
PHYSICAL REVIEW E JUNE 1999VOLUME 59, NUMBER 6
Magnetic effect for electrochemically driven cellular convection

Seiichiro Nakabayashi,* Kiyoshi Inokuma, and Antonis Karantonis
Department of Chemistry, Faculty of Science, Saitama University, Urawa, Saitama 338-8570, Japan

~Received 21 December 1998!

Hydrodynamic instability analogous to Rayleigh-Be´nard convection is observed in an electrolytic solution
between two parallel copper wire electrodes. The laser interferometric technique can reveal the dissipation
structure created by the motion of the fluid, which is controlled electrochemically. It is shown that under the
presence of horizontal magnetic field the roll cells move horizontally along the electrodes. The electrochemi-
cally driven convection is simply controlled and monitored by setting and measuring the electrochemical
parameters and forms many kinds of spatiotemporal patterns, especially under the magnetic field. The phe-
nomenon is modeled by considering a Boussinesq fluid under a concentration gradient. The stability of the
resulting equations is studied by linear stability analysis. The time dependent nonlinear system is investigated
numerically and the main features of the experimental response are reproduced.@S1063-651X~99!05006-0#

PACS number~s!: 05.45.2a, 47.54.1r
ou
ns
h

a
u
lve

m
ic

th
po
lle
l
i

u
-
e
ly
y
a

ca
ie
th

a
m
i

ro
m
io

hich
se of

h-
ly.
en
the
the
ccur
ions
t is

two
wire
nsity
n-
ra-

he
on-
di-
to

ons
eld
ew

ri-
ults,
eld,
are
Fi-

at
er
des
is-
artz
I. INTRODUCTION

One of the most exotic functions of nature is spontane
pattern formation in spatial as well as temporal regio
Chemical processes evolving into pattern generation, suc
the homogeneous Belouzov-Zhabotinsky reaction@1# and the
heterogeneous CO/O2 reaction on platinum surface@2,3#, are
rather common. Physicochemical investigation of these re
tion mechanisms is in the process of providing a deeper
derstanding of biological systems which sustain themse
in dissipating the chemical energies@4–6#.

We have focused our interest on nonlinear electroche
cal systems where electric energy is converting into chem
energies and vice versa. The surface reaction including
electron transfer is driven by the applied potential on
electrode. The electrochemical interface is open for trans
tation of the reacting species and the reaction is contro
and monitored by electronic circuits. There have been a
of interesting examples reporting dissipation structures
electrochemical systems@7–9#.

The most historical and famous dissipation structure m
be Rayleigh-Be´nard convection, which is driven by the hy
drodynamic instability made by spatial distribution of th
temperature. It has been observed experimentally, ana
cally, and numerically, that when the parameters of this s
tem reach a critical value, fluid convection starts, which m
form a variety of spatial patterns@10,11#. By varying the
bifurcation parameters even further, new types of bifur
tions and resonance lead to spatiotemporal periodicit
symmetry breaking, or even chaos. Related work on o
hydrodynamic systems, such as driven flows@12–21#, mag-
netoconvection@22–24#, and forced thermal convection@25#,
revealed similar and even richer dynamical behavior when
external force, other than gravity, is applied to the syste
The large amount of research in the field of hydrodynam
instabilities has illuminated, to some extent, the physical p
cesses behind certain instabilities leading to pattern for
tion, new routes to the transition from one kind of behav

*Author to whom correspondence should be addressed.
PRE 591063-651X/99/59~6!/6599~10!/$15.00
s
.
as

c-
n-
s

i-
al
an
e
r-
d

ot
n

st

ti-
s-
y

-
s,
er

n
.

c
-

a-
r

to another, and possible reduced mathematical models w
are able to reproduce to some extent the physical respon
these systems@26#.

In this article, we will present an analog of Rayleig
Bénard convection, which is controlled electrochemical
The system consists of an electrolytic solution lying betwe
two wire copper electrodes. The main difference between
Rayleigh-Bénard system and the present one is that in
electrochemical cell heterogeneous chemical reactions o
on the electrodes’ surfaces. Hence, under certain condit
discussed in this work, the role of the temperature gradien
now played by a concentration gradient between the
electrodes. The temperature difference between the two
electrodes can be assumed constant and thus the de
variation in the gravitational field is now due to the conce
tration in the electrolytic solution and not due to the tempe
ture.

An additional external forcing is also considered in t
present work, namely, the Lorenz body force due to a c
stant horizontal magnetic field. It is shown that this ad
tional forcing induces new types of response, very similar
other hydrodynamic systems where no chemical reacti
are occurring. The actual effect of the constant magnetic fi
is investigated experimentally and theoretically and the n
types of fluid motion are discussed.

The paper is organized as follows. In Sec. II the expe
mental arrangement is presented. The experimental res
both in the absence and the presence of the magnetic fi
are described in Sec. III. In Sec. IV the model equations
presented and studied both analytically and numerically.
nally, in Sec. V the results are discussed.

II. EXPERIMENTAL ARRANGEMENT

The configuration of the electrochemical cell is shown
the lower right of Fig. 1. The two electrodes were copp
wires, whose diameter was about 0.5 mm. The electro
were placed parallel between two quartz windows. The d
tance between the electrodes was about 0.3 mm. The qu
windows were connected to each other with twoO-rings.
6599 ©1999 The American Physical Society
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Thus, a closed cell was formed where the distance betw
the quartz windows was 2 mm. The diameter of the windo
as well as the length of the electrodes was 20 mm. T
direction along the electrodes was thex direction. The plane
defined by the two electrodes was placed parallel to the
rection of the gravity field, which was considered thez di-
rection. The electrolyte solution used was an aqueous s
tion containing 0.1M CuSO4 and 0.2M Na2SO4. The
electrochemical parameters were controlled by a potentio
The current and potential were recorded on anX-Y recorder.
A magnetic field was generated by a Helmholtz coil, co
nected to a power supply. The strength of a magnetic fi
was measured by a Gauss meter. The direction of the m
netic field was normal to the plane defined by the two el
trodes.

A Mach-Zehnder laser interferometer was used to obse
the motion of the electrolyte@27,28#. The optical arrange-
ment is shown in Fig. 1. The coherent emission of 514.5
from an Ar1 laser was divided into two beams by a polar
ing beam splitter. One of them, reflected by a mirror, pas
through the electrolyte solution between the two electrod
The other beam was reflected by a mirror, and the two be
were again combined at a final polarizing beam splitter.
ter that, the interferogram was projected on the screen
recorded by a video camera. This setup achieved a ver
cross sectional view of the spatial distribution of the refra
tive index in the electrolyte solution. Because the refract
index of the solution is proportional to the concentration
Cu21 up to 1.2M , the fringes in the interferogram are co
sidered as the contour lines of the concentration.

FIG. 1. Optical arrangement of Mach-Zehnder laser interfero
eter and the electrochemical cell.
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III. EXPERIMENTAL RESULTS

A. Under no magnetic field

A typical relationship between the current and the pot
tial applied between the two parallel copper electrodes
shown in Fig. 2. The horizontal axis represents the poten
difference between the upper electrode potential,E1, and the
lower electrode potential,E2; i.e., E5E12E2. In the posi-
tive potential region, electrodissolution proceeds at the up
electrode and electrodeposition at the lower electrode. In
negative potential region, the reverse reaction takes pl
i.e., electrodissolution at the lower electrode and el
trodeposition at the upper electrode. The potential sweep
was 50 mV/s. The potential is scanned repeatedly betw
11.0 and 21.0 V. After the current response becom
stable, the cyclic voltammogram is recorded. On the way
the potential scanning to the positive direction, a small os
lation is observed and a current becomes steady~3.0 mA!
after a current maximum at10.31 V. On the negative po
tential scanning, the current becomes steady~2.3 mA! fol-
lowing a current maximum at20.32 V. There is no oscilla-
tion in this region. When the potential is reversing, i.e.,
the negative potential scanning in the positive potential
gion, the saturation currents are obtained. These satur
currents are governed by the mass transport of copper i
The value of the saturated current in the positive poten
region is larger than the one in the negative potential reg
because the copper ion is transported by diffusion and c
vection in the positive potential region, whereas it is tran
ported only by diffusion in the negative potential region.

Typical interferograms under no magnetic field are sho
in Fig. 3. The potential is10.4 V for Fig. 3~a! and20.4 V
for Fig. 3~b!. In Fig. 3~a!, the electrodissolution proceeds
the upper electrode. In this case convection is observed,
upward and downward streams ranged regularly in space
Fig. 3~b! the electrodissolution proceeds at the lower el
trode. The horizontal fringes are ranged along the electro
In this case there is no convection, and the ions are tra
ported from the lower to the upper electrode by diffusio
which proceeds in the concentration gradient. Convect
occurs specifically when the concentration of copper io
makes an unstable distribution of the fluid density under
gravitational field@Fig. 3~a!#.

-

FIG. 2. Relationship between the current and the potential.
potential is represented as the upper electrode potential with res
to that of the lower electrode. Sweep rate: 50 mV/s.
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B. Under magnetic field

The time evolution of the interferograms is shown in F
4, where the magnetic field strength is 112 G and the po
tial is 10.4 V. In order to prevent any edge effects, ea
picture in Fig. 4 is taken in the middle part of the electroly
cell at time intervals of 3 s. It is found that the roll cells a
moving horizontally from left to right and the direction o
streams is slightly tilted from the one obtained under o
gravitational field. As the ionic current is passing through
electrolyte between the two electrodes, Lorenz force mo
the roll cells towards the right. The relationship between
velocity of the roll cells and the magnetic field strength
shown in Fig. 5. The velocity of the roll cells increases p
portionally to the magnetic field strength. The roll cells
not break and move smoothly when the magnetic field d
not exceed the value of 187 G. However, over 187 G,
magnetic field perfectly destroyed the cells.

The interferograms under several values of the magn
field strength are shown in Fig. 6. The shape of the interfe
grams is not changed up to 187 G in Fig. 6~a!, where the
applied potential is20.4 V. The fluid between the two elec
trodes moves towards the right due to the magnetohydro
namic force. This movement of the fluid does not disturb
spatial distribution of the concentration of the copper io
which concludes the motion to be a luminar flow. Howev
when the potential is10.4 V, the shape of the interfero
grams varies as a function of the magnetic field strength;

FIG. 3. Vertical cross sectional view of the concentration of
copper sulfate obtained by the laser interferometer.~a! When the
anode is on the top (E510.4 V!, fluid convection is observed; an
~b! when the anode is at the bottom (E520.4 V! ions are moving
only due to diffusion.

FIG. 4. Time evolution of the interferogram under the magne
field. B5112 G,E510.4 V.
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roll cells are stretched towards the lateral direction. The h
zontal length of the cell is enlarged and the fluid patterns
tilted as the field strength is increasing. Although the sha
of the interferogram varies, especially in the positive pote
tial region, the relationship between the current and poten
is identical to the one shown in Fig. 2 under magnetic fie
strength of 149 G.

Considering that the shape of the interferogram varies
function of the magnetic field, the transient behavior of t
fluid motion was investigated by turning off the magne
field. The time evolution of the interferogram before a
after the disappearance of the magnetic field is shown in
7, where the magnetic field strength is 149 G and the po
tial is 10.4 V. The pictures in Fig. 7 are taken at time inte
vals of every 3 s. In order to avoid the inductive effect, t
induction current from the magnet was blocked by the dio
inserted between the magnet and the output terminal of
power supply. Under the magnetic field, the roll cells a
moving from left to right. After the magnetic field disap
peared, the cells start to move in the reverse direction
shown by the line in Fig. 7. Because the stretching fo
disappears after the termination of the magnetic field, the
cells are compressed up to the zero field shape, which m
be the origin of this reverse motion.

In order to investigate an edge effect, the time evolut
of the interferograms was obtained at the edge of the e
trodes and shown in Fig. 8, where the magnetic strengt
112 G and the potential is10.4 V. The pictures in Fig. 8 are
obtained at time intervals of every 2 s. At both ends of t
electrodes, plastic spacers were inserted between the
electrodes. This spacer partly prevents the horizontal mo
ment of the fluid. At the edge, the fluid must pass through
space between the electrodes and the optical windows. A
edge of the electrode, as the conductance of the fluid
creases, the lateral velocity decreases as shown by the lin
the right of Fig. 8. Because the roll cells cannot mo
smoothly at the end of the electrode, they push each o
and disappear. As is shown by the two lines in Fig. 8,
streams in the left move more quickly and they catch up
the one in the right. It is found that an up flow between tw
down streams disappears and these three streams merg
one down flow. This is the way in which roll cells disappe
at the end of closed boundaries.

In the case of the open boundaries at the end of the e
trodes, the motion was different from the one at the clos

c

FIG. 5. Relationship between the traveling velocity of the ro
and the strength of the magnetic field.E510.4 V.
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FIG. 6. Comparison of the interferograms u
der magnetic field.~a! Top electrode is a cathod
(E520.4 V!; and ~b! top electrode is an anod
(E510.4 V! where traveling, tilting, and
stretching of the rolls is observed.
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boundaries. In this case, the edges of the two electrodes
painted in order to insulate electronically. Within this coat
area at the edge of the electrodes, neither the electrochem
reaction or the convection occurs, but the conductance of
lateral movement of the fluid does not decrease. In this s
ation, the velocity of the roll cells is constant spatially
shown by the two lines in Fig. 9, where the roll cells disa
pear without any interaction with others.

IV. THEORETICAL RESULTS

A. Under no magnetic field

During the heterogeneous chemical reactions on the e
trode surface, the ionic concentrations change in the ne
borhood of the electrodes. The change of concentration le
to the change of the density closer to the electrode surf
The density difference causes a spontaneous moveme
the electrolytic solution in the electrochemical cell. This ph
nomenon is often addressed in electrochemistry as na
convection, independently of the direction of the react
surface@29#.

Let us consider a solution containing a binary electroly
The fluxes of the ionic species are

j152D1“c12g1z1Fc1“f1c1u, ~1a!

j252D2“c21g2z2Fc2“f1c2u, ~1b!

where the subscripts 1, 2 refer to the cations and ani
respectively,zi is the absolute value of the charge of t
ions, g i the ionic mobility, Di the diffusion coefficient,
ci(x;t) the concentration,f(x;t) the electric potential,
u(x;t) the velocity of the solution, andF the Faraday con-
stant.

The solution is electrically neutral, hence,

z1c12z2c250. ~1c!

By using the electroneutrality condition, Eq.~1c!, the mass
balance equation for the ionic species is written

]c

]t
1u•“c5D¹2c, ~2!

wherec is given by
re

cal
he
u-

-

c-
h-
ds
e.
of

-
ral
n

.

s,

c5c1 /z25c2 /z1 , ~3!

andD is the effective diffusion coefficient,

D5
D1D2~z11z2!

D1z11D2z2
. ~4!

It is interesting to note that in the case of a binary electroly
a potential term does not enter the mass balance equa
However, this equation does not contain a true diffusion
efficient but an effective one. The potential effect may
considered through the boundary conditions, if the react
on the electrode is slower than the ionic transport in
solution.

FIG. 7. Transient behavior of the interferogram induced
switching off the magnetic field.B5149 G andE510.4 V.
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The velocity of the solution,u, is given by the Navier-
Stokes equations. Additional, we assume incompressibi
thus,

“•u50, ~5a!

]u

]t
1u•“u52

1

r0
“p1v¹2u1

r

r0
G~x,t !, ~5b!

wherer(c) is the density of the solution,p is the ~scalar!
pressure defined by the equation of state,v is the kinematic
viscosity, andG(x,t) is the external forces acting on th
solution. In Eq.~5b!, we use the Boussinesq approximatio
that is,r5r0, in every term of the equation except the for
term.

Furthermore, we assume that the density of the solutio
given by a truncated Taylor series@29#,

r~c!5r0@11a~c2c0!#, ~6!

where a5(1/r0)(]r/]c)uc5c0
.0 can be considered as

concentration coefficient of volume expansion andr0 is the
solution density whenc5c0.

Finally, we introduce a further assumption for the react
surfaces,

c5csat ~on the anode!, ~7a!

c50 ~on the cathode!. ~7b!

Equations~7! have the following meaning: for both elec
trode surfaces we consider that the electron transfer ste
much faster than the movement of the ions towards or fr
the surfaces. Thus, on the anode where electrodissolu
occurs, ions are concentrated until a saturation value
achieved. On the cathode, all ionic species arriving at
electrode surface are consumed by reduction and thus
concentration on this surface is zero@29#.

FIG. 8. Movement of the roll cells at a closed edge.B5112 G
andE510.4 V.
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In order to investigate the possible occurrence of hyd
dynamic instability, we consider an initial state of the so
tion where the concentration is uniform and constant alo
the electrode surfaces. We also do not consider any magn
field effects, at the first stage. Thus, the basic state wh
stability is to be tested is a motionless steady state wit
linear concentration gradient along the vertical axis (z axis!.
The resulting equations for the perturbations of the veloc
and the concentration, in dimensionless form and by keep
the same symbols, are

“•u50, ~8a!

]u

]t
1u•“u52“p1¹2u2

Rel

Pel
ce, ~8b!

]c

]t
1u•“c52u1Pel

21¹2c, ~8c!

where the usual parametrization is used:t→d2t/v, u
→vu/d, c→bdc, andx→dx. In Eqs.~8!, Pel5v/D is the
‘‘electrochemical’’ Prandtl number~actually the Schmidt
number!, Rel5gabd4/vD is the ‘‘electrochemical’’ Ray-
leigh number, ande5(0,0,1). In the expressionRel ,b
5csat/d is the constant concentration gradient between
electrodes,g is the gravity, andd is the distance between th
electrodes.

The stability of Eqs.~8! can be studied by following pro
cedures similar to Chandrasekhar@11#. As is expected, the
minimum ‘‘electrochemical’’ Rayleigh number (Rel
'1707.76) is obtained for a wave number close to 3.
when rigid boundary conditions are considered. Hence,
this critical Rel we expect hydrodynamic instability to occu
in the electrochemical system.

The linearized system is expected to have roll solutio
for the velocity. Actually, in Fig. 10~a! we present the pat
terns emerging close to critically for the concentration.
this figure, regions of high concentration are depicted w

FIG. 9. Movement of the roll cells at an open edge.B5112 G
andE510.4 V.
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dark gray color whereas regions of low concentration
depicted with light gray color. As can be seen in this figu
while the fluid velocity attains the usual roll solution, th
concentration has a stationary wave form profile where
mean amplitude increases from the bottom~cathode! to the
top ~anode!. This profile is the one observed with the inte
ferometric technique. The calculated pattern is in very go
qualitative agreement with the experimental evidence p
sented in Sec. II A@30# and verifies our assumptions for th
formulation of the model.

Let us turn now in the case where the upper electrode
cathode and the lower electrode is an anode. In this cas
do not expect a transition from the steady stateū50 to con-
vective flow. The movement of the ions in the solution w
only be due to diffusion, that is, Eq.~2! becomes

]c

]t
5D¹2c. ~9!

The concentration distribution in the case of pure diffusion
presented in Fig. 10~b!. As can be seen in this figure, th
concentration profile decreases smoothly from the bot
~anode! to the top~cathode!. This result is also in very good
agreement with the experimental evidence of Sec. III A.
constant concentration gradient was observed between
bottom and the top electrode due to the diffusion of the io
species from regions of high concentration to regions of l
concentration@30#.

In order to calculate the time dependence of the conc
tration profile in the nonlinear case we utilize a numeri
procedure. Thus, we assume noy dependence of the vari
ables~i.e., two dimensional case! under Boussinesq approx
mation. For the numerical scheme we implement the m
unrealistic case of both free surface boundary conditio
having in mind that the results differ only quantitative
when the more realistic rigid surface boundary conditions
applied@31#. We also introduce the stream function,c(x,z),
such as

FIG. 10. The concentration profile on criticality:~a! When the
anode is on the top, the ions move due to diffusion and convect
and~b! when the anode is at the bottom the ions move only due
diffusion; no fluid convection is observed.
e
,

e

d
e-

a
we

s

m

the
c

n-
l

re
s,

re

ux52
]c

]z
, uz5

]c

]x
. ~10!

The dimensionless equations in the two dimensional case
written

]

]t
~¹2c!1

]~c,¹2c!

]~x,z!
5¹4c2

Rel

Pel

]c

]x
, ~11a!

]c

]t
2

]c

]z

]c

]x
1

]c

]x

]c

]z
52

]c

]x
1

1

Pel
S ]2c

]x2 1
]2c

]2zD ,

~11b!

where the symbols have their usual meanings@32#. In order
to solve Eqs.~11! numerically, we implement a procedur
similar to that of Getling@33#. Therefore, we assume a Fou
rier expansion in thez direction ~normal to the electrodes
surface! and continuous wave number spectra in thex direc-
tion ~along the electrodes’ surface!. In this sense, the hori
zontal dependence of the velocity and the concentration
not assumed periodic. They have continuous spectra and
represented by Fourier integrals. Thus, the stream func
and the concentration are written

c~x,z;t !5 (
n52`

1` E
2`

1`

c̃n~v,t !ei (npz1vx)dv, ~12a!

c~x,z;t !5 (
n52`

1` E
2`

1`

c̃n~v,t !ei (npz1vx)dv. ~12b!

By taking the Fourier transform of Eqs.~11! and using
Eqs.~12! we arrive to the following infinite dimensional sys
tem of ordinary differential equations for the spectral fun
tions c̃n(v,t) and c̃n(v,t):

kn~v!
dc̃n~v!

dt
52kn

2~v!c̃n~v!1 iv
Rel

Pel
c̃n~v!1Kn~v!,

~13a!

dc̃n~v!

dt
52 ivc̃n~v!2

kn~v!

Pel
c̃n~v!1Ln~v!, ~13b!

wherekn(v)5v21n2p2, and

Kn~v!5 (
m52`

1` E
2`

1`

~vm2na!pkm~a!c̃n2m~v

2a!c̃m~a!da, ~14a!

Ln~v!5 (
m52`

1` E
2`

1`

~vm2na!pc̃n2m~v2a!c̃m~a!da.

~14b!

Equations~13! are solved by writing separately real an
imaginary parts and introducing a finite range of the para
etersn andv. In the present work, a grid of 5380 points is
used and thus a total number of 4381 equations are inte
grated for eachn value. The temporal integration is pe
formed by a Runge-Kutta fourth order scheme whereas
integralsKn(v),Ln(v) are calculated by a Simpson and

n;
o
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half Simpson formula depending on the parity of the para
eterm. Once the spectral functions are determined, the or
nal functions are calculated by the following equation:

c~x,z!5 (
n51

` S 24E
0

`

@ Imc̃n~v!cosvx

1Rec̃n~v!sinvx#dv D sinnpz, ~15!

and an analogous equation forc(x,z). Equation~15! can be
derived easily by considering the reality of the functio
c(x,z) andc(x,z) and the parity introduced by the free su
face boundary conditions. We must point out that althou
the numerical scheme requires the introduction of a disc
wave number grid, the grid values are only computatio
parameters and not physical parameters. For fixed initial c
ditions and small grid increment, the results do not dep
on the choice of the grid values@33#.

In Fig. 11 the solution of the nonlinear problem is pr
sented for values ofRel above the critical value in the fre
surface case, after all the transients have died and the s
tral functions have converged to a fixed value. ForRel close
to the critical value the concentration profile is very simi
to the linear case. By increasingRel the concentration profile
becomes more complicated and finally for highRel values

FIG. 11. Concentration profiles for the nonlinear case for va
ous parameter values:~a! Rel5700, Pel510; ~b! Rel51000, Pel

510; and~c! Rel53000, Pel510.
-
i-

h
te
l

n-
d

ec-

takes a ‘‘mushroom’’ form. By comparing Fig. 11~c! with
the experimental results of Fig. 3~a! we observe a very close
similarity between the calculated behavior and the physi
chemical response, even for these arbitrarily chosen va
for the parameters. It can be seen that the two dimensio
model for highRel values reproduces qualitatively the beha
ior observed experimentally.

B. Under magnetic field

There are three main effects of the magnetic field on
behavior of the system, namely, the enlargement of the ro
the tilting to the direction normal to the current flow, and t
traveling of the rolls in the direction of the Lorenz force. Th
total current flowing in the solution containing a binary ele
trolyte, during a potentiostatic experiment, is a vector fun
tion of diffusion and electromigration currents. The conve
tive phenomena, even though they do not enter explicitly
expression of the total current, determine the concentra
distribution in the solution. Hence, the spatiotemporal ch
acter of the concentration distribution in the solution leads
to expect that the Lorenz body force,F5 i3B, will not be
constant in space and time but a spatiotemporal funct
even when the applied magnetic field is constant.

Let us consider the electrolytic solution as a conduct
liquid. Due to the low conductivity of the solution, no mag
netic field is induced by the current. Also we can ignore t
existence of displacement currents and assume electro
trality. The total current flowing in the solution will be equa
to the summation of the currents carried by cations and
ions, that is,

i5z1F j12z2F j2 , ~16!

or, by using Eqs.~1! and ~3!,

i52~D12D2!Fz1z2“c. ~17!

In Eq. ~17! we ignored the potential term under the conditi
that we are dealing with flows in the limiting~saturated!
current region. Additionally, no convective term enters E
~17! due to electroneutrality. We must point out that und
potentiostatic conditions the current flowing in the cell h
both anx and az component. Thus, due to the presence
the magnetic field, an additional forcing term~the Lorenz
body force! will enter both Navier-Stokes equations, E
~8b!. The equations of the original~unperturbed! variables
under the effect of a magnetic field normal to the plane
fined by the two electrodes will be

]ux

]t
1ux

]ux

]x
1uz

]ux

]z
5 2

1

r0

]p

]x
1vS ]2ux

]x2 1
]2ux

]z2 D2
i zB

r0
,

~18a!

]uz

]t
1ux

]uz

]x
1uz

]uz

]z

52
1

r0

]p

]z
1vS ]2uz

]x2 1
]2uz

]z2 D2
r

r0
g1

i xB

r0
. ~18b!

By using the analytic expression of the current, Eq.~17!, and
turning to the perturbation functions, the stream functi
equation becomes
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]

]t
¹2c1

]~c,¹2c!

]~x,z!
5¹4c2

Rel

Pel

]c

]x
2FmagS ]2c

]x2 1
]2c

]z2D ,

~19!

where

Fmag5
~D12D2!Fz1z2Bbd3

r0v2 ~20!

is the dimensionless forcing amplitude due to the magn
field. By observing Eqs.~18! we can notice that there are tw
components of external forcing due to the magnetic fie
one acting on thex direction and one on thez direction. The
magnetic field is constant, but the current is a function of
concentration gradients in both directions.

By following the procedures of Sec. IV A we obtain th
following equation for the spectral function of the strea
function:

kn~v!
dc̃n~v!

dt
52kn

2~v!c̃n~v!1 iv
Rel

Pel
c̃n~v!1Kn~v!

1kn~v!Fmagc̃n~v!, ~21!

while Eq. ~13b! remains the same.
By integrating Eqs.~21! and ~13b!, for low Fmag values,

the concentration profile is similar to the case of the abse
of the magnetic field. WhenFmag becomes larger, the roll
are tilted from their original position and a modulation of t
flow is also observed, leading to the enlargement of the ro
Additionally, the rolls start to travel with constant speed
ward the edge of the electrodes. The behavior of the sys
in the presence of the magnetic field is illustrated in Fig.
The three main effects of the magnetic field, namely,
tilting, the modulation, and the traveling of the rolls are r
produced by the model. By increasing the forcing amplitu
the traveling velocity of the rolls increases also. The incre
of the traveling velocity as a function ofFmag is presented in
Fig. 13. It can be seen that the velocity increases line
with Fmag. By comparing Figs. 12 and 13 with the expe
mental results presented in Figs. 4 and 5 we can notice
most of the flow features are reproduced by the model eq
tions.

V. DISCUSSION

Even though the model equations are a drastic simplifi
tion of the real system and the parameters for the nume
investigation were chosen arbitrarily, some useful conc
sions could be drawn from this investigation. It is wor
noting that our simplified system Eqs.~2! and ~5! is similar
to the equations describing the Be´nard phenomenon@11,31#.
This can be seen if we consider the following relationshi

c→T, D→k, udc/dzu→udT/dzu,

whereT is the temperature andk the thermal conductivity
coefficient in the Be´nard case. In the case of thermal conve
tion, the behavior of the system is usually controlled by
variation of the Rayleigh number. This is accomplished
continuously varying the temperature difference between
upper and the lower fluid surface. In the electrochemi
ic
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case, a similar procedure would require the continuous va
tion of the concentration difference between the upper
the lower electrode. Unfortunately, this is not possible; wh
the system is in the limiting current region the concentratio
have the fixed values of Eqs.~7!. One might argue that the
concentration difference could be altered continuously
varying the applied potential between the two electrodes
this case, though, the effect of the potential should be
cluded both in the boundary conditions, Eqs.~7!, and the
current expression, Eq.~22!, and the problem would becom
extremely complex and difficult to deal with. The problem
continuously varyingRel by varying the concentration differ
ence does not permit, at least at this stage, a direct com

FIG. 12. Concentration profile under gravity and magnetic fie
The rolls are enlarged, tilted, and travel towards the edge of
electrodes.Rel51000, Pel510, Fmag5100.

FIG. 13. Relationship between the traveling velocity of the ro
and the amplitude of the external forcing due to the magnetic fi
Fmag. Rel51000, Pel510.
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son of the critical values of this parameter between the m
eling results and the experimental findings. This is the rea
we give only a qualitative significance to the theoretical
sults. NeverthelessRel can be affected by increasing the vi
cosity of the system with the addition of an electrochem
cally inert substance. Another parameter that could be va
is the distance between the electrodes. These effects ar
der study in our laboratory.

It is interesting to note also that natural convection
expected to take place in an electrochemical cell with o
one reacting electrode. Levich@29# described to some exten
the phenomenon in the case of a planar electrode, place
parallel with the gravity force vector. The electrode was
sumed to be a cathode. The length of the layer of varia
concentration~diffusion layer! was found to be 0.03 cm. In
our experimental setting, the distance of the electrode
0.03 cm. Thus, we can speculate that all our observations
performed in the area where the two diffusion layers of
electrodes are overlapped.

An analysis of the cell pattern formation in an electr
chemical system was also presented in the past@34#. In that
work, the authors present a model for the patterns formed
the electrode surface during electrodissolution under
vanostatic conditions. They consider the instability of t
flow by supposing the coexistence of two superimposed
ids of different densities. The bottom fluid was adjacent
the electrode surface, where salt precipitation occurs, and
upper fluid was the electrolytic solution. In this sense, t
system presents a Rayleigh-Taylor type of instability. T
main difference with the system investigated in the pres
work is that we are dealing with formations in the electr
lytic solution and not on the electrode surface. Additiona
the reason for variable density in our system is the conc
tration gradient between the two electrodes and not the
perposition of fluid layers of different density. These tw
differences lead to a totally different formulation of th
model equations.

Tilting, modulation, and traveling of the rolls during con
vection have been observed in a variety of systems. Am
the most investigated ones is a driven fluid flow by an ex
nal spatially periodic forcing. In this system, constant curr
flows through an electrolytic solution, which is subjected t
time constant, spatially periodic magnetic force created b
linear arrangement of magnets under the bottom layer of
fluid. As the forcing increases the roll patterns in the flu
tend to tilt due to the development of shear flow@13–16,18–
, J
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21. Similar behavior was observed in a system where
magnetic field was constant and the current flowing in
solution was spatially periodic@17#. Tilting and traveling of
the rolls during convection was also observed in truncati
of the full system describing the Rayleigh-Be´nard convec-
tion, by varying the bifurcation parameters of the resulti
system of ordinary differential equations@26#. A response
that resembled this was observed also during resona
leading to the break of parity of the solutions and bifurcati
studies@35–37# and during investigations of magnetoco
vection @23,24#.

In the present study, we have shown that the elec
chemical system under a concentration gradient between
electrodes can give rise to convective flow and roll patt
formation in the electrolytic solution. When this flow is su
jected to an external forcing, due to the magnetic field, la
scale flow develops, leading to the breaking of symmetry
the solutions. The external force is not constant in space
time, not due to the experimental settings but due to
physicochemical characteristics of the system. It can be s
from Eq. ~19! that even though the magnetic field is ke
constant during an experimental measurement, the forcin
not constant but a function of the concentration of the io
species. By inspecting Eqs.~18! it can be noticed that the
magnetic field does not act as an increase of the vert
concentration gradient but has an effect in bothx and z di-
rection. This fact leads to an additional coupling term b
tween the Navier-stokes equations and the mass bal
equation. When this coupling is large enough, the symme
of the roll solutions breaks and the patterns tend to tilt a
travel along the electrodes.

A detailed study remains to be done, in order to reveal
exact bifurcation characteristics of the system. Further
perimental investigation of the physicochemical system a
numerical exploration of the model equations for increas
values ofRel andFmag will elucidate even more the mecha
nisms giving rise to pattern formation and bifurcations
electrochemical dynamical systems.
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