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Resonant activations for a fluctuating barrier system driven by dichotomous noise
and Gaussian white noise
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We consider the escape over a fluctuating barrier in the presence of a dichotomous noise and a Gaussian
white noise. It is shown that the mean first passage time~MFPT! over the fluctuating barrier displays two
resonant activations. One is the resonant activation of the MFPT as a function of the flipping rate of the
fluctuating potential barrier; the other is the resonant activation of the MFPT as a function of the transition rate
of the dichotomous noise. In addition, we find that the dichotomous noise can weaken the former resonant
activation, but enhance the latter one. By further study, we find that, when the fluctuating potential barrier is
driven by two or more dichotomous noises, there are three or more resonant activations.
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PACS number~s!: 05.40.2a, 02.50.2r, 82.20.Mj
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Noise-induced nonequilibrium phenomena in nonline
systems have recently attracted a great deal of attention
variety of contexts@1#. In general, these phenomena invol
a response of the system that is not only produced or
hanced by the presence of noise, but that is optimized
certain values of the parameters of the noise. One examp
the phenomenon of stochastic resonance@2#, wherein the re-
sponse of a nonlinear system to a signal is enhanced by
presence of noise and maximized for certain values of
noise parameters. Another is the ‘‘Brownian motors
wherein intrinsically unbiased Brownian motion in stochas
spatial periodic potentials with spatial asymmetry or no
asymmetry leads to a systematic drift motion whose mag
tude and even direction can be tuned by parameters of
noise@3#. A third is the recent discovery of a reentrant nois
induced phase transition that is only observed for cer
finite ranges of noise parameters@4#. A fourth such phenom-
enon, the one of interest to us in this paper, has been ca
‘‘resonant activation’’ and was first identified by Doerin
and Gadoua@5# and further studied by a number of oth
authors@6–16#. Here the mean first passage time~MFPT! of
a particle driven by~usually white! noise over a fluctuating
potential barrier exhibits a minimum as a function of t
parameter of the fluctuating potential barrier~usually the
flipping rate of the fluctuating potential barrier!.

Earlier studies of the activation of the MFPT over fluct
ating potentials were restricted to limiting cases, i.e., sl
@17# or fast@17,18# barrier fluctuations, or small fluctuation
@19#. Owing to using approximate treatments in Refs.@17–
19#, the resonant activation cannot be observed. Recentl
Refs.@5–16#, the authors reported results concerning the
cape time~i.e., MFPT! over a fluctuating potential in the
absence of approximate treatments as in Refs.@17–19#. They
revealed a resonant activation~RA! of the MFPT as a func-
tion of the potential fluctuation flipping rate.

All of the above work for the RA of the MFPT over
fluctuating potential barrier has been focused on syst
driven only by a Gaussian white noise. One unavoida
wants to ask the question, i.e., if the systems are driven b
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Gaussian white noise and a dichotomous noise simu
neously, how is the situation? In this paper, we shall stu
the escape time over a fluctuating potential barrier in
presence of a Gaussian white noise and a dichotomous n
For simplicity and convenience, we take the fluctuating p
tential barrier as a piecewise linear one depicted in Fig. 1
our study, we will find a new phenomenon; i.e., there are t
RA’s, which are, respectively, for the MFPT a function o
the flipping rate of the fluctuating potential barrier and f
the MFPT a function of the transition rate of the drivin
dichotomous noise.

The Langevin equation of the model studied by us is~in
dimensionless form!

ẋ52V8~x,t !1j~ t !1h~ t !, ~1!

whereV8 denotes the derivative of the potentialV ~depicted
in Fig. 1! with respect tox. j(t) is a Gaussian white noise
with zero mean and correlation function̂j(t)j(t8)&
52Dd(t2t8). h(t) is a dichotomous noise with zero mea
and correlation function ^h(t)h(t8)&5(D/t)exp@2ut
2t8u/t#5a2exp@2lut2t8u#. Hereh(t) has two values6a
(a.0), and 1/(2t)5l/2 is the transition rate ofh(t) from a
to 2a or vice versa. The potentialV(x,t) is piecewise linear
and fluctuating~see Fig. 1!.

The master equation of Eq.~1! is @20,21#

FIG. 1. The fluctuating barrierV(x,t) in Eq. ~1!.
1324 © 1999 The American Physical Society



s
r-
f
ot

e

i-

at

PRE 60 1325RESONANT ACTIVATIONS FOR A FLUCTUATING . . .
] tS P1

P2

P3

P4

D 5S L̂1 l g 0

l L̂2 0 g

g 0 L̂3 l

0 g l L̂4

D S P1

P2

P3

P4

D , ~2!

where L̂152g2l1]x(E12a)1D]x
2 , L̂252g2l

1]x(E11a)1D]x
2 , L̂352g2l1]x(E22a)1D]x

2 , and

L̂452g2l1]x(E21a)1D]x
2 , and P15P(x,t,E1 ,a), P2

5P(x,t,E1 ,2a), P35P(x,t,E2 ,a), and P45P(x,t,E2 ,
2a). P15P(x,t,E1 ,a) represents that the particle is atx,
the potential is inV5E1 configuration, and the dichotomou
noise is inh(t)5a configuration. There is the same unde
standing forP2 , P3, andP4 . g denotes the flipping rate o
the fluctuating barrier. We start with the particle at the b
tom (x521), so the initial condition is( i 51

4 Pi(x,0)5d(x
11). The boundary conditions for the reflecting (x521)
and absorbing (x50) boundaries, respectively, ar
]xPi(x,t)ux52150 andPi(x,t)ux5050.
g

-

The equations of the MFPT’s for Eqs.~2! are~see Appen-
dix A!

@2g2l2~E12a!]x1D]x
2#T11lT21gT31150,

@2g2l2~E11a!]x1D]x
2#T21lT11gT41150,

@2g2l2~E22a!]x1D]x
2#T31lT41gT11150,

@2g2l2~E21a!]x1D]x
2#T41lT31gT21150, ~3!

whereTi ( i 51, 2, 3, and 4! is the MFPT corresponding to
the probability densityPi . The absorbing boundary cond
tion and the reflecting boundary condition of Eq.~3! are
Ti(0)50 and]xTi(21)50 (i 51, 2, 3, and 4!, respectively.
The MFPT for a particle over the fluctuating barrier th
starts at the bottom (x521) is T5( i 51

4 Ti(21). Taking
]xTi5si ( i 51, 2, 3, and 4!, we derive
]x1
T1

s1

T2

s2

T3

s3

T4

s4

2 5

¨

0 1 0 0 0 0 0 0

g1l

D

E12a

D
2

l

D
0 2

g

D
0 0 0

0 0 0 1 0 0 0 0

2
l

D
0

g1l

D

E11a

D
0 0 2

g

D
0

0 0 0 0 0 1 0 0

2
g

D
0 0 0

g1l

D

E22a

D
2

l

D
0

0 0 0 0 0 0 0 1

0 0 2
g

D
0 2

l

D
0

g1l

D

E21a

D

© 1
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s1
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s2
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2
1

D

0

2
1

D

0
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1
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0

2
1

D

©
. ~4!
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f

WhenE11E2Þ0, the solution of Eq.~4! is ~see Appen-
dix B!

si5(
j 51

7

kj
( i )Aj

(1) exp~l j x!1
4

E11E2
,

Ti5(
j 51

7 kj
( i )Aj

(1)

l j
exp~l j x!1B8

(1)1Fi1
4

E11E2
x, ~5!

where i 51, 2, 3, and 4,l j ( i 51, 2, . . . ,7! are seven inde-
pendent nonzero eigenvalues of the matrix of the homo
neous part aboutTi andsi ( i 51, 2, 3, and 4! in Eq. ~4!. The
coefficientskj

( i ) andFi ( i 51, 2, 3, and 4! have been given in
Appendix B. Substituting Eq.~5! into the boundary condi-
tions Ti(0)50 andsi(21)50 (i 51, 2, 3, and 4!, one can
obtain eight linear algebraic equations forAj

(1) ( j 51,
e-

2, . . . ,7! andB8
(1) . From these linear algebraic equations, o

can deriveAj
(1) andB8

(1) . The MFPT for a particle over the
fluctuating barrier is

T5(
i 51

4

Ti~21!

5(
i 51

4

(
j 51

7 kj
( i )

l j
Aj

(1)e2l j14B8
(1)1(

i 51

4

Fi2
8

E11E2
. ~6!

Here, the condition for validity of formula~6! is E11E2
Þ0.

By numerical calculus based on Eq.~6! we find that for
Eq. ~1! there are two RA’s for the MFPT. One is the RA o
the MFPT as a function of the flipping rateg of the fluctu-
ating potential barrierV(x,t) ~the first RA!; the other is the
RA of the MFPT as a function of the transition ratel of the
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dichotomous noiseh(t) ~the second RA!. The first RA is the
same as that proposed by Doering and Gadoua@5#, and stud-
ied in Refs.@6–16#. In order to avoid unnecessary repetitio
we do not present a figure that is basically similar to the o
in Refs. @5–16#. In Fig. 2 we plot the behavior of the ln o
the MFPT numerically based on Eq.~6! with respect to the ln
of the dichotomous noise transition ratel. The figure shows
that there is a RA~the second RA! in the dynamics of the
MFPT with an increase of the transition ratel of the di-
chotomous noise. A reason for this RA happening here
given below~the reason for the first RA was given in Re
@5#!. The resonance in Fig. 2 occurs when the crossing ta
place with the dichotomous noise most likely in the2a con-
figuration. Now the MFPT has a local minimum for the d
chotomous noise transition rate on the order of the invers
the time required to cross the fluctuation barrier with t
dichotomous noise in2a configuration. A point~1! marked
in Fig. 2 is the point where the transition time equals t

FIG. 2. The ln of the MFPT over the fluctuation barrier vers
the ln of the dichotomous noise transition rate withg510, E1

510, E2514, a56, andD51.
e

is

es

of

e

MFPT over the fluctuating barrier with the dichotomo
noise in the2a configuration, which accords with the abov
reason for the RA happening in Fig. 2.

In Figs. 3~a! and 3~b!, for different values of dichotomous
noise strength we represent the ln of the MFPT as a func
of the ln of the potential barrier fluctuation flipping rate an
as a function of the dichotomous noise transition rate,
spectively. The figures show that as the dichotomous no
strength increases, the resonant behavior of the MFPT
function of the barrier fluctuation flipping rate becomes mo
and more indistinct, but the resonant behavior of the MF
as a function of the dichotomous noise transition rate
comes more and more distinct. So the dichotomous noise
weaken the first RA, but enhance the second RA. In addit
Figs. 3~a! and 3~b! also show that with increasing the d
chotomous noise strength the value of the MFPT over
fluctuating potential barrier decreases, and its minim
value moves toward right.

Below we consider the case whenE11E250. By nu-
merical simulation and analysis we can find that whenE1
1E250 there are six nonzero real independent eigenva
and two zero eigenvalues for the matrix of the homogene
part in Eq.~4!. Now we have@note]xTi5si ( i 51, 2, 3, and
4!#

si5(
j 51

6

Cj
( i ) exp~r jx!1C7

( i )1C8
( i )x,

Ti5(
j 51

6 Cj
( i )

r j
exp~r jx!1D7

( i )1C7
( i )x1

1

2
C8

( i )x2, ~7!

where r j ( j 51,2, . . . ,6! are the six nonzero eigenvalues
the matrix of the homogeneous part in Eq.~4!. From Eq.~4!
and the boundary conditions forTi and si , using a similar
method which has been used when calculating formula~6!,
f
FIG. 3. For different values of the dichotomous noise strength~1! a53, ~2! a56, and~3! a512, the ln of the MFPT versus the ln o
the barrier fluctuation flipping rateg with l510 ~a! and the ln of the MFPT versus the ln of the dichotomous noise transition ratel with
g510 ~b!. E1510, E2514, andD51.
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we can deriveCk
( i ) and D7

( i ) ( i 51, 2, 3, and 4,k51,
2, . . . ,8!. The MFPT for a particle over the fluctuating barri
is

T5(
i 51

4

(
j 51

6 FCj
( i )

r j
e2r j1D7

( i )2C7
( i )1

1

2
C8

( i )G . ~8!

Further study shows that whenE11E250 there is the same
phenomenon as reported above.

In Eq. ~1!, the fluctuating potential barrier is only drive
by a dichotomous noise. When the fluctuating potential b
rier is driven by two or more dichotomous noises, furth
study shows that there are three or more resonant activa
~a detailed theory is under study!. In addition, when the fluc-
tuating potential barrier is not piecewise linear, such a
2V8(x,t)52U8(x)1h0(t)g(x) @whereU(x) is a bistable
potential or a multitable potential,h0(t) is a noise which
takes on the values61 ~the transition rate between61 is
g), coupled tog(x), and causes the potential barrier to flu
tuate#, as long as there is the dichotomous noisej(t) in Eq.
~1! the phenomenon~i.e., there are two resonant activation!
reported by us in the paper still exists.

Because the model with a fluctuating potential barrier
of generic interest in chemistry@22#, biology @23–25#, phys-
ics, and other sciences, our results probably apply t
broader class. Furthermore, in our case, the dependenc
the RA as a function of the transition rate of the dichotomo
noise, which is an external random force, would make c
trol of the RA easier in an experimental search.

This research was supported by the China Postdoct
Science Foundation.

APPENDIX A: THE MFPT EQUATIONS FOR EQ. „2…

The backward master equation for master equation~2! is
@20,21#

] tS G1

G2

G3

G4

D 5S L̂18 l g 0

l L̂28 0 g

g 0 L̂38 l

0 g l L̂48

D S G1

G2

G3

G4

D , ~A1!

where L̂1852g2l2]x(E12a)1D]x
2 , L̂2852g2l

2]x(E11a)1D]x
2 , L̂3852g2l2]x(E22a)1D]x

2 , and

L̂4852g2l2]x(E21a)1D]x
2 .

The MFPT is defined as@20#

Ti~x!52E
0

`

t] tGi~x,t !dt5E
0

`

Gi~x,t !dt, ~A2!

wherei 51, 2, 3, and 4.
From Eqs.~A1! and~A2!, one obtains the equations of th

MFPT:

@2g2l2~E12a!]x1D]x
2#T11lT21gT31150,
r-
r
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a
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@2g2l2~E11a!]x1D]x
2#T21lT11gT41150,

@2g2l2~E22a!]x1D]x
2#T31lT41gT11150,

@2g2l2~E21a!]x1D]x
2#T41lT31gT21150.

~A3!

APPENDIX B: SOLUTION OF EQ. „4…

By numerical simulation and analysis we can find th
whenE11E2Þ0 the eigenvalues of the matrix of the hom
geneous part aboutTi andsi ( i 51, 2, 3, and 4! in Eq. ~4! are
real and independent, and there is a zero eigenvalue.
general solutions of Eq.~4! whenE11E2Þ0 are

si5(
j 51

7

Aj
( i ) exp~l j x!1A8

( i )1A9
( i )x,

Ti5(
j 51

7

Bj
( i ) exp~l j x!1B8

( i )1B9
( i )x, ~B1!

wherei 51, 2, 3, and 4, andl j ( i 51, 2, . . . ,7! are the above-
mentioned nonzero eigenvalues. Substitutingsi and Ti into
]xTi5si one can obtainBj

( i )5Aj
( i )/l j , A9

( i )50 and B9
( i )

5A8
( i ) . So we have

si5(
j 51

7

Aj
( i ) exp~l j x!1A8

( i ) ,

Ti5(
j 51

7 Aj
( i )

l j
exp~l j x!1B8

( i )1A8
( i )x. ~B2!

Substituting Eq. ~B2! into Eq. ~4! and using the
comparing-coefficient method, we get

A8
( i )5

4

E11E2
,

B8
( i )5B8

(1)1Fi ,

Aj
( i )5kj

( i )Aj
(1) , ~ i 51, 2, 3, and 4, j 51,2, . . . ,7!

~B3!

with
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F150, F252
g

l~l1g!
2

4a

l~E11E2!
,

F352
l

g~l1g!
2

4E1

g~E11E2!
, F4521/l21/g2

4a

l~E11E2!
1

4E1

g~E11E2!
,

kj
(1)51, kj

(2)5
l22g21~Dl j

22g2l2E11a!~Dl j
22g2l2E21a!

l~22Dl j
212g12l1E11E2!

,

kj
(3)5

1

g Fg1l1E12a2Dl j
21

l22g21~Dl j
22g2l2E11a!~Dl j

22g2l2E21a!

2Dl j
222g22l2E12E2

G ,

kj
(4)5

1

g H 2l1
~g1l1E11a2Dl j

2!@l22g21~Dl j
22g2l2E11a!~Dl j

22g2l2E21a!#

22Dl j
212g12l2E11E2

J .

Substituting Eq.~B3! into Eq. ~B2!, one can obtain

si5(
j 51

7

kj
( i )Aj

(1) exp~l j x!1
4

E11E2
,

Ti5(
j 51

7 kj
( i )Aj

(1)

l j
exp~l j x!1B8

(1)1Fi1
4

E11E2
x. ~B4!
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@7# U. Zürcher and C. R. Doering, Phys. Rev. E47, 3862~1993!.
@8# C. Van den Broeck, Phys. Rev. E47, 4579~1993!.
.

e

.

@9# P. Pechukas and P. Ha¨nggi, Phys. Rev. Lett.73, 2772~1994!.
@10# A. J. R. Madureira, P. Ha¨nggi, V. Buonomano, and W. A.

Rodrigues, Jr., Phys. Rev. E51, 3849~1995!.
@11# P. Hänggi, Chem. Phys.180, 157 ~1994!.
@12# P. Reimann, Phys. Rev. E49, 4938~1994!; 52, 1579~1995!.
@13# P. Reimann, Phys. Rev. Lett.74, 4576~1995!.
@14# M. Marchi, F. Marchesoni, L. Gammaitoni, E. Menichella

Saetta, and S. Santucci, Phys. Rev. E54, 3479~1996!.
@15# J. Iwaniszewski, Phys. Rev. E54, 3173~1996!.
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