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We study analytically and numerically the statics and the off-equilibrium dynamics of spin models over
finitely connected random graphs. We identify a threshold value for the connectivity beyond which the loop
structure of the graph becomes thermodynamically relevant. Glauber dynamics simulations show that this loop
structure is responsible for the onset of dynamical features of a local chai@datemical heterogeneities and
spontaneous time scale separatj@onsistently with previougexperimental and numerigadtudies of glasses
and spin glasses in their approach to the low temperature pl&Ke63-651X99)51002-7

PACS numbdps): 05.40—a, 75.10.Nr, 64.60.Cn

Among the characteristic features of the equilibrium and
off-equilibrium behavior of complex physical systems such H= X Ji i Sy S (1)
as glasses or granular materials, two basic ones are the het-
erogeneit.ies occurring in th.e spatial distribut_ion of particlesynere the indices, ,
and the time scale separation in the relaxation processes gf -1, vertesi bearing an Ising spirs, and the couplings
the different degrees of freeddm—4]. The issue of building  associated to the random b’onds assume values of
a clear connection between such local structures and the glo-t’ " 'K i . o
bal relaxation process is currently an open basic topic. In thi€rder 1[to be compared W'ﬂ@(ll‘m) as in usual infinitely
context, simple spin models have played a crucial role, botffonnected modelsWe consider graphs with finite connec-
for the analytical studies that have provided a possible meartlVity, in which the notion of distance is simply the minimal
field theory of the glass transitiofs] and for numerical number of bonds on a path connecting two sites, also re-

simulations. In particular, the study of mean field spinfe€red to axchemicaldistance.
glasses with infinite connectivity has allowed us to under- In the study of randonthypejgraphs the control param-

stand some features of both the stafiésand dynamics of eter is the average density Qf_ bonds(or the average con-
the glassy phasg’]. However, intrinsic to the above models Nectivity C=K!y). For densities small enough, the graph
is the topology of the connections which cannot account foffOnsists of many small connected clusters of & N). If
any local structure, each site being connected with all othersy increases up to the percolation valyg, there appears a
In this Rapid Communication, we will discuss the rela- SPanning cluster containing a finite fractlon. of thesites in
tionship between the topology of interactions, in the spirit ofthe limit of largeN. However, such a spanning cluster @n
random networks[8,9], and the onset of heterogeneous Priori hav_e a treelike structure, for Wh_lch the randomness of
glassy dynamics in models that allow some analytical underth€ couplingsJ; . ; =*1 can be eliminated by a gauge
standing, namely, interacting spin models defined over rantransformation on the spiriust like in the one-dimensional
dom graphs with finite connectivity. We will provide analyti- random bonds Ising modelThis leads to the definition of a
cal and numerical results that clarify some basic differencesecond threshold value for the densjtydefined as that criti-
between infinitely connected and finitely connected mearcal densityy, at and beyond which frustration in the system
field spin models and, more interestingly, identify a simplecannot be removed by such a gauge transformation, and
link between the loop structure of the random lattice, thetherefore gives a macroscopic contribution to the thermody-
nature of the couplings and the glassy heterogeneous dynamamics, raising both internal energy and entropy in the sys-
ics. As we shall discuss, in finitely connected mean fieldlem. Geometrically this threshold corresponds to the appear-
models the nontrivial underlying topological structure of theance of an extensive number of loops in the spanning cluster
links is responsible for the appearance of nonequilibriumand it has been namgercolation of order(PO) transition in
phenomena of local natuboth in space and timeand the  Ref. [10]. While, for randomK =2 graphs, the two transi-
numerical results turn out to be in remarkable agreementions are known to coincidgl0], here we shall study thi
with those of finite dimensional systems. =3 hypergraph structure. While the notion of loops in hy-
Given a graplg=(V,E), whereV is the set olN vertices pergraphs is rather counterintuitive, the idea of frustration
and E is the set of bonds joiningk=2 (graph$ or K>2 retains its simple physical interpretation. The study of the
(hyper-graphpvertices, the spin Hamiltonians take the form onset of frustration in the ground state phase diagram of the
associated randoid =3 spin glass model, will allow us to
show that the percolation transition and the PO transition
*Present address: Laboratoire de Physique Theorique et Hautes are well separated. Interestingly enough, by resorting to
Energies, Bdment 210, Universit®aris—Sud, 91405 Orsay Cedex, extensive Glauber dynamics simulations, we shall also show
France. Electronic address: barrat@qcd.th.u-psud.fr that such a change in the graph structure is responsible for
TElectronic address: zecchina@ictp.trieste.it the onset of heterogeneous glassy dynamics.

. ik run over the seV of N vertices,
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As discussed in Ref$11,12), the most striking geometri- 15000,...,3000 samples, respectiyelyThe extrapolated
cal feature characterizing the ground state phase diagram @#lue for the threshold ig;=0.8—0.9(with a value of the
frustrated spin models over finite connectivity randombackbone at the transition of 0.2), slightly below y&°
graphs above the PO transition, is that, in spite of a finitq ~0.9 for p=15) as expected. However, both the nature of
entropy per site, there exists a finite fraction of spins whichthe phase transition and the dependence of the ground state
is totally constrained, a “backbone” that does not changeenergy ony for large connectivity are consistent with the RS
from state to statéstrongly reminiscent of rigidity percola- solution.
tion [13]). The remaining fraction of spins is weakly con-  For brevity, here we do not report explicitly the details of
strained and accounts for the overall exponential degeneragiie above analysiga similar calculation is thoroughly de-
of the ground state. scribed in Ref[11]), but rather focus on the dynamical con-

Here we are interested in the dynamical, off-equilibriumsequences of the topological structure arising from the
consequences of such a structure consisting, as we shall segound state analysis. Results from extended Glauber dy-
of a spontaneous separation of weakly constrained $p@s namics simulations performed over various graphs and
dynamically fast and strongly constrained ones, leading toHamiltonians, indeed, confirm the appearance of the ex-
time scale separation and heterogeneous dynamics at suffiected time scale separation and heterogeneous structure of
ciently low temperatures. Such a behavior, by definition typi-the dynamics in the low temperature phase, where the sys-
cal of glassy systen|®], turns out, forK =3, to be indepen- tems are out of equilibrium at all times, and display aging
dent of the frustration of the couplings in that the underlyingdynamics. The topology of the connections rather than the
loop structure together with the-body interaction lead to an form of the interactions appear to be the source of the ro-

annealed self-induced “geometrical” frustration. bustness of the phenomenon. Such a feature is well known in
K=3 hypergraphs are constructed as follows: gitén models of glassy materig8].

sites, we choose at randopN triplets (i,j,k) for which the The basic tool used to detect aging dynamics is

couplingsJ;j, will be nonzero. Fory greater than the perco- theé spin-spin _ correlation  function, C(t,,+t,t,,)= 1/

lation valuey.=1/3 (y.=2/K(K—1) for K-spin coupling N EiN: 1si(twt1t)si(ty)), wheret,, is the so-called waiting

we obtain, as previously explained, a spanning cluster ofime and the average is taken over the spins, the thermal
connected sites, containing a finite fraction of thepins in  noise ({(-)) and the disordefover-ling: while, for equilib-
the largeN limit, and many other smallgiorder log N) dis-  rium dynamicsC(t,,+t,t,) depends only om, aging is de-
connected clusterdd5]. fined by the fact tha€(t,,+1t,t,,) depends also ot for all
The PO transition is simply identified by comparing the times. To look for heterogeneities in a system, we have in-
ground state energy of the randaiy,=+1 system with stead to study more local quantities, such as local correla-
that of the ferromagnetic system defined over the same hytionsC;(t,,+t,t,,) =(si(tw+1t)si(t,)) (averaged over the ini-
pergraphs. The value of beyond which the two energies tial conditions, and the individual rates of flipping of the
start to deviate identifieg,. Such a calculation allows to spins. For each spin, we can register during one Monte Carlo
identify a widegaugeregion, y.< y<y,, where the relevant run the number of times it flips, and deduce the mean time
structure of the spanning cluster is treelike. between two spin-flips. Of course, the total running-time
Within the so-called replica symmetri®RS) functional 7,4 gives an upper cut-off. We can then look at the distri-
framework of diluted spin glass¢&4], we find a first order bution of 7,, averaged over the samplé(7) [16].
PO transition atyﬁSzO.Q, characterized by a finite backbone  We have simulated graphs with either fixed connectivity
and finite entropy at the threshold. Such a result was derive@ and § or fluctuating connectivityvalues ofC ranging
by adopting the full RS iterative scheme discussed in Reffrom 3 to 18, and either ferromagnetic or randont 1)
[11] in the resolution of the self-consistency equation for thecouplings. To computd®(7), we used sizes from 500 to
T=0 probability distribution of the effective local fields 5000 spins and a number of samples varying from 50 to 100.
P(h) =2R(h/2) (in the notation of Ref{11]), which is given  No relevant finite size effect was observed, which is consis-
by R(y)=/Z.dx2m cosky)exp{—911—-#[Rx])}, where tentwith the self-averaging character®fr). The dynamics
d[R;x]=[7..dz;dz,R(z;)R(z,) cogxmin(1]z,|,|z,]) ]. has been implemented as a Glauber algorithm with random
Looking for solutions of the formR(y)==7__.r,8(y  updating of the spins, with the runs mostly performed up to a
— /Ip), where 1p is the resolution of the field which even- time of 10 Monte Carlo(MC) steps per spin. For consis-
tually goes to zero, one obtains a setpof 1 coupled equa- tency, we have also looked at times up td MC steps per
tions in the independent variablgs,} (/=0,1,...,p). spin for some samples.
Once this set has been solved, the ground state energy can beAt high temperature, we find of course a quite simple
easily derived and compared with that of the correspondind®(7), peaked at small values of i.e., high flipping rates,
ferromagnetic model, which, as expected, is simply proporfor all connectivities. However, as the temperature is low-
tional to the average connectivity and corresponds to thered, we observe very different behaviors for different mean
trivial r ,=0 (/#0) andr,=1 RS solution. While the exact connectivities. Let us first concentrate on the case of fixed
identification of the threshold valug, would require a full ~ connectivity. For a random hypergraph with connectivity 4,
replica symmetry breaking solution, indeed an open problemP(7) is a smooth function peaked around a mean véiue
the qualitative features of the phase transition are correctlgreasing ag is lowered: the dynamics is homogeneous, and
identified already at the RS levEl7]. In order to check this all the spins have more or less the same relaxation tinité
fact, we have done exhaustive enumeration of finite systemBuctuations. For a fixed connectivity equal to 6, on the con-
with sizes N=18,20,...,28 (averaged over 18000, trary, we see that small values oftill keep a finite weight,
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FIG. 1. Typical examples of the distribution of timedetween 0-(1)0-3 = v10‘_1 - 0

two flips of a spin,P(7), for a hypergraph oN=1000 spins, with
fixed connectivity; lines: connectivity 44=4 andB=5; symbols: 01 00 10'00 10(’)00
connectivity 6,8=3; t,,=10* MC steps,ra=10° MC steps. In- t
set: evolution of the fraction of fast spirfs= [ P(7)dr with B, for FIG. 2. For one given random hypergraph, local autocorrelation
connectivity 4 and 6. function C;(t,,+1,t,,) vst for various sited and a givert,,. For

some sites C; decreases very fast, while for others it evolves very
while a second part of the curve, corresponding to largélowly. The line is the mearc(t, +t,t,). Here N=1000, y=1,
times, emerges a§ decreases. This second part appears a=3-5: tw=10" MC steps, and the mean is over 300 runs. Inset:
temperatures for which aging dynamics setfiie., at which ~ NistogramsH(r) of the ratiosr = 7{/ 7(?) between two runs with
C(t,+1t,t,) becomes a function of both andt,, for all dn‘fe_re_nt initial co_ndltlons fqra rando_m _hypergraph with fixed con-
timeg), thus signaling the onset of a glassy regime. The cuspectivity (dotted ling and without(solid line).
in the curve, arount ~10* MC steps per spin, shows that a
separation of time scales occurs. Such a cusp identifiethe broad distributions of; lead to a broad distribution of
“fast” and “slow” degrees of freedom, and persists for a (7;), and the relaxations of the single site correlation func-
large range of values of3: the fraction of fast spins, tionsCi(t,t") depend strongly on the site(see Fig. 2 This
f{; P(7)dr, is a slowly decreasing function g8. For the  shows that the position of the slow and fast degrees of free-

case of connectivity 4/5 P(r)dr shows instead a sharp dom are encoded in the topology of the gragh. On the
transition when the mean value of the relaxation timescontrary, for random hypergraphs with uniform connectivity,
crosseg*. We show in Fig. 1 the two shapes B{7), for the histogram of Fig. 2 shows that the distribution of

connectivity 4 and 6, and the evolution ff P(7)d with 4. V172 is broad(for a given sitei, ; can vary a lot from

If we now consider random hypergraphs with fluctuating_One run to the o.ther It f.°”9WS that (7;) tends to a value
connectivity, we observe a crossover between the two situdldependent of in the limit of many runs, and therefore
tions, asy (and therefore the mean connectiviB) is in-  (Si(t)si(t"))=(si(t)si(t')). The slow or fast character of a
creased. Since the connectivity can vary from one site t&Pin depends on the initial conditions and is induced dynami-
another, the globaP(7) can be decomposed in a sum of cally. Such a self-induced frustration is probably more simi-
P,(7), distributions of timesr, restricted to the sites with " to what happens in real glasses.
connectivityz. Then, fory< y,, theP,(r) are smooth func-  SurPrisingly enough, both for random and constant con-
tions peaked around a mean val@volving with 8), while, ~ Nectivity hypergraphs;) does not depend on the nature of
asy grows, theP_(7) becomes broader and broader, overlapthe couplings, either ferromagnetlc.or random. Oncg thg loop
with each other, and exhibits cusfkS]. The crossover oc- struc_ture of the graphs begomes |rregular3 frystrat|on_|s to-
curs aroundy, (note that mean connectivit¢=4 corre- tally induced by the dynamics through the initial cond|t|qns.
sponds toy<1y,, and mean connectivitf =6 to y>1y,), For the sake of completeness, we have repeated the simula-
thus indicating that the loop structure is responsible for thdions on systems with Gaussian continuous couplings. All the
appearance of complicated, inhomogeneous dynamics. ~ discussed dynamical features are retaiffed].

In order to understand the Glauber dynamics mechanisms As a concluding remark, let us notice that, while the scope
on a microscopic level, we analyze in detail single sample®f this study was to show how mean field models could
of random hypergraph@vith y>v,). Rather than averaging provide nontrivial local dynamical information, similar re-
over disorder, we compare single runs and average over insults are found in finite dimensional Edwards-Anderson spin
tial conditions. Each single rufi.e., initial configuration  glasses. In the latter case the topology of the lattice is fixed
leads to a broad distribution af . However, two cases may and the way of generating an effective nontrivial topology is
be distinguished(i) if the connectivity can fluctuate from by randomly adding antiferromagnetic bonds to the ordinary
site to site,7; does not have a strong dependence on thesing model[10]. For the Edwards-Anderson spin glasses
initial conditions: if we call7") and 7{*) the values ofr; for  with equally distributed ferro and antiferro bonds, we have
two independent runs, we see in the inset of Fig. 2 that thelso simulated aging dynamics in two and three dimensions
histogram of the ratia{")/ 7{?) is sharp and close to 1. Thus, [20], with the scope of pushing further the study[8f. We
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indeed observe a similar shape (7). For ferromagnetic ~geneities, only for random interactiofigiana-Bray model
models on regular lattices instead, the well known coarsenand not for ferromagnetic ones.

ing relaxation process occurs: all spins are equivalent and no

rich structure ofP(7) or long-lasting spatial heterogeneities

can be found. This is also true for spin models on quasiperi- We are most grateful to R. Monasson for valuable com-

odic lattices, and on random grapfi., with K=2 instead
of K= 3): the dynamics shows a simil&(7), with hetero-

ments, and we thank S. Franz, S. Kirkpatrick, A. Maritan, D.
Sherrington, and A. Vespignani for discussions.
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