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Smoluchowski hypernetted chain theory description of the dynamics of ions confined
in charged micropores
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The diffusion of an ion inside a charged planar slit micropore is analyzed from a stochastic point of view.
Using the instantaneous relaxation approximafi&®®), the Fokker-Planck-Smoluchowski equation was used
to calculate the survival probabili®;(x,t), hamely, the probability that an ion of specieemains inside the
pore at timet given that it started to diffuse at a given positixrThe ionic density profiles were obtained using
the three-point extension hypernetted chain thé€btfC), which explicitly takes into account the finite ionic
sizes, and the results are compared to those using the classical modified Gouy-Ckd@artheory based
on the Poisson-Boltzmann point-ion equation. Calculations were carried out for a variety of pore widths,
electrolyte charges, surface potentials, and absorbing or reflecting boundary conditions. We also calculate the
mean first passage tiniFPT), 7, and the position-averaged MFPA.,Our Smoluchowski HNC results show
strong discrepancies with the classical Smoluchowski MGC theory. In particular, for small pores and doubly
charge coions, we observed oscillations in the position-averaged MFPT, as a function of the pore size, which
are absent in the classical theof$1063-651X%99)09201-9

PACS numbegps): 05.20-y, 05.40-a, 02.50-r

[. INTRODUCTION particularly for doubly charged electrolytes.
On the other hand, it is well known that the short-range
The study of the dynamics of coions and counterions ireffects neglected when ions are represented by point ions are
electrolyte solutions, confined by charged surfaces, is of funquite important when dealing with concentrated electrolyte
damental importance in the understanding of a wide varietgolutions, high surface potentials, and pores of molecular
of chemical and biophysical systems and processes. Diffudimensions.

sion controlled kinetics and transport phenomena in lamellar N fact, a detailed study of the effects of the ionic size and
liquid crystals are just two examplé—4]. ion-ion correlation on the equilibrium structure of electro-

lytes confined in charged micropores has been carried out by
sing the three-point extension HNC integral equafi®9].

spatial configurations instantaneously, in such a manner th |(f)f]er(fai)|2te dsirjﬁé\iecor;?gﬁir;?l Eu%r; ﬁiegxgl?rf:cetea Crﬁgfrg'al
the central ion moves in the one-particle equilibrium poten-->"_ P ' 9

tial of mean force set up by the charged wall Therefore[lz’la’ were analyzed for a variety of salt concentrations,

. ) . _charges, potentials, and pore sizes. Important quantitative
time-dependent correlation effects can be neglected. This a4 qualitative differences were found when comparing with

proximation, referred to as the instantaneous relaxation aRpe cjassical point-ion theory for the thermodynamic and
proximation (IRA), was successfully used by k&Sson,  gjectrokinetic properties. Excellent agreement was found be-

It is common to assume that, as a central ion moves insid

Chan, and other3-5,7. tween the HNC and the grand-canonical Monte Carlo simu-
Previous studies of the ion-diffusion problem have dealfgtions profiles, as illustrated in Fig.[12—14.
with counterions confined by two charged surfa®s elec- In this work we study the transverse diffusion of ions of

trolytes in a semi-infinite domaifb], or point-ion electro- finite size within a charged slit pore of molecular dimen-
lytes in charged slit poref$]. All of them are based on the sjons. We solve the Smoluchowski equation in the IRA ap-
IRA approximation and a Poisson-Boltzmann or Gouy-proximation, using the potential of mean force resulting from
Chapman description of the nonhomogeneous ionic strucghe solution of the HNC equatiofS-HNC), and compare
ture. Of particular interest is the work of Chan and McQuar-with the classical Smoluchowski-MGC theo($-MGC). We

rie [6], who calculated the average time for the diffusion of obtain the survival probability and also evaluate the MFPT
ions between two charged surfaces by solving the Smoluand the position-averaged MFPT for the boundary conditions
chowski equation for the one-particle propagdth?]. They  used by Chan and McQuarijié] as a function of electrolyte
used the ionic distribution given by the Poisson-Boltzmanrncharge and pore size.

equation for point ions and considered all the relevant

boundary conditions for the transverse self-diffusion of ions Il. THEORY

in the charged slit.

The agreement between the MFPT obtained from Brown- Let us model the pore as two infinite charged sheets with
ian dynamics and the Smoluchowski equation using the given surface charge densidy, , due to a fixed surface
simulation potential of mean force in the IRA approximation potential ¢, on each plane and separated by a distdnce
is excellen{4,7]. However, important deviations were found The ions are modeled as hard spheres of diamseteraring
when using the Poisson-Boltzmann potential of mean forcea chargez; on its center. As depicted in Fig. 1, the ions are
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Thus, at the time scale of positions, velocities attain the

3.0 N
steady state, i.egv(x')/dt’=0 [instantaneous relaxation
2.5 approximation(IRA)] so Eq.(2.1) can be written dimension-
less as
2.0 \
¥ 15 dx  d(=BWi(x) -
o —=—+f(1), (2.5
dt dx
1.0
0.50 \\\ where x=x'/h, t=t'D/h? h=(L—a)/2, and f(t)
0.0 \ =2h?/Df(t). In the last equation, the diffusion constant
’ was defined by the Nernst-Einstein formula, iB5kgT/&
-0.50 N andWi;(x) is the potential of mean force.
145 -1.0 -050 0.0 050 1.0 1.5 The potentialW;(x’) is crucial in our dynamical ap-

X proach. Unlike previous worf6], we use results of the more
_ _ _ ~ physical HNC (hypernetted chainapproximation[9,11] to
FIG. 1. Schematic representation of the planar slit pore Show'n%valuate the potential(x’) and compare it with more sim-
the coions an.d counterions reduged density profde¢x) and plified models. Since, to our knowledge, no direct compari-
g_(x) as functions of the reduced. dlstar_)cex’/h. Results are for sons of the HNC and MGC profiles with Monte Carlo simu-
a 2:2, 097} M RPM electroly_te in a slit formed by two We.l”S of lation data have been made for a confined electrolyte in this
thicknessd=a, separated a distande=5a, and bearing a fixed i . o
geometry, we present in Fig. 1 the reduced particle densities

surface charge of 0.272 CfriThe open and filled circles are the — . . .
grand-canonical Monte Carlo data of De@e¢14]. The continuous 9i(x) =pi(x)/p for coions and counterions of a 2:2, 0.971 M

and dashed lines are the HNC and MGC theories, respectively. Salt in a slit pore of widthL = 5a, bearing a fixed charge of
0=0.272 C/m3. Here the open and filled points are the

free to move in they andz directions but are confined to the €oion and counterion grand-canonical Monte CaG&MC)
[ —h,h] x domain, wherd= (L —a)/2. The solvent is a con- profiles of DeGree [14]. The continuous lines are the HNC
tinuous medium with a uniform dielectric constantAs we  results and the dashed lines are the corresponding MGC val-

mentioned before, the objective of this paper is the applicat€S[12,13. One can see from Fig. 1 that the complex struc-
tion of the first passage time theory to the ions inside thduré predicted by the GCMC simulation for this system is
pore. The theory of MFPT is well discussed elsewhereVell reproduced by the HNC theory and totally missed by
[1,2,6). For clarity we present here a short outline of the keythe point-ions MGC approximation. In order to relate to pre-
equations. vious worki on the Qynam|c_;§ of ions at interfaces, in t.hIS
We approximate the instantaneous total force acting on a0k we will maintain conditions of fixed surface potential
ion at a distance’ from the charged wall as a Langevin-like [11] instead of fixed surface char§e2,13. In this case, the

type, i.e., results are conveniently independent of the thickness of the
walls [11].
dx/ Thus, from the knowledge of the density profiles for sev-
FTaRE 2.1 eral combinations of ion charges, electrolyte concentrations,

and surface potentials, we construct the potential through the
do, dWi(x') expression — BW;(x')=Ing;(x’), where B=1/kgT and
—— =—fvi— ——;— +V2&kgTfi(t"), (2.2 gi(x") is the normalized radial distribution functigiRDF)
dt dx of ions typei confined within the charged plates.
Equation(2.5) is simply the drift velocity of the ion under
a stochastic potential field. Thus, if the stochastic differential
equation (2.5 is interpreted in Ito’s sensg2], the corre-

where &vi(x’) is the hydrodynamic Markovian drag force
with £ andv; being the friction coefficient and velocity of the

lon i, respectiv_ely;Wi_(x’) Is the_ equilibrium potential of sponding Fokker-Planck equation for the conditional prob-
mean force acting on and f(t) is the usualcorrelated- ability P,=P(x;,t|y,to) of finding the ion inx; att given
zero-mean white noise resulting from the collisions of thethat it started to diffuse ity att, is

particles with ioni, i.e.,

(fi(t"))=0, (2.3 P, 9

d(—gW;,) o
T B

a2 2.6

(Fi(t)fi(s"))y=6(t" =s") 2.4

dT andk h d Bol which, as expected, is the Smoluchowski equation.
and T andkg are the temperature and Boltzmann constant, - . 4y jon confined within the planar slit pore, the prob-

respectively. Though a generalized Langevin theory Shou'%bility G(y,t) of an ion to be in the diffusion domaia<x
be the correct formalism to describe the dynamics of the ;

; ) 0 <b without having been absorbed on the absorbing bound-
system, the lack of information about the friction kernel of ries is simply
the fluid confined in the charged plates obliges us to appea?l
to the more simplified Langevin model. )
In what follows, we suppose the velocities of the ions G(y,t)=f dxP(x; 1|y, to). 2.7
attain a canonical distribution much faster than positions. a
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FIG. 3. A/R survival probabilityG(x,t) as a function of the
FIG. 2. A/R survival probability G(x,t) as a function of the initial position within a slit porex,, of the coions(lower graph

initial reduced position within the slit pore,, of counteriongup- and counteriongupper graphfor a 0.5 M, 2:2 electrolyte enclosed
per graph and coionglower graph in the domairf0,1]. Results are in a planar slit pore a width of & and surface potential of 50 mV.
for a 1 M, 1:1electrolyte enclosed in a planar pore of width  The notation is the same as in Fig. 2.
=5a and a surface potential of 50 mV. The reduced tintes
=Dt’/h?, 0.35, 0.7, and 1.0 are indicated for each curve. The IG(y,1)
dashed lines are the classical S-MGC theory while the continuous n(y,t)=— 7 (2.9
curves are our S-HNC theory. The absorbing plane is located in the at
center of the pore, while the plane of closest approach is reflecting.

We are particularly interested in the first moment of the

A time evolution equation for this survival probability can be distribution of FPT'’s, the mean first passage tith&=PT), r,

easily obtained by integrating the backward Fokker-Plankvhich is
equation. The result readg]

b
= | dt ty(y,t) (2.10
9B _ dBW(Y) 98(y.D) | FG(y.D = |

ot dy ay ay? 2.8

= JbG(y,t)dt, (2.1

a

which can be solved with the initial conditio@(y,t=0)
=1 and boundary conditionG(y=a,t)=0 if the wall ata
is absorbing, odG(y,t)/dt|,_,=0 if it is reflecting. where the last equation is obtained after using the definition

Let us defineT(y), the first passage tim@PT), as the (2.9) and subsequent integration by parts. At this point, it is
time needed for an ion to reach the boundary given that ipossible to find the ordinary differential equation which is
started aty and »(y,t)dt as the probability density of the satisfied by ther(y)’s. It is found by integrating the evolu-
T(y)’s. Thus for FPT's in the interval<T(y)<t+dt we tion equation foiG(y,t). Using Eq.(2.1]) into Eq.(2.8), the
find that » can be defined in terms @&(y,t) as result reads
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FIG' 4. AIR MFPT, AR, @S a function of the initial positiqno FIG. 5. A/IA MFPT, 754, as a function of the initial position,
for coions (a) and (;ounterlonib) ofall, 1M .electrolyte in a Xo, for coions(lower graph and counterionéupper graphof a 1:1,
planar slit pore of size &, and two surface potentials of 50 and 105 1" ejectrolyte in a slit pore of size& and two surface potentials

mV as indicated. As before, the continuous curves correspond to th@r 50 and 105 mV as indicated. Notation is the same as Figs. 1—3.
S-HNC theory, the dashed curves to the S-MGC approximation,

and, here as in the next figures, the dotted curve is the free-diffusion

limit (FD). y dx (b
TAR(y):f g(X) f g(Z)dZ (213)

a X

drly) AWy drty) o,
2 — — 4. .
dy dy dy for an absorbing boundary atand reflecting ab,

This equation can be solved analytically. Its solution depends a dx (x

upon the nature of the boundary conditions, i.e., absorbing or TrA(Y) = J; 9 Jo 9(2)dz (2.14

reflecting. Thus, for a diffusion domaipa,b] with a<b
and, noticing thag(x) = exp{—BW(X)} it is found thatr(y)
is defined by

if a is reflecting andb is absorbing, and finally, if both
boundaries are absorbing

1

L3

TaAlY) = . (2.15

(Lv gt))

[} st Fowar| [} 5 [ oo Loz
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FIG. 6. AIR MFPT, xR, as a function of the initial position for
coions(lower graph and counteriongupper graphof a 2:2, 0.5 M
electrolyte in a planar slit pore of size%nd two surface potentials

of 25 and 50 mV as indicated.

The position-averaged MFPT for boundariesind j is

defined as

b
7ij:J'a 7ii(y)g(y)dy.

Equations(2.8) and (2.13—(2.16 are the central results

needed in this paper.

Ill. RESULTS AND DISCUSSION

We have solved numerically both the S-HNC and s-mGcdynamics of counterions and coions develops, as shown in
differential equations for model 1:1 and 2:2 electrolytes conFig- 2. Since the coions are repelled by the walls, their sur-
fined to a slit pore at constant surface potential. The equilibvival probability becomes lower than that of the counterions.
rium radial distribution functions obtained from the numeri- The effect of the ionic size and ion-ion correlations cause an

cal solution of the integral equatiori4l] were accurately

(2.16

845
Coions A
0.16 e
I~
Jn
\\\ N 50
0.12 | T NNZ
\\
267 \
T 4
Aa  0.08 N\
g . \
0.04 -
0.00 . , :
0.00 0.25 0.50 0.75 1.00
Xo
0.15
Counterions B
.',.v/"//:—‘ \\\\/.
0.10 ~ IR
B/ N
St NN
T A \\\\ -
AA p 50 N
7 A
7, N
0.05 AN
N
N,
N\
N\
A\
N\
0.00 . . ;
0.00 0.25 0.50 0.75 1.00
X

FIG. 7. AIA MFPT, 7o, as a function of the initial position,
Xg, for coions(lower graph and counteriongupper graphof a 2:2,
0.5 M electrolyte in a pore of sizeaband two surface potentials of
25 and 50 mV as indicated.

tial =50 mV. The diffusion domain corresponds toAafR
boundary condition where the absorbing plane is located at
the middle of the slit por&=0 and the reflecting planes are
located at the planes of closest approackxat-1 and 1.
Results are for several reduced tintesDt’/h? as indicated
for each curve. The continuous curves are our S-HNC result
and the dashed curves are the S-MGC classical theory. The
upper graph, Fig. @), corresponds to the counterions and
the lower graph, Fig. ®), to the coions.

Here G;(x,,t) measures the probability that at tirh@n
ion of typej, originally located atx,, has not yet been ab-
sorbed by the midplane to the left. Th&{(xy,t)—0 asxg
—0 andG(1,0)=1. Though not shown, for very small times
the survival probability for counterions and coions are very
similar. However, as the time evolves a difference in the

increase inGj(xq,t) for the counterions and, correspond-

fitted using a spline algorithm, to allow easy handling of theingly, a decrease for the coions. This is illustrated by the

data.

Figure 2 shows the survival probabilify(x,t) as a func-
tion of the initial positionx, for a 1:1, 1 M RPM electrolyte

differences between the S-HNC and S-MGC curves. That is,
the finite-size counterions are allowed to remain away longer
from the absorbing midplane, while the finite-size coions are

in a planar slit pore of width. =5a, having a surface poten- further pushed towards the midplane. These differences are
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FIG. 8. Reduced position-averaged MFHE 4, as a function of
the pore size parametéra for R/A conditions in[0,1] or A/A in FIG. 9. Reduced position-averaged MFFIR, as a function of
[—1,1] for coions(lower graph and counteriongupper graphfor a the pore size parametéra for A/R conditions in[0,1] for coions
1:1, 1 M electrolyte and two surface potentials of 50 and 105 mV aglower graph and counteriongsupper graphfor a 1:1, 1 M electro-
indicated. The free-diffusion limit corresponds to the va%ue lyte and two surface potentials of 50 and 105 mV as indicated. The

free-diffusion limit corresponds to the valde
larger the closer the ions are from the reflecting walls at the

beginning. indicated. The continuous curves correspond to the S-HNC
The behavior of the survival probability for a doubly theory, the dashed curves to the MGC approximation, and
charged 2:2, 0.5 M electrolyte solution is shown in Fig. 3.the dotted curve is the free-diffusion lin{ED). As expected,
Results are for the same reduced times and conditions as Fithe MFPT goes to zero as the initial position of the diffusing
2, keeping the potential at 50 mV. Here, we clearly see garticle gets closer to the absorbing boundary. Due to the
marked increase both in differences between the survival oflectrical field, coions are pushed away from the reflecting
counterions and coions in the slit pore and in the discrepansurface ax=1 in the direction of the absorbing plane»at
cies between the S-HNC and the S-MGC theories. The sur=0, giving rise to MFPT’s that are lower that those expected
vival probability of the coions decreases as the ionic chargén the free-diffusion limit. The opposite occurs to the coun-
is increased. This difference is more notorious in the S-HNGerions. The ion-ion correlations due to the finite ion size
approach, which considers more rigorously the ion-ion shorthave the effect of lowering the MFPT of the coions and
range correlations. We observe in Figs. 2 and 3 that, in gerincreasing it for the counterions. This can be seeing by com-
eral, the S-MGC classical theory overestimates the survivgbaring the S-HNC results to those of the S-MGC since the
of the coions and underestimates the survival of the countiatter neglects those correlations. Both the effect of the elec-

erions. trostatic potential and the interionic correlations increase
Figure 4 shows the mean first passage timg(Xy), for  with the surface potential.
absorbing/reflecting boundary condition8/R) as a func- Figure 5 shows the MFPT as a function of the initial

tion of the initial reduced positiorx, for coions (a) and  reduced positiorx, for coions(a) and counteriongb) for the
counteriongb) of 1:1, 1 M electrolyte in a planar slit pore of same system as Fig. 4 but for an absorbing/absorig)
size 5, and two surface potentials of 50 and 105 mV asboundary condition. Here we have three absorbing bound-
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FIG. 10. Reduced position-averaged MFFJ,, as a function FIG. 11. Reduced position-averaged MFR,, as a function

of the slit pore size parametéra for A/A conditions in[0,1] for of the pore size parametkra for R/A conditions in[0,1] or A/A in
coions(lower graph and counteriongupper graphfor a 1:1, 1 M [—1,1] for coions(lower graph and counteriongupper graphfor a
electrolyte and two surface potentials of 50 and 105 mV as indi-2:2, 0.5 M electrolyte and potentials of 25 and 50 mV as indicated.
cated. The free-diffusion limit corresponds to the vatke The free-diffusion limit corresponds to the valge

aries, one at the midplane of the slit pore and the others ancrease. Namely, in an absorbing/reflecting situation the

the plane of closest approach. The MFPT in the freedoubly charged coions are absorbed faster, while the doubly

diffusion limit is symmetric with respect to the two absorb- charged counterions are absorbed at larger times, as com-

ing planes, arounad=0.5. In the MGC approach, the effect pared to the singly charged ions under similar conditions.

of electrostatic ion-surface interaction causes an asymmetry. The position-averaged mean first passage fimeorre-

The MFPT curves are shifted to the right-hand side for thesponds to the mean time that a given species takes to be

coions, giving larger times, and to the left-hand side for theabsorbed irrespective of its initial position in the diffusion

counterions, giving lower times. A similar situation occurs in domain. ForR/A and A/R conditions in the domaifi0,1],

the HNC approach, but here the asymmetric behavior idree diffusion givesr=3.

more complex, particularly for the coions, as the potential is In Figs. 8—10, we show the effect of the slit pore size on

increased. In general, the interionic correlation, neglected ithe reduced position-averaged MFPA, for three different

the MGC approach, favors the absorption of the coions andbsorption conditions. Figure 8 shows the reduced position-

delays the absorption of the counterions. Again, all the obaveraged MFPT as a function of the pore size parameter,

served effects are enhanced by a larger surface potential. L/a, for R/A conditions in the domairi0,1] or A/A in
Figures 6 and 7 show th&/R andA/A MFPT’s as func- [—1,1] for coions (a) and counteriongb) for a 1:1, 1 M

tions of the initial position for coionga) and counteriongb) electrolyte, and two surface potentials of 50 and 105 mV as

of a 2:2, 0.5 M electrolyte in a planar slit of siza5and two indicated. The free-diffusion limit corresponds to the value

surface potentials of 25 and 50 mV as indicated. These figs . Figure 9 corresponds ®/R conditions in[0,1] for which

ures show the effect of the ionic charge on the MFPT forthe free-diffusion limit also corresponds to the valierig-

A/R andA/A boundary conditions. In general, the separationure 10 shows the results fé/A conditions in[0,1]. Here,

from the free-diffusion limit and the discrepancy between thethe free-diffusion limit corresponds to the valge

S-HNC and S-MGC theories is increased as the ionic charges For R/A conditions the absorbing plane is located at the
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FIG. 12. Reduced position-averaged MFFR, as a function L/a
of the pore width,L/a, for A/R conditions in[0,1] for coions
(lower graph and counteriongupper graphfor a 2:2, 0.5 M elec- FIG. 13. Reduced position-averaged MFFJ,, as a function
trolyte and surface potentials of 25 and 50 mV as indicated. Thef the pore width,L/a, for A/A conditions in[0,1] for coions
free-diffusion limit corresponds to the valde (lower graph and counteriongupper graphfor a 2:2, 0.5 M elec-

trolyte and surface potentials of 25 and 50 mV as indicated. The

plane of closest approach to the surface and, therefore, déontinuous curves correspond to our S-HNC results, the dashed
viations from the free-diffusion limit, the valugin this case, ~curves to the S-MGC approximation, and the free-diffusion limit
are higher for the coions and lower for the counterions, adotted ling corresponds to the valug.

shovyn_ in_Fig. 8. The ion-ion short-range corre_lations_due Omentally and theoreticallj11,15. Namely, they are due to
the finite ionic sizes have the effect of further increasing thehe hard-sphere short-range interactions. The irregular small
coion position-averaged MFPT while decreasing that of theyscillations observed for very narrow slit pores, close.to

counterions, as shown by the strong discrepancies betweena, are just a feature of the numerical integration, since
the S-HNC and S-MGC theories in Fig. 8. The absorptionvery few points were used.

time shows a maximum for the coion and a minimum for the  Figures 11-13 show that the effects described in Figs.
counterions for pores of sizes close ta.3Nhen the absorb- 8-10 for 1:1 electrolytes are strongly enhanced for a doubly
ing plane is located at the midplane of the planar slit porecharged 2:2 electrolyte. The short-range ion-ion and ion-
under A/R conditions, the situation is reversed for coionsinterface correlations are originated in our model by the fact
and counterions, as shown in Fig. 9. that ions have a finite diametar However, such correlations
When both the midplane and the plane of closest apare coupled with the long-range electrostatic interactions,
proach are absorbingA(A), the maxima and minima are due tO the wall’'s electrical field .a.nd the Coulomb |.0n'|0n
shifted to larger pore sizes, as shown in Fig. 10. AdditionPotential. As a consequence, an increase on the ionic charge
ally, while the counterions present deviations from the freeOr On the surface potential has the effect of magnifying the
diffusion limit similar to those observed in tH/A condi- ImPortance of the short-range correlations, particularly for
tion, the coions present an oscillatory behavior wherSit POres a few ionic diameters wide.
described by our S-HNC theory. This effect is not predicted
by the S-MGC theory. In fact, these oscillations seem to
have the same origin in the short-range interactions as does We have described the dynamics of ions inside narrow
the net force between the plates, as observed both expedharged slit pores in terms of the survival probability

IV. CONCLUSIONS
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Gi(x,t), the mean first passage timéx), and the position- coion could spend less time than a free-diffusing particle for

averaged MFPT7, for a variety of absorbing and reflecting certain sizes of the micropore. This effect seems to have its

boundary conditions. origin in the continuous spatial rearrangement of the ions due
The numerical solution of the Smoluchowski equation to-to the interplay of short-range and electrostatic ion-ion and

gether with the HNC equilibrium profiles, under the instan-jon-charged wall correlations absent in the S-MGC theory.

taneous relaxation approximatidiRA), allowed the explicit  These findings could have particular relevance for the chem-

consideration of the ion-ion short-range correlations angstry of confined ionic systems.

ionic size effects. These effects had been previously ne-

glected in the classical theory based on the Poisson-

BoItzmann apprOX|mat|oﬁ_5]. Ag expected, the (_jynamlcs of ACKNOWLEDGMENTS
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