a correlation betweenS8 or S with
@12b(Kg)# similar to that betweenm and @12ba(Tg)#
found in molecular glass-forming liquids.
ett
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IV. CONCLUSION

Analogs of several ubiquitous properties of thea relax-
ation of small molecule glass-forming liquids~see Figs. 3–8
and Secs. III A–III E! are found in the decay of phase cohe
ence of coupled arrays of globally coupled nonlinear osci
tors, a prototype of chaotic Hamiltonian systems@2,21,22#.
Earlier we found that relaxation of this prototype Ham
tonian system@1# reproduces the key features of the coupli
model, particularly the existence of a crossover time fro
independent and exponential relaxation at short times t
slowed down and approximately stretched exponential tim
dependent relaxation at longer times. It is remarkable t
such a simple Hamiltonian system possesses the promi
relaxation properties of molecular glass-forming materia
The current results will serve as impetus for continuation
the present study to more complex chaotic Hamiltonian s
tems @23–26# that bear closer resemblance to polyme
small molecule glass-forming liquids, and vitreous ionic co
ductors.
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