RAPID COMMUNICATIONS

PHYSICAL REVIEW E VOLUME 59, NUMBER 5 MAY 1999

Thermodynamics of photons in relativistice*e™ y plasmas

M. V. MedvedeV
Harvard-Smithsonian Center for Astrophysic80 Garden Street, Cambridge, Massachusetts 02138
(Received 9 December 1998

Thermodynamic and spectral properties of a photon gas @ y plasmas are studied. The effect of a finite
effective mass of a photon, associated with the plasma frequency cutoff, is self-consistently included. In the
ultrarelativistic plasma, the photon spectrum turns out to be universal with the temperature normalized plasma
frequency cutoff as a fundamental constant independent of plasma parameters. Such a universality does not
hold in the nonrelativistic plasmf&S1063-651X99)50305-X

PACS numbsgps): 05.30.Jp, 95.30.Tg, 52.40.Db, 52.60

It is well known that a photon gas, which is in thermody- rium spectrum of photons in the ultrarelativistic case (
namic equilibrium with matter, exhibits the Planckian black->m.c?) turns out to beuniversal
body energy spectrum. This is correct only if matter is elec-

trically neutrql (for .e.xa'mple', an at(_)m|c g}.aS/vhere the . (1) The frequency cutoff normalized by temperature fara
thermodynamic equilibrium is established via photon emis-
damental constanindependent of any plasma param-

sion and absorption in atomic transitions. Such an equilib- eters

rium no longer forms in ionized gaséplasmas where the : . :

) . - (2) The simple, power-law scalings of thermodynamic pa-
number of charged particles is not negligible. An electro- rameters such as pressure. density. etc. vs temperature
magnetic wave(photon is strongly coupled to collective  BUFER ELE) RS LR T e
plasma excitations via oscillating electric and magnetic hotons as well. Numerical refa{ctors however, modify
fields. The dispersion relation of photons in a plasmads P X ' P ' '

2 12 o . self-consistently.
~wyt+k°c®, where w, is referred to as the plasma fre-
qguency, which depends on plasma paramgig, densities

of el_ectrons and_ positrohsQuite intere_stingly, such a dis- At the end of the paper, we also briefly consider a nonrela-
persion may be interpreted as a mz;mfestanon of a fieite tivistic case and discuss implications for the cosmic micro-
fective masf a photon,m,~%w,/c®. There are no pho- e background spectrum distortion, purely radiative fire-
tons with energies lower than its effective rest energyya model of y-ray bursts, and stellar interiors.
Hence, one may expect a cutoff in the Planckian spectrum Here we should comment on one important point. The gas
for frequenciesn<w,. A new, modified blackbody distri- of photons obeys the Bose-Einstein statistics with a vanish-
bution of photons forms in this case. The shape of the spegng chemical potential and, also, is assumed to be in thermo-
trum is controlled by the densities of electrons and positronsdynamic equilibrium with matter which, in general, has a
It is remarkable that in the relativistic plasma, the electromonvanishing chemical potential. On the other hand, one of
and positron number densities are, in tuself-consistently the conditions of thermodynamic equilibrium is the equality
determined from thesquilibrium between the photons and of the chemical potentials of the interacting systems. This
the electrons, and positrons, with respect to ¢i@ -pair  contradiction may be resolved by treating the process of ra-
production. diation as a first-order phase transitid®ose condensation
Obijects with hot, positron-electron-photoa’e™ y) plas-  and properly taking into account the equality of the chemical
mas, referred to as fireballs, are not rare in astrophysics. Fquotentials of matter and radiation. An excellent discussion of
example, such fireball conditions are believed to be realizethis subject may be found in Reff3]. The deviation of a
at early stages of the formation of the universee, for photon spectrum from the Planck distribution may be signifi-
example[1]), in energetic cosmological explosions that pro-cant in the nonrelativistic plasmas, where thermodynamic
duce y-ray bursts(see[2] for review), etc. Hence, the study equilibrium is established via, for example, Compton scatter-
of thermodynamic and statistical properties of a gas of phoing of a photon ore™ or e™. In the ultrarelativistic regime
tons in thee*e™ y fireballs is of both academic and practical (considered in this paper two- and three-photon
interest. annihilation/creation of ar*e~ pair dominate and are re-
In this paper, we find a self-consistent, blackbody radia-sponsible for establishing thermodynamic equilibrium. The
tion spectrum and thermodynamic properties of the photorhemical potential of a®™ e~ pair is identically zero(by
gas in theee™ y fireball plasma. In particular, the equilib- definition,e™ ande™ have equal but opposite sign chemical
potentialg and the condition of the equality of the chemical
potentials of matter and radiation is satisfied automatically.
*Also at the Institute for Nuclear Fusion, RRC “Kurchatov The Planck statistics of photons is thus valid in the ultrarela-
Institute,”  Moscow 123182, Russia. Electronic  address:tivistic e*e™ y plasma.
mmedvedev@cfa.harvard.edu Ultrarelativistic case.The dispersion relation of electro-
TURL: http://cfa-www.harvard.edtiimmedvede/ magnetic waves in the ultrarelativistic plasma reptls
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modynamic quantitie&.g., density, energy, entropy, ¢tdo
, (D not exhibit universal, power-law scalings. For photons, how-

w2
1_ k2C2 In
ever,m, T and the univers&Planckian scalings are recov-
2

whereo —Ea4weinac2/3T is the relativistic plasma fre- ered. Numerical coefficients, however, modify self-

p,rel— 3
qguency,e, andn, are the charge and number density ofconsistently. .
Now, we writen,=fng|, where

speciesa, the sums,, goes over all relativistic T>m,c?)
species, i.e., electrons and positrons in our case, and the con- No=[2¢(3)/w21(T/He)3
tribution from nonrelativistic species, which i8¢/ T times P 203/ )y
smaller, is neglected here. An exact analytical solution to thig(3)=1.2 is the Riemann zeta function of 3, afdis a

kZC2 3 w,zjyrd

3 w—kc‘ 2w
w? 4 wkc

w+kc|_k_c

equation is unknown. The asymptotic behavior constant to be calculated. Hereafter, the subscript “PI” de-
5 notes values calculated for the Planckian distribution. Then,
05 (et gkzcz, w>kc Eq. (4) becomes
w'= 3 @ - x2dx
§w§,rel+ k2c?, w—Kkc, 25(3)f=J0 exqm)_l' (5)
?u)ggests, however, the following approximate solution to quvhere
1):

ho 14£(3)\ Y2
W= 0 K, 1) A= Tp're'=<ae 32 ) ~6.44x10 2 (6)
which roughly satisfies both asymptotes and, also, isthe and a,=e?/#c is the fine structure constant. Givén the
act dispersion relation in the nonrelativistic plasma. A directenergy density, pressure of the gas of photons, as well as
numerical comparison of Eq$l) and (1) shows that the other thermodynamic parameters, may be calculated straight-
fractional error of the approximation does not exceed 3%. forwardly [5]:

In the ultrarelativistic plasma, the electrons and positrons

are in thermal equilibrium. Hence, their number densities are T = JAZF+x2x2dx 7a
equal anchg+=ng-= %ny, where the factor 7/8 accounts for €y~ w2ﬁ303f AZf1x2)— 1
the difference in Fermi and Bose statistibs6], andn,, is the 0 expyATT x5 ~1
number density of photons. The relativistic plasma frequency 4 3
now becomes 1. 7 - x“dx
Py=3 —273.3 - (70)
7 3 mhvc” Jo exp(VAZF+x2) -1

5 4me’n.c?  7me’nc?
"’p,reI:Z 3T 3T 3 Numerically solving Eq(5) for f=(1+ 6f,) and using Egs.
(7), one finally obtains
Note here that the plasma frequency depends on the density

of photons to be determindd]. n,=(1+8fn)np,  8fn=3.4x10°7, (8a)
The occupation numbers for a gas of photons are given by _ _ 4

the Bose-Einstein distribution with a vanishing chemical po- €,=(1+ ot )ep, O =52x10"7, (8D)

tential: n(k) ={exg%o(k)/T]—1} . The number density of _ _ 5

photons is formally written as followgs]: p,=(1+6f)pp, ofp,=1.0x10"", (80

where ep=3pp=(72/15)(T*#3c®). It is well known that
4) the equation of state of a gas of nonrelativistic massive par-
ticles, T<m¢, is p,,=%¢,,, and that of ultrarelativisti¢or
masslessparticles, T>mc, is p,=%¢,. Since photons in
where we made use of the fact that the degenegae® for  the relativistic plasma turn out to be “subrelativistic,”
photons(two independent polarizatiopsThis equatiorself-  Zwp o)/ T~5X 1072, we expect that the effective equation
consistentlydetermines the number density of photons in theof state of photons will bg ,=ae,,, i<a<Z. Indeed, from
e*e” vy fireball plasma where the plasma frequency cutoffEgs. (8) it follows thatp,/e,=(1+ 6f,— 6f )ppi/€p, and
(i.e., the effective photon massn turn, depends on,, . we have
To proceed further we note a remarkable fact. NameJy,
andT enter Eq(4) in combinatiomy/T3. Then, the solution
to this equation must be sought in the form= consix T3
with the const to be determined from Ed). Thus, the pa- o o
rametrizationn, = T3 removesexplicit temperature depen- ~ The blackbody equilibrium radiation spectrum from the
dence of the integral in Eq4). Hence this solution fon., is ultrarelativistic e*e™ y fireball plasma is easily obtained
universal Note, this is usually not the case for particles with from Eq. (7a):
nonzero mass. Since n(p)=[exp(/m’c*+[p[?c?/T)
—1]71, temperature enters the integral over particle mo- T “’szc V“’azc_Azf
menta,p, via the combinationric/T)?, so that all the ther-

T3 Joc x2dx
n,= ’
v mhc® Jo exp(\7we?h?c?n J3T3+x2) — 1

1
p7:§(1+5.o>< 10 Ye, . (9)

dey( Wy ) = ’772ﬁ3C3 e% —1 dw* ’ (10)
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off frequency to be smaller than that in the ultrarelativistic
regime. The density of charged particles is easily calculated

[5]:
mec\8 T \3 2mgc?\ |2
) el ot -7
(12

whereny is the residual density of electrons&t0 (i.e., in
the absence of pair creatipn

A few estimates below show that the effect of the plasma
frequency cutoff is usually small, unless a plasma is ex-
tremely dense and “cold.” First, most of the explosion en-
ergy in cosmological, purely radiative firebafisany),—the

3

2
na+ —
0 773

Ngx=

FIG. 1. Normalized blackbody equilibrium spectrum of radia- v-ray burster{GRB)—is emitted when the system becomes
tion from thee™ e~ y relativistic plasma and the Planckian spectrum optically thin for radiation. This occurs af=20keV [2]

vs dimensionless frequency,, = w/T.

where o, =fiw/T is the dimensionless frequency. Note _qn4-8

again that this spectrum imiversal The low-frequency cut-
off scales with temperature in such a manner thaf, /T

=A\/f=const. The value of the low-frequency cutoff is a

fundamental constargiven by Eq.(6) [correction due td,
Eq. (89) is small and may be neglectednd independent of

when the e*e -pair density drops tong:~ 1l/otRin
~10"cm 3. The low-frequency cutoff is #w,/T)gre

, which is hardly observable. Second, distortions of
the cosmic microwave backgrouif@MB) energy spectrum
may be traced up to redshifts af-10® [1]. Taking the re-
sidual density of electronsy~ 10 °np, and temperaturd
~fewkeV, we estimate the cutoffh(wp/T)CMB~10*7.
Third, in the center of the sunp,~10%°cm™3 and T

any parameters of the plasma. The universal, blackbody en- 1 4 kev, which yield the cutoff{w,/T)s,~0.2; that is,

ergy spectrum of radiation from the*e™y relativistic

the cutoff is close to the Planckian thermal peak. The effect

plasma is shown in Fig. 1. The Planckian spectrum is showpy, the solarand stellay models will be addressed in future

for comparison.

At last we comment that the radiation from a relativistic

publications.
To conclude, the thermodynamics of a gas of photons in

fireball isalways blackbodyindeed, for a nonthermal radia- {he gt e~ plasma is studied. The deviation from the Planck
tion spectrum to occur, the linear size of the system shouldjistribution occurs because no photons with frequencies be-

be R<7/otnp(T~me?) <10 *cm (o7 is the Thompson
cross section and=<1 is the optical depth of the plasma
which is microscopically small.

Nonrelativistic caseThe universality of the photon spec-
trum breaks down at plasma temperatures belowm,c?.
The dispersion relation is exactly E¢l’) with wf,‘,e, re-
placed by its nonrelativistic counterpart:

2
p Me

47reng-
=, 11

w

where ng==ng++ne- and contributions from heavier par-
ticles are neglected. When the temperature drops belgy

low the plasma frequency exist in the plasma. Equivalently,
photons in the plasma acquire an effective mass. In the ul-
trarelativistic plasmajT>m.c?, the effective photon mass
scales agn,= TA/c? with A as the fundamental constant
(independent of any plasma parametegisren by Eq.(6).
Hence, the equilibrium(blackbody spectrum exhibits uni-
versal properties. The power-law scalings of thermodynamic
parameters vs temperature for massive photons are the same
as those for the Planck distribution, but with different nu-
merical prefactors. In contrast, thermodynamics of photons
in the nonrelativistic plasma is not universal.
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