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Bifurcation to worms in electroconvection

Urs Bisang and Guenter Ahlers
Department of Physics and Center for Nonlinear Science, University of California at Santa Barbara, Santa Barbara, California 9

~Received 25 February 1999!

The primary bifurcation to electroconvection of the liquid crystal 4-ethyl-2-fluoro-48-
@2-~trans-4-pentylcyclohexyl!ethyl#-biphenyl ~I52! with planar alignment leads to localized structures of con-
vection rolls known as ‘‘worms’’ when the conductivity of the fluid is relatively small. Worms coexist with the
conduction state. They have a unique small width in the direction perpendicular to the director and a varying,
usually much greater, length parallel to the director. Previous experiments had not determined whether the
bifurcation to worms is supercritical or subcritical. We estimated the voltageVc corresponding to the stability
limit of the conduction state by measuring the mean-square amplitude of the thermally induced fluctuations
below onset and extrapolating toVc . We found that worms appear already well belowVc . Thus the bifurca-
tion is subcritical. Measurements of the lifetime of the conduction state belowVc gave information about the
voltageVs corresponding to the saddle node below which no worms form. We measuredVc andes5Vs

2/Vc
2

21 as a function of the conductances for a cell of thickness 24mm and found for our sample thates

approaches zero from negative values nears.1.231028 V21 m21 ass increases. For largers we found the
bifurcation to be supercritical. We have been unable to determine so far whether the experimentally observed
transition with decreasings from a supercritical to a subcritical bifurcation occurs via a tricritical bifurcation,
or whether the worm saddle node is disconnected from the primary supercritical bifurcation line as suggested
by theory.@S1063-651X~99!06010-9#

PACS number~s!: 05.45.2a, 45.70.Qj, 47.20.2k, 47.54.1r
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I. INTRODUCTION

Under nonequilibrium conditions, a spatially extend
system will often undergo a transition from a uniform sta
to a state with spatial variation which we call a ‘‘pattern
Patterns are ubiquitous in nature. Pattern-forming syst
that have been studied in detail theoretically and experim
tally are, for example, convection in fluids, dendrictic grow
of crystals from the melt or from solutions, directional s
lidification, chemical reactions, and ripples on the surface
a fluid or in a thin layer of a granular medium vibrated in t
vertical direction. Well known fluid-dynamical system
where patterns have been studied extensively are Rayle
Bénard convection and Taylor-Couette flow@1#. Another ex-
ample is electroconvection~EC! in nematic liquid crystals
~NLC! @2#. This latter case is a paradigm for pattern form
tion in anisotropicsystems. The work reported in the prese
paper involves EC.

NLC have an inherent orientational order, but no po
tional order @3#. The average direction of their molecula
alignment is called the directorn̂. Many properties of NLC
are anisotropic. Thus, for instance, the dielectric cons
depends on the direction of the electric field relative ton̂,
having valuese i and e' parallel and perpendicular ton̂,
respectively. By confining a layer of NLC doped with ion
impurities between two properly treated glass plates, one
obtain a cell with uniform planar alignment of the direct
parallel to the plates. If the NLC has a negative anisotro
ea[e i2e' of the dielectric constant and an ac voltage
amplitudeV is applied between the plates, then a transit
from the spatially uniform state to a convecting state w
spatial variation occurs asV is increased above a critica
voltageVc @4#. The precise value ofVc depends on the fre
PRE 601063-651X/99/60~4!/3910~10!/$15.00
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quencyf of the applied voltage and the conductivitys of the
NLC. The concentration of ionic impurities determiness.

The experiments reported here were done using
NLC 4-ethyl-2-fluoro-48-[2-(trans-4-pentylcyclohexyl)ethyl]-
biphenyl~I52! @5,6#. Electroconvection in I52 leads to a gre
variety of spatiotemporal structures@7–11#. Depending ons,
one finds stationary rolls, traveling waves, or spatiotempo
chaos at onset. A remarkable recent discovery was tha
calized states of traveling waves form at the onset of conv
tion whens is relatively small@10#. The occurrence of lo-
calized structures@12,13# is one of the phenomena unique
nonlinear systems. These so-called pulses coexist with
spatially uniform ground state. They were first found in
one-dimensional system@12,13#, and in that case it was pos
sible to understand them qualitatively@14,15# in terms of
subcritical Ginzburg-Landau equations. However, for pul
in systems which are spatially extended in two dimensio
@16# theoretical explanations are limited@17,18#. The discov-
ery of localized traveling waves coexisting with the grou
state in anisotropic two-dimensional EC@9,10# adds to the
complexity of the phenomena. These states, known
‘‘worms,’’ have a unique small width in one direction and
varying, usually much greater, length in the other. Figure
shows a snapshot of worms. Remarkably, it has been
sible to gain theoretical insight into their nature by consid
ing Ginzburg-Landau equations@19# based on the equation
of motion @20# of the system. It will be interesting to se
whether other recently observed localized structures in
@21# can be understood in similar ways.

Worms were first observed as the control parameter~the
squareV2 of the applied voltageV) reached a certain value
but initially they were very rare and became more abund
only asV2 became larger. Their generation and decay aV
was increased and decreased did not show any hyste
3910 © 1999 The American Physical Society
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PRE 60 3911BIFURCATION TO WORMS IN ELECTROCONVECTION
@9,10#. Thus it was difficult to determine directly whether th
creation of worms was associated with a supercritical o
subcritical bifurcation. A recently developed Swif
Hohenberg-like@22# model equation@23# produced worm-
like localized structures, but only for a strongly subcritic
bifurcation. Wormlike structures were found@19# also for
coupled Ginzburg-Landau equations related to the we
electrolyte model ~WEM! of electroconvection@20#, in
which the bifurcation to the extended state issupercritical
@24#. But again the bifurcation to the localized state is su
critical. Recently we showed experimentally that the bifurc
tion to worms is indeed subcritical by measuring the criti
voltage Vc @25#. The critical voltage, i.e., the bifurcatio
point at which the spatially uniform state became unstabl
infinitesimal perturbations, was determined by measuring
mean-square amplitudêu2& of director-angle fluctuations
induced by thermal-noise-driven convection-roll fluctuatio
@26# about the nonconvecting ground state. This amplitud
known to diverge~except for nonlinear saturation! at Vc . In
a mean-field approximation, a straight line through^u2&22 vs
V2 is expected to pass through zero atVc

2 @26#, thus making
it possible to estimateVc . It was found that the worms grow
spontaneously out of the ground state at irreproducible lo
tions already for applied voltagesV much less thanVc , i.e.,
that they are indeed associated with a subcritical bifurcat
This observation suggests that the worms are nucleated in
subcritical regime by the thermal noise. This picture is s
ported also by measurements of the mean lifetimet of the
conduction state, which suggest a thermally activated me
nism for worm formation@25#.

At higher conductivities and consistent with weakly no
linear theory@24#, a supercritical bifurcation has been foun
experimentally@9#. This bifurcation yielded an extended
chaos state immediately above onset. An interesting ques
is how the bifurcation evolves from supercritical to subcr
cal ass decreases from the extended-chaos regime to
worm regime. Usually such a change occurs via a tricriti
bifurcation, and the initial slopes of the mean-square am
tudes of the fields as a function of the control parametee
diverge as the tricritical point is approached from the sup
critical side. In this case, however, explicit calculations@24#,
based on the WEM, of these slopes indicate that they rem
finite and thus that the bifurcation to the extended-chaos s
remains supercritical. The worms then seem to be assoc

FIG. 1. Snapshot of the worm state fors5431029 V21 m21at

e520.17. For this run,d529 mm, ẽs520.31, andt5934 s. The
image was taken 1600 s after the voltage was stepped up.
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with a different instability not directly coupled to the firs
linear-instability point of the conduction state. Unfortunate
our measurements are not yet detailed enough to eluci
this interesting phenomenon.

In this paper we present estimates of the critical volta
Vc , and of the valueẽs of e[V2/Vc

221 where worms first

appear, as a function ofs. We believe thatẽs is close to the
valuees where the saddle node of the subcritical bifurcati
is located. Thus the measurements give information ab
the value ofs where the bifurcation changes from subcritic
to supercritical, and about the size of the potential hyster
loop which would exist in the absence of noise.

The remainder of this paper is structured as follows. S
tion II describes the experimental apparatus and techniq
used for the experiment. In Sec. III we present the exp
mental results, and Sec. IV contains a summary and dis
sion of the results.

A brief report on part of this work has already appear
elsewhere@25#.

II. EXPERIMENTAL METHOD

A. Experimental apparatus

The apparatus is nearly the same as the one describe
Ref. @11#. It consists of a shadowgraph system wi
computer-controlled image acquisition, a temperatu
controlled sample stage that contains the electroconvec
cell, and electronics for applying the ac voltage and meas
ing the conductivity of the cell. The temperature-controll
sample stage is crucial for the experiment for two reaso
First, below 24 °C I52 is no longer nematic and no elect
convection can be observed@5,27#. Therefore, experiments
with I52 at typical ambient temperatures are not possib
Second, the conductivitys(T), which depends upon the tem
peratureT, is an important control parameter and determin
the pattern-formation phenomena which are observed.

There are two main differences between the present a
ratus and the one described in Ref.@11#. The first is that the
sample stage is cooled by ambient air instead of being w
cooled. This simplifies the operation of the experiment a
makes changing cells easier and faster, but obviously o
temperatures sufficiently above ambient can be used.
temperature stability of the air-cooled sample stage is61
mK, about the same as that of the water-cooled stage. W
air cooling, temperatures up to 200° C were accessible,
though our temperatures ranged only from 29 °C to 80 °

The second and more important difference is that
shadowgraph was optimized for high sensitivity, which w
needed for measurements of the very weak thermal fluc
tions. High sensitivity was achieved by careful positioni
and aligning of the optical components, and by using a m
stronger white-light source instead of the much weaker la
diode. The stronger light source made it possible to ope
the charge-coupled device~CCD! camera at the level of ligh
intensity where the camera is most sensitive to relative
tensity changes, improving overall resolution considerabl

The electroconvection cells consisted of two glass pla
separated by Mylar spacers and sealed by epoxy. The g
plates were coated on the inside with indium tin oxide~ITO!,
a transparent conductor. The coatings were used as e
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3912 PRE 60URS BISANG AND GUENTER AHLERS
trodes to apply a voltage across the cell. The three main c
and the parameters of the runs for which they were used
listed in Table I. For the determination of the onset of co
vection we used cells 1 and 2 of thicknessesd52461 and
2661 mm. Cell 3, withd529 mm, was used to obtain il-
lustrative images of worms in the subcritical regime. Ma
of the conductivity measurements were made in additio
cells with d between 24 and 50mm. The cells were uniform
to about60.5 mm and the sample area was roughly 0.5 c
3 0.5 cm. Planar alignment of the liquid crystal was o
tained by using rubbed polyimide films which were sp
coated onto the glass plates. The electronic circuit descr
in Refs.@11,27# was used to measure the resistanceR of the
cells. The conductivitys5(d/A)31/R of a cell can then be
calculated. HereA is the area of the electrodes. The accura
of s was approximately 5% and was limited by uncertaint
in A andd. For a given cell,A andd were constant and thu
changes in the conductivity could be measured with a pr
sion of a few tenths of a percent. Only the component of
conductivity perpendicular to the director was determined
turns out thats depends on the frequency and also sligh
on the applied voltage. Further information about proper
of s and its frequency dependence can be found in Ref.@27#.
For the results reported heres was measured at 50 Hz and
a voltage of 2.7 V, except when we studied the frequency
voltage dependence ofs itself.

The I52 had to be doped with 2–5 % by weight of m
lecular iodine~I2) in order to get a large enoughs to achieve
electroconvection@11#. Below a certain conductivitysc f no
overturning electroconvection occurred, and only so-ca
dielectric convection@2# could be observed at relatively hig
voltages. The value ofsc f depended sensitively ond. For
thick cellssc f was smaller than for thin ones. For cell 1 wi
d524 mm we foundsc f5331029 V21 m21.

The precise value ofs could be varied by changing th
temperature. Over the temperature range used in our ex
mentss could be changed easily by a factor of 3–4. Unfo
tunately,s decreased slowly over time, typically at a rate
1.5310211 V21m21day21, because the ionic impuritie
tended to recombine and segregate as I2 at the cell edges. We
compensated for the decrease ins by slowly increasing the
temperature, makings constant within62% over the dura-
tion of several months of the entire investigation. Howev
the useful lifetime of a given cell was limited to about o
year.

TABLE I. Parameters for the runs. Cells 1, 2, and 3 had sp
ings d524, 26, and 29mm, respectively.

Cell 108s (V21 m21) 2 ẽs
Vc ~V! Vs ~V! T(°C!

1 0.37 0.592 25.70 16.40 32.75
1 0.50 0.481 19.30 13.90 55.10
1 0.65 0.378 16.97 13.38 60.00
1 0.82 0.230 14.37 12.61 65.00
1 0.94 0.178 14.45 13.10 70.50
1 1.02 0.116 13.89 13.06 77
2 1.31 10.18 64.50
3 0.40 0.31 20.76 17.3 38.00
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B. Doping

Usually, we added 2–5 % by weight I2 to pure I52 and
cured the mixture for three to four weeks at 50 °C. It
important to wait that long to give the Iodine enough time
dissolve, dissociate, and interact with the I52. The tempe
ture of 50 °C was chosen because it is similar to that of m
of our experiments. Because of color changes of the sam
during the curing process and while filling the cells we b
lieve that the I2 concentration actually decreased signi
cantly over time. Thus we do not know the final I2 concen-
tration in the convection cells. However, I52 prepared t
way had a sufficiently high conductivity for most of ou
measurements.

Recently, we experimented withhighly doped I52 in an
attempt to get EC cells withvery high conductivities. We
tested cells with 25&d&50 mm and I52 doped with 10–
25 % I2, and found that they behaved very differently fro
the cells with the usual doping. Previously it was believ
that the exact amount of dopant is not critical, and that ab
a certain concentration of I2 the solution just saturates an
the rest of the iodine does not get dissolved. Therefore
highly doped cells should have behaved essentially the s
as the 2–5 % doped cells. However, they showed tim
independent patterns of convection rolls at onset o
the whole accessible conductivity range 331029–3
31028 V21 m21, instead of a Hopf bifurcation to worms o
STC as observed with lesser doping. These static patt
looked very similar to the ‘‘static oblique’’ patterns SO1 an
SO2 usually observed above asecondarybifurcation from
the STC state@11# at higher values ofe. At sufficiently high
e the static patterns became unstable. A time-dependent
occurred which, with further increase ofe, evolved into a
turbulent state at very highe. This behavior above secondar
bifurcations is not unlike what is usually observed also
smaller doping.

III. RESULTS

A. Thermal fluctuations

As mentioned in Sec. I, the critical voltageVc ~the limit
of stability to infinitesimal perturbations! of the spatially uni-
form perfect-conduction state can be estimated by measu
the mean-square amplitudes of thermally (kBT) induced
fluctuations@25#. We used this method and cell 1 to dete
mine Vc as a function ofs. For these measurements th
frequency of the applied voltage was 25 Hz.

The fluctuations and convection patterns were imaged
ing the shadowgraph technique@11,28#. An eight-bit gray-
scale frame grabber was used to digitize the images. S
the fluctuations are very weak, a series of 256 imagesĨ i(x,e)
was taken at each value ofe. The time between images wa
typically 5 s, and successive images were essentially un
related. There is an additional complication if the onset m
surement is performed at low conductivities where wor
are observed. Since the bifurcation to worms is subcritic
worms form already below onset and, by virtue of their ov
whelmingly large amplitudes, interfere with the fluctuatio
measurements@25#. Therefore images had to be taken befo
worms formed. However, close to onset worms formed v
quickly, and fore*20.08, it was impossible to accumula

-



ri
m

d

m

x
ed
c

s

lo
i

o
c

ay
is

te

-
k,
In

g
st
-

are

the

to
-

in
is-

re

hi

s

nd
de-

PRE 60 3913BIFURCATION TO WORMS IN ELECTROCONVECTION
enough images in their absence whens was small. Close to
the extended-chaos region where the bifurcation is superc
cal or only weakly subcritical we do not have this proble
and measurements closer to onset are possible.

For each image the signal

I i~x,e![@ Ĩ i~x,e!2 Ĩ 0~x,e!#/ Ĩ 0~x,e! ~1!

was calculated. HereĨ 0(x,e) is a background image obtaine
by averaging all 256 images. For eachI i(x,e) the structure
factor ~the square of the modulus of the Fourier transfor!
Si(k,e) was calculated and the 256Si(k,e) were averaged to
get S(k,e) @29#.

Figure 2 shows four examples ofS(k,e) for different val-
ues ofe measured for cell 2 (d52661mm! below onset at a
conductivity of s51.3131028 V21 m21. The sample had
been doped with 5% I2. For these parameter values we e
pect the bifurcation to be supercritical and to the extend
chaos state rather than to worms. There are four peaks
responding to two sets of rolls oriented obliquely ton̂. These
two modes are known as zig and zag modes and are also
in the extended-chaos state above onset@11#. The features of
S(k,e) shown here are also very similar to those seen be
onset at small conductivities in the worm regime as shown
Ref. @25#. The examples in Fig. 2 show that the peaks
S(k,e) get sharper as one gets closer to onset, as expe
from theory @30#. They also get larger, but since the gr
levels of each example in Fig. 2 are scaled separately, th
not immediately apparent.

In order to get the mean-square amplitude^A2& of the
signal fluctuations from the structure factor, one has to in

FIG. 2. Time-averaged structure factorsS(k) of the fluctuations
for ~a! e520.270, ~b! e520.093, ~c! e520.016, and~d! e5
20.005. The four peaks correspond to the zig and zag modes w
are seen also in the extended-chaos state above onset (e.0). The
director is in the horizontal direction. The conductivity iss51.31
31028 V21 m21 and d526 mm. For this case the bifurcation i
supercritical.
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grate over the peaks ofS(k,e) in k space. This integral cor
responds tôA2&. Since the fluctuating pattern is very wea
the background due to instrumental noise is significant.
principle it would be possible to do two-dimensional fittin
of S(k), but it is simpler and more reliable to calculate fir
the azimuthal averageS(k) from the data and then do one
dimensional fitting. Four examples ofS(k) for different e
values are shown in Fig. 3. We fitted a suitable function

S~k!5@P~k!1B~k!#/2pk ~2!

to the azimuthally averaged structure factors. These fits
shown as solid lines in Fig. 3. In Eq.~2!, P(k) is the contri-
bution of interest from the peak andB(k) is the smooth
background due to instrumental noise. A Lorentzian

P~k!5
S0

~k2k0!21G2
~3!

was used for the peak. The background is given by
dashed line. It was much larger at small and largek beyond
the range of Fig. 3. Thus it contributed overwhelmingly
the variance~total power! of the images even though it con
stituted only a modest correction in thek range of interest
here. A polynomial ink plus a term proportional to 1/k was
used forB(k). It did not change significantly from onee
value to another. Empirically, we found that the 1/k term had
to be included to account for the rapid increase ofS(k) near
k50 ~this increase is masked out in the examples in Fig. 2
order to permit gray scales which make the fluctuations v
ible!. After the fit of Eq. ~2! to the data, the mean-squa
amplitude^A2& was obtained from

^A2&5E
0

`

P~k!dk5
S0

G Fp2 1arctanS k0

G D G . ~4!

For a comparison with theoretical results,^A2& had to be
converted to the mean-square amplitudes^u2& of the
director-angle fluctuations. For our experimental setup^A2&
and ^u2& are related by@28#

ch

FIG. 3. The azimuthally averaged structure factorS(k) as a
function of the modulusk of k for e520.005 ~closed squares!, e
520.016 ~open squares!, e520.093 ~closed circles!, and e5
20.270 ~open circles!. The conductivity is s51.3131028

V21 m21 andd526mm. The solid lines are the fits to the data, a
the dashed line is the background obtained from the fits as
scribed in the text.
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3914 PRE 60URS BISANG AND GUENTER AHLERS
^u2&5F ~11ñ!l

4ñd
G 2

^A2&. ~5!

Here ñ512(ne /n0)2 with ne51.6533 andn051.5054 the
index of refraction parallel and perpendicular to the direc
andl/d is the scaled wavelength of the pattern (l/d ranged
from about 1.3 in the worm regime to about 1.5 in t
extended-chaos regime!.

Figure 4 showŝu2&22 as a function of the square of th
voltageV2 ~open circles! for s51.3131028 V21 m21. As
expected@26#, the data fall on a straight line. A fit of a
straight line to the data givesVc

25103.72 V2 or Vc

510.184 V. This value is used to computee and thee scale
shown along the top axis in Fig. 4. A straight line throu
the data corresponds to the theoretically expected de
dence^u2&5u0

2e21/2, and the slope of the straight-line fi
givesu052.7 mrad. An approximate theoretical estimate
u0 is given by@26#

^u0
2&5

kbT

k̄eld
, ~6!

wherekb is Boltzmann’s constant andk̄el.20.7310212N is
an average orientational elastic constant of I52@11#. This
gives u0.2.9 mrad, which is in good agreement with th
experimental result. Thus it appears that the observed fl
tuations are of thermal origin.

When the bifurcation is supercritical, the bifurcation po
can also be determined by linear extrapolation of^u2& above
Vc

2 back to Vc
2 where ~except for fluctuation effects! ^u2&

should vanish continuously and without hysteresis. T
method was used previously in Ref.@9#. Thus, in Fig. 4 we
show as solid circleŝu2& extracted from the same image
which were used to obtain the open circles by Fourier an
sis, but in this case the entire variance of the images in
space~without the elimination of experimental noise! was
calculated and converted to^u2& using Eq.~5!. This method
is much less sensitive than fitting the peaks ofS(k) in Fou-
rier space, and it is impossible to measure the fluctuati

FIG. 4. The inverse square of the mean-square director-a
fluctuationŝ u2&22 ~open circles, right ordinate scale! as a function
of the applied voltage squaredV2 for s51.3131028 V21 m21

andd526 mm. The solid straight line is a fit to the data. Its inte
cept with the horizontal axis givesVc

25103.72. The solid circles are
the variancê u2& vs V2 ~left ordinate scale! and the linear extrapo
lation from above onset~dashed line! givesVc

25103.83.
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below onset this way because they are overpowered by
experimental background noise. Above onset^u2& grows
steeply and the data points fall on a straight line as expe
for a supercritical bifurcation. As can be seen from the fi
ure, the intercept of a straight-line fit to the data above on
is in agreement with the value forVc obtained from the
fluctuation data below onset.

In Fig. 5 we illustrate once more the relationship betwe
the values obtained for̂u2& by the two different methods
Here^u2& is shown on a logarithmic scale as a function ofe,
with the origin of thee scale based on the extrapolation
the fluctuation measurements belowVc . As expected, one
sees thee dependence for the fluctuation measurements
low e50. The solid line through those data corresponds
the straight line through the open circles in Fig. 4. The so
circles are based on the variance of the images in real sp
Below onset they are essentially constant and are domin
by the e-independent experimental noise. Near onset th
data begin to grow significantly near thee value where the
extrapolation of the fluctuations~solid line! seemingly di-
verges.

The agreement within our resolution between the val
of Vc determined by the two methods in the supercriticals
range confirms that the fluctuation method belowVc can be
used to determineVc . This is important because in the worm
regime, where the bifurcation is subcritical, only the fluctu
tion method can be used.

The inverse 1/G of the width of P(k) is equal to an azi-
muthal average of the two-point correlation lengthj. The
dependence ofj on e is expected to bej5j0(2e)21/2. Fig-
ure 6 shows 1/j2 vs e. For e close to zero the data fall on
straight line, confirming the expectede dependence~over a
wider e range a slight curvature is noticeable!. A fit of the
data withe.20.05 to a straight line extrapolates to zero
e50.002, which is quite close to the bifurcation points d
termined by the other two methods. The fit yields an amp
tudej0 equal to 0.30, which is nearly the same as the va
j050.31 found previously@25# in the worm regime ats
53.731029 V21 m21 and ford524 mm ~cell 1!.

We saw thatj(e) has the expected theoretical dependen
on e. Within error it gives the same bifurcation point as th
fluctuation method and the amplitude extrapolation fro

le
FIG. 5. The variancêu2& vs V2 of the images as a function o

e for the same run as in Fig. 4, but on a logarithmic vertical sca
The solid circles are obtained directly from the images, and
open ones are the power under the peak in Fourier space
background subtraction. The solid~dashed! line is the straight line
in Fig. 4 which passes through the open~solid! circles.
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above onset. The good agreement between the three me
lends further support to the reliability of the determinatio
of Vc .

B. Subcriticality of the bifurcation to worms

At high conductivities we have a supercritical bifurcatio
to the extended-chaos state, as shown in the preceding
tion. An interesting question is how the bifurcation
worms, which occurs at low conductivities, evolves fro
subcritical to supercritical ass increases. In order to she
some light on this issue, we made measurements of the m
lifetime t of the conduction state below onset as a funct
of V for several values ofs in cell 1. The parameters of th
runs are listed in Table I. A voltageV,Vc was applied and
then the time was measured until the first worm appea
This measurement was performed many times at givenV to
get the mean lifetimet(V). A simple algorithm was used to
determine the time when the first worm had formed. A tim
series of images was taken at intervals of 2 s and the variance
of each image was calculated in real time. When the varia
had grown by a specified factorF from its initial value, we
assumed that a worm had formed and the time since
voltage had been applied was taken to be the lifetime of
conduction state. We usedF 5 1.05, but the method showe
little dependence onF. At the end of each measureme
sequence an image was saved in order to verify later th
worm had actually been nucleated and that the algorithm
triggering at the right moment. The algorithm worked su
prisingly well, with a 98–99 % success rate. Typically the
was only one worm in the image, but sometimes two or th
worms formed at roughly the same moment and in differ
spatial locations.

At low voltages the lifetime of the conduction state b
came very long, and at a low enough voltage no wor
appeared during the duration of an experimental run. Si
the duration of an experiment is finite, we introduced
somewhat arbitrary upper time limit of 2.53104 s ~about 7
h!. If no worms appeared after this time, then the lifetim
was considered ‘‘infinite’’ and the next measurement w
started.

It was important to wait long enough between success
measurements. When the voltage was switched off and
on again too soon, worms appeared quickly and at the s

FIG. 6. The inverse square 1/j2 of the average two-point corre
lation length derived from the widths ofS(k) data like those in Fig.
3. The straight line is a fit to the data fore.20.05. It passes
through 1/j250 at e50.0024.
ods
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spatial locations as in the previous run. We found that
had to wait at least 30 min at zero voltage between meas
ments to get history-independent data. We have no exp
mental information about the origin of this ‘‘memory e
fect,’’ but it seems likely that it involves slow diffusion o
the ionic species in the sample. In the measurements oft we
used a waiting time of 2500 s. This long waiting time and t
sometimes long lifetimes, depending on the applied volta
made this whole experiment very time consuming. One
for a givens took three weeks on average and the wh
data taking lasted for more than four months.

In order to see the dependence oft on e, we had to
determineVc for each conductivity at whicht was mea-
sured. This was done by the fluctuation method explaine
the preceding subsection and in Ref.@25#. Figure 7 shows the
results forVc as a function ofs as solid circles. Fors near
sc f Vc is rather high~around 25 V!. It decreases ass in-
creases. At high conductivitiesVc becomes nearly constan
at a value around 14 V. This is in agreement with the f
that at even higher conductives in the extended-chaos reg
usually an onset voltage between 10 and 14 V is fou
depending on the cell.

From the slopes of the straight-line fits to the fluctuati
data it is possible to extractu0. We find that allu0 values are
more or less the same with an average of 3.260.5 mrad. This
again is in good agreement with the theoretical valueu0
52.9 mrad presented in Sec. III A. Thus it appears that
worms are nucleated by thermally driven fluctuations.

Figure 8 showst vs e for severals. The lifetime in-
creases with decreasinge and becomes infinite below a ce
tain valuees . We assume that this value corresponds to
saddle node of the subcritical bifurcation, below which the
are no wormlike solutions. Experimentally it is difficult t
measurees directly because of the long time intervals r
quired for it. Thus we defineẽs as thee value wheret
reaches an arbitrarily chosen finite value which is very la
compared to the other time scales of the system. We ch
this cutoff time as 104 s. This time is very long, but still well
below the upper limit of 2.53104 s for the duration of the
experimental runs. An empirical exponential function w
fitted to the data fort(e). We definedẽs as the intersection
between this function and the linet5104 s as shown in Fig.
8. The value ofẽs presumably is systematically larger tha

FIG. 7. Solid circles: The critical voltageVc obtained from the
fluctuation measurements as a function ofs for d524 mm. Open
circles: The ‘‘saddle-node’’ point determined from the lifetime
the conduction state.
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the correspondinges , although we believe only by a few
percent. It should be a good measure for the subcriticality
the bifurcation.

The voltagesVs corresponding toẽs for cell 1 are shown
in Fig. 7 as open circles. One sees thatVs andVc approach
each other ass increases and either merge or cross neas
51.231028 V21 m21. This is illustrated in greater deta
in Fig. 9~a!, which showsẽs vs s. One sees thatẽs increases

FIG. 8. Averaged mean lifetimet of the conduction state vse
for s53.731029 V21 m21 ~open circles!, s55.031029

V21 m21 ~closed circles!, s56.531029 V21 m21 ~open squares!,
s58.231029 V21 m21 ~closed squares!, and s59.3831029

V21 m21 ~diamonds!. The cell thickness wasd524 mm. Expo-

nential functions were fitted to the data andẽs was determined by
finding the intersections of these functions and the linet5104 s as
shown in the plot.

FIG. 9. The extent of the subcriticality.~a! showsẽs as a func-
tion of the conductivitys. The straight line is a fit to the data. It
intercept with the horizontal axis givessc51.1531028 V21 m21

as an estimate of the point where the observed primary bifurca

becomes supercritical.~b! shows (2 ẽs)
1/2 as a function ofs. The

line is a fit of a quadratic equation to the data. It suggestssc

51.4231028 V21 m21 as the possible location of a tricritical b
furcation.
f

with increasings and approaches zero from below. The da
are consistent with a straight line, as shown in the figu
This line suggests thatẽs becomes 0 atsc51.15(60.1)
31028 V21 m21. For s.sc one observes a supercritica
bifurcation to extended chaos. This interpretation impl
that the saddle-node line of the subcritical bifurcation
worms simply crosses the supercritical bifurcation line
extended chaos and that there is no particular connec
between these two lines. This interpretation is indeed con
tent with recent theoretical predictions@24# which show that
the primary bifurcation should be supercritical over the e
tire s range of our experiment. In the absence of noise
worms would then bifurcate subcritically well aboveVc if
the extended chaos did not intervene forV.Vc . A remark-
able aspect of this system is that the nonlinear branch of
subcritical worm bifurcation can be reached from the co
duction state over a wide negativee range simply due to the
perturbing influence of thermally driven fluctuations.

An interpretation alternate to the one given above wo
involve a tricritical bifurcation@31,32# at the value ofs

FIG. 10. Examples of worms below onset fors50.40
31028 V21 m21 in a cell withd529 mm. Each image covers an
area of 1.2430.93 mm. The values ofe are given in the figure. The
director is in the horizontal direction.
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PRE 60 3917BIFURCATION TO WORMS IN ELECTROCONVECTION
where the bifurcation changes from supercritical to subc
cal. For a potential system without spatial extent this can
described in terms of a Landau free energy

F52
1

2
eA21

1

4
gA41

1

6
kA6, ~7!

with @to lowest order in (sc2s)#

g5g0~s2sc! ~8!

andg0 andk positive constants. Fors,sc Eqs.~7! and~8!
lead to a saddle-node line given by

A2es5
1

2

g0

Ak
~sc2s!. ~9!

Thus, in Fig. 9~b! we plot A2 ẽs as a function ofs. An
excellent fit to the data in this representation is given by

FIG. 11. Examples of worms below onset fors50.40
31028 V21 m21 in a cell withd529 mm. Each image covers a
area of 1.2430.93 mm. The values ofe are given in the figure. The
director is in the horizontal direction.

FIG. 12. Detailed image of the worm in the upper center of F
10 ate520.31. This worm consists of right-traveling waves whi
enter the envelope on the left and leave it on the right. The dire
is in the horizontal direction.
i-
e

e

solid line, which corresponds to an equation of the fo
A2 ẽs5a(sc2s)1b(sc2s)2. Near sc this is consistent
with Eq. ~9!. It yields sc51.4231028 V21 m21, which is
slightly larger than the value based on Fig. 9~a!. We con-
clude that the tricritical interpretation is also consistent w
the data, and that more detailed measurements will be
quired to distinguish between the two interpretations.

Finally, we call attention to the fact that the exact value
sc depends on the cell thickness. The measurements repo
here were done using cell 1 withd524 mm. For thicker
~thinner! cells sc is expected to be smaller~larger!.

C. Convection patterns

In Figs. 10 and 11 we show images of worms at seve
values of e obtained with cell 3 (d529 mm! for s50.4
31028 V21 m21. For these parameters we foundẽs5
20.31. As was noted before@10,11#, at voltages only very
slightly above the saddle-node voltageVs the worms are rare
and most of the sample is still in the conduction state. Ae
increases, the worms become more abundant, and nee

.

or

FIG. 13. Typical patterns aboveVc . The top is fors50.375
31028 V21 m21 ande50.008 in a cell withd524 mm and cov-
ers an area of 0.49230.492 mm. The bottom is fors51.31
31028 V21 m21 ande50.009 in a cell withd526 mm and cov-
ers an area of 0.49730.497 mm. The director is in the horizonta
direction.
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3918 PRE 60URS BISANG AND GUENTER AHLERS
50 they fill a large fraction of the cell. With increasinge the
nature of the worms also seems to change somewhat in
their appearance evolves from that of a single strand of c
to structures with a greater and more irregular structure in
direction perpendicular to the director. The worms sho
here have a somewhat different appearance from thos
Ref. @10#. However, we believe that their precise appeara
may be influenced by nonlinear optical effects which m
depend on the particular setting of the shadowgraph app
tus.

In Fig. 12 we show an enlargement of the worm in the t
center of Fig. 10 fore520.31. Above and below the cen
terline of the worm one can see that it consists of a supe
sition of zig and zag convection rolls. These rolls are trav
ing towards the right; i.e., they enter the worm envelope
the left and leave it on the right. The envelope itself is mo
ing only very slowly or not at all.

As e increases to positive values, the cell fills entire
with convection. In the extended-chaos regime the patter
a superposition of right- and left-traveling zig and zag ro
A snapshot is shown in the bottom portion of Fig. 13. The
patterns are very similar to those reported in Ref.@9#. At
smalls in the worm regime, the patterns are somewhat m
complicated, as shown in the top part of Fig. 13. The wo
structures are still discernible and the spacing between t
has become small; but in addition one has the impressio
a superposition of extended structures consisting of zig
zag rolls.

IV. SUMMARY AND OUTLOOK

We showed that measurements of the critical behavio
thermally induced fluctuations can be used to estimate
critical voltageVc of the conduction state. In the extende
chaos regime~relatively large conductivities! we found that
the director-angle fluctuations^u2& and the correlation length
j have, within our experimental resolution, thee dependence
expected on the basis of mean-field theory and diverge a
same point where the amplitude of the flowfields above on
begins to grow. This is consistent with a supercritical bifu
cation, as concluded previously@9#.

@1# For a recent review, see, for instance, M. C. Cross and P
Hohenberg, Rev. Mod. Phys.65, 851 ~1993!.

@2# For a recent review of pattern formation in liquid crystals, s
L. Kramer and W. Pesch, Annu. Rev. Fluid Mech.27, 515
~1995!; W. Pesch and U. Behn, inEvolution of Spontaneou
Structures in Dissipative Continuous Systems, edited by F. H.
Busse and S. C. Mu¨ller, Lecture Notes in Physics Vol. M55
~Springer, New York, 1998!.

@3# For a discussion of the properties of liquid crystals, see,
instance, P. G. de Gennes and J. Prost,The Physics of Liquid
Crystals ~Clarendon Press, Oxford, 1993!; S. Chandrasekhar
Liquid Crystals~Cambridge University Press, London, 1992!;
L. M. Blinov and V. G. Chigrinov,Electro-optic Effects in
Liquid Crystal Materials~Springer, New York, 1994!.

@4# For a discussion of early experiments, see, for instance, I.
hberg, B. L. Winkler, M. de la Torre Jua´rez, S. Rasenat, an
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For smaller conductivities, the measurements ofVc
showed that the bifurcation from the conduction state
worms is subcritical. We determined the smallest voltageVs

at which worms formed at all, and definedẽs5Vs
2/Vc

221 as

the range of the subcritical worm regime. We measuredẽs as
a function ofs. Our data were not detailed enough to det
mine whetherẽs simply crossed the linee50 at a finite
angle or whetherẽs vanished in proportion to (sc2s)2 as
expected for a tricritical bifurcation atsc . The former is
expected on the basis of recent theoretical calculations
Treiber and Kramer@24#, who found that the worm saddl
node is not directly connected to the supercritical bifurcat
to the extended state. The latter would be the more us
situation@31,32# when a subcritical bifurcation evolves into
supercritical bifurcation via a tricritical bifurcation.

The determinations ofẽs have been quite time consuming
and theirs resolution is limited by drifts in the conductivity
of the samples. Nonetheless we feel that eventually it may
possible to obtain data with sufficient resolution to dec
experimentally between the two cases considered ab
namely, whetherẽs}s2sc or whetherẽs}(s2sc)

2. An-
other way to determine the nature of the bifurcation nearsc
is to measure the initial slopeS1 of the e dependence of the
mean-square amplitude of the director angle

^u2&5S1e ~10!

above onset. In the supercritical regime this slope sho
diverge atsc as (s2sc)

21 if the bifurcation is of the tric-
ritical type, whereas the calculations based on the WEM@24#
predict that this slope should remain finite. Either of the
approaches is a significant undertaking, and in the end
fortunately may be limited by sample stability.
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